Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



A TREATISE ON 



PLANE TEIGONOMETEY 



HonlJon : C. J. CLAY AND SONS, 
CAMBRIDGE UNIVERSITY PRESS WAREHOUSE, 

AVE MARIA LANE. 






CAMBEIDGB : DEIGHTON, BELL, AND CO. 

LEIPZIG: F. A. BE0CKHAU8. 

NEW YORK: MACMILLAN AND CO. 



A TEEATISE ON 



V^/.. ^ 



PLANE TEIGONOMETEY 



BY 



E. W. HOBSON, M.A., 

FELLOW AND ASSISTANT- TUTOR OP CHRIST'S COLLEGE, CAMBRIDGE, 
AND UNIVERSITY LECTURER IN MATHEMATICS. 



CAMBRIDGE: 
AT THE UNIVERSITY PRESS. 

1891 

[All Rights reserved.] 



Cambtdifle: 



PBINTED BY C. J. CLAY, M.A. AND SONS, 
AT THE UNIYERSITY PRESS. 






t — 



^V) 






PREFACE. 



IN the present treatise, I have given an account, from the 
modern point of view, of the theory of the circular functions, 
and also of such applications of these functions as have been usually 
included in works on Plane Trigonometry. It is hoped that the 
work will assist in informing and training students of Mathematics 
who are intending to proceed considerably further in the study of 
Analysis, and that, in view of the fulness with which the more 
elementary parts of the subject have been treated, the book will 
also be found useful by those whose range of reading is to be more 
limited. 

The definitions given in Chapter iii., of the circular functions, 
were employed by De Morgan in his suggestive work on " Double 
Algebra and Trigonometry," and appear to me to be those from 
which the fundamental properties of the functions may be most 
easily deduced in such a way that the proofs may be quite general, 
in that they apply to angles of all magnitudes. It will be seen 
that this method of treatment exhibits the formulae for the sine 
and cosine of the sum of two angles, in the simplest light, merely 
as the expression of the fact that the projection of the hypothenuse 
of a right-angled tiiangle on any straight line in its plane, is equal 
to the sum of the projections of the sides on the same line. 

The theorems given in Chapter VIL have usually been deferred 
until a later stage, but as they are merely algebraical consequences 
of the addition theorems, there seemed to be no reason why they 
should be postponed. 
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A strict proof of the expansions of the sine and cosine of an 
angle in powers of the circular measure has been given in Chapter 
VIII. ; this is a case in which, in many of the text books in use, the 
passage from a finite series to an infinite one, is made without any 
adequate investigation of the value of the remainder after a finite 
number of terms, simplicity being thus attained at the expense of 
rigour. It may perhaps be thought, that at this stage, I might 
have proceeded to obtain the infinite product formulae for the sine 
and cosine, and thus have rounded oflf the theory of the functions 
of a real angle ; for convenience of arrangement, however, and in 
order that the geometrical applications might not be too long 
deferred, the investigation of these formulae has been postponed 
until Chapter xvii. 

As an account of the theory of logarithms of numbers is given 
in all works on Algebra, it seemed unnecessary to repeat it here ; I 
have consequently assumed that the student possesses a knowledge 
of the nature and properties of logarithms, sufficient for practical 
application to the solution of triangles by means of logarithmic 
tables. 

In Chapter xii., I have deliberately omitted to give any 
account of the so-called Modern Geometry of the triangle, as it 
would have been impossible to find space for anything like a 
complete account of the numerous properties which have been 
recently discovered; moreover many of the theorems would be 
more appropriate to a treatise on Geometry, than to one on 
Trigonometry. 

The second part of the book, which may be supposed to 
commence at Chapter xill., contains an exposition of the first 
principles of the theory of complex quantities ; hitherto, the very 
elements of this theory have not been easily accessible to the 
English student, except recently in Prof. Chrystal's excellent 
treatise on Algebra. The subject of Analytical Trigonometry has 
been too frequently presented to the student in the state in 
which it was left by Euler, before the researches of Cauchy, Abel, 
Gauss, and othere, had placed the use of imaginary quantities, and 
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especially the theory of infinite series and products, where real or 
complex quantities are involved, on a firm scientific basis. In the 
Chapter on the exponential theorem and logarithms, I have 
ventured to introduce the term "generalized logarithm" for the 
doubly infinite series of values of the logarithm of a quantity. 

1 owe a deep debt of gratitude to Mr W. B. AUcock, Fellow of 
Emmanuel College, and to Mr J. Greaves, Fellow of Christ's 
College, for their great kindness in reading all the proofs; their 
many suggestions and corrections have been an invaluable aid to 
me, I have also to express my thanks to Mr H. G. Dawson, 
Fellow of Christ's College, who has undertaken the laborious task 
of verifying the examples. My acknowledgments are due to 
Messrs A. and C. Black, who have most kindly placed at my 
disposal the article "Trigonometry" which I wrote for the 
Encyclopaedia Britannica, 

During the preparation of the work, I have consulted a large 
number of memoirs and treatises, especially German and French 
ones. In cases where an investigation which appeared to be 
private property, has been given, I have indicated the source. 

I need hardly say that I shall be very grateful for any 
corrections or suggestions, which I may receive from teaphers or 
students who use the work. 

E. W. HOBSON. 



Chbist's College, Cambridge. 
March, 1891. 



CONTENTS. 



CHAPTER I. 



THE MEASUREMENT OF ANGULAR MAGNITUDE. 

ABTS. PAGES 

1. Introduction 1 

2 — 3. The generation of an angle of any magnitude . 1 — 3 

4. The numerical measurement of angles .... 3 — 4 

5 — 10. The circular measurement of angles 4—6 

11. Proof that the circumferences of circles vary as their 

diameters 7 

12. The area of a sector of a circle 7 — 8 

Examples on Chapter 1 8 — 9 



CHAPTER II. 

THE MEASUREMENT OF LINES. PROJECTIONS. 

13 — 16. The measurement of lines 10 — 11 

17. Projections 11 — 12 



CHAPTER III. 



THE CIRCULAR FUNCTIONS. 



18 — 21. Definitions of the circular functions 13 16 

22 — 24. Relations between the circalar functions .... 17 18 



CONTENTS. 

ARTS. PAGES 

25. Kange of values of the circular functions .... 18 

26—29. Properties of the circular functions 19 — 22 

30. Periodicity of the circular functions 22 

31. Changes in the sign and magnitude of the circular 

functions 22 — 24 

32. Graphical representation of the circular functions . . 24 — 26 

33. Angles with one circular function the same . . . 26 — 27 

34. Determination of the circular functions of certain angles . 27 — 30 
35 — 38. The inverse circular functions 30 — 31 

Examples on Chapter III 31—33 



CHAPTER IV. 



THE CIRCULAR FUNCTIONS OP TWO OR MORE ANGLES. 



39—43. 

44—45. 

46. 

47. 
48. 
49. 
50. 

51. 
52. 

63. 
64. 



The addition and subtraction formulae for the sine and 

cosine 34 — 39 

Formulae for the addition or subtraction of two sines or 

two cosines 39 — 42 

Addition and subtraction formulae for the tangent and 

cotangent 42 — 43 

Various formulae 43 — 45 

Addition formulae for three angles 45 — 46 

Addition formulae for any number of angles . . . 46 — 47 
Expression for a product of sines or of cosines, as the sum 

of sines or cosines 48 — 50 

Formulae for the circular functions of multiple angles . 50 — 51 
Expressions for the powers of a sine or cosine, as sines or 

cosines of multiple angles 51 — 52 

Relations between inverse functions 52 — 53 

Geometrical proofs of formulae 53 — 55 

Examples on Chapter IV 56 — 60 



CHAPTER V. 



THE CIRCULAR FUNCTIONS OP SUBMULTIPLE ANGLES. 



55 — 63. Dimidiary formulae 

64. The circular functions of one-third of a given angle . 
65 — 66. Determination of the circular functions of certain angles 
Examples on Chapter V 



61—67 
68—70 
70—73 
73—75 



CONTENTS. 



XI 



CHAPTER VI. 



VAIUOUS THEOUEMS. 

ABTS. PAGEB 

67. Introduction 76 

68. Identities and TransformationB 76 — 80 

69. The solution of equations 80 — 81 

70. Eliminations 82—83 

71. Relations between roots of equations 83—85 

72. Maxima and Minima. Inequalities 85 — 87 

73. Porismatic systems of equations 87 — 88 

74 — 77. The summation of series 88 — ^92 

Examples on Chapter VI 92—101 



CHAPTER VII. 



EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 



78 — 79. Series in descending powers of the sine and cosine 
80 — 83. Series in ascending powers of the sine and cosine 

84. The circular functions of sub-multiple angles 

85. Symmetrical functions of the roots of equations 
86—91. Factorization 

Examples on Chapter VII 



102—104 
104—107 
107—108 
108-112 
112—118 
118—121 



CHAPTER VIII. 

RELATIONS BETWEEN THE CIRCULAR FUNCTIONS AND THE CIRCULAR 

MEASURE OF AN ANGLE. 



92-95. Theorems 122—125 

96. Euler*s product 125—127 

97 — 98. The limiting values of certain expressions .... 128 — 129 

99. Series for the sine and cosine of an angle in powers of its 

circular measure 129 — 132 

100. The relation between Trigonometrical and Algebraical 

identities 132 

Examples on Chapter VIII 133 — 135 



xu 



CONTENTS. 



CHAPTER IX. 



TRIGONOMETRICAL TABLES. 



ARTS. 

101. 
102—105. 

106. 

107. 

108. 

109. 
110—111. 
112—114. 



Introduction 

Calculation of tables of natural circular functions 
The verification of numerical values . 
Tables of tangents and secants . 

Calculation by series 

Logarithmic Tables 

Description and use of Trigonometrical Tables 
The Principle of Proportional Parts . 



115 — 117. Adaptation of Formulae to Logarithmic Calculation 



PAGES 

136 
136—140 

140 

140 
141—142 

142 
142—144 
144—149 
149—151 



CHAPTER X. 



RELATIONS BETWEEN THE SIDES AND ANGLES OF A TRIANGLE. 



118—124. 

125. 

126. 
127—128. 

129. 



Theorems 152—166 

The area of a triangle 156 

Variations in the sides and angles of a triangle . . . 157 — 158 

Relations between the sides and angles of polygons . . 158 — 169 

The area of a polygon 159 — 160 

Examples on Chapter X 161 — 163 



CHAPTER XI. 



THE SOLUTION OF TRIANGLES. 



130. Introduction 164 

131—133. The solution of right-angled triangles .... 164—166 

134 — 140. The solution of oblique-angled triangles .... 166—172 

141 — 144. The solution of polygons 173—175 

145 — 149. Heights and distances 175 — 179 

Examples on Chapter XI 179—186 



CONTENTS. 



XUl 



CHAPTER XII. 



PROPERTIES OP TRIANGLES AND QUADRILATERALS. 



ABTS. 

150. 

161. 
162—154. 

166. 

156. 

167. 

158. 

169. 
160—163. 
164—167. 

168. 

169. 



PAGES 

Introdnction 187 

The oiroumscribed circle of a triangle 187—188 

The inscribed and escribed circles of a triangle . 188 — 192 

The medians 192—193 

The bisectors of the angles 193—194 

The pedal triangle 194—195 

The distances between special points 196—198 

Expressions for the area of a triangle 198 

Various properties of triangles 198 — 200 

Properties of Quadrilaterals 200—205 

Properties of regular polygons 205 — 206 

Examples 206—210 

Examples on Chapter XII 210—220 



CHAPTER XIII. 



COMPLEX QUANTITIES. 



170. 
171—174. 
175—177. 

178. 

179. 
180—185. 
186—187. 

188. 

189. 

190. 



Introduction 221 

The geometrical representation of a complex quantity 221 — 224 

The addition of complex quantities 224 — 227 

The multiplication of complex quantities .... 227—228 

Division of one complex quantity by another 228—229 

The powers of complex quantities 229 — 234 

De Moivre's Theorem 234 — 236 

Factorization 236 — 237 

Properties of the circle 237 — 238 

Examples 238 — 239 

Examples on Chapter XIII 240 — 242 



CHAPTER XIV. 



THE THEORY OP INFINITE SERIES. 



191. 
192—196. 

197. 

198. 

199—201. 



Introduction . 243 

The convergence of real series 243 — 246 

The convergence of complex series 246 — 247 

Continuous functions 247 

Uniform convergence 248—261 



XIV 



CONTENTS. 



ABTS. 

202. 
203—208. 

209. 

210. 
211—212. 
21»— 217. 
218—219. 

220—222. 



PAOES 

The geometrical series 261 — 252 

Series of ascending integral powers 252 — 257 

Convergency of the product of two series .... 257 

The convergency of double series 258 — 259 

The Binomial Theorem . . . . . . 259—262 

The circular functions of multiple angles .... 262 — 268 

Expansion of the circular measure of an angle in powers of 

its sine 268—269 

Expression of powers of sines and cosines in sines and 

cosines of multiple angles 269 — 272 



CHAPTER XV. 



223—227. 

228. 
229—230. 
231—232. 
233—237. 
238—239. 
240—244. 

245. 
246—248. 
249—260. 

251. 
262—254. 

255. 
256—267. 



THE EXPONENTIAL FUNCTION. LOGARITHMS. 

The exponential series 

Expansions of the circular functions 

The exponential values of the circular functions 

Periodicity of the exponential and circular functions 

Analytical definition of the circular functions 

Natural logarithms . 

The general exponential function 

Logarithms to any base 

Generalized logarithms 

The logarithmic series 

Gregory's series 

The quadrature of the circle 

Trigonometrical identities . 

The summation of series . 

Examples on Chapter XV. 



273—276 
276—277 

277—278 
278—279 
279—281 
282—283 
283—285 
285—286 
286—287 
287—289 
289—290 
290—292 
292—293 
293-296 
296—302 



CHAPTER XVI. 



THE HYPERBOLIC FUNCTIONS. 



258. 

269. 
260—261. 

262. 
263—265. 

266. 
267—270. 

271. 

272—274. 

275—276. 

277. 

278. 



Introduction 

Relations between the hyperbolic functions 

The addition formulae 

Formulae for multiples and submultiples 

Series for hyperbolic functions 

Periodicity of the hyperbolic functions 

Analogy of the hyperbolic with the circular functions 

Expressions for the circular functions of complex quan 

tities 

The inverse circular functions of complex quantities 
The inverse hyperbolic functions .... 
The solution of cubic equations .... 
Table of the Gudermannian function 
Examples on Chapter XVI 



303 
303—304 
304—305 

306 
305—306 

307 
307—311 

311 
311—313 
313—314 
315—316 

316 

317 



CONTENTS. 



XV 



CHAPTER XVII. 



INFINITE PRODUCTS. 



ABTS. 

279—281. 
282—292. 
293—296. 
29^—299. 

300. 
301. 



PAGES 

The Convergenoy of Infinite Products .... 318 — 321 

Expressions for the sine and cosine as infinite products . 321 — 332 

Series for the tangent, cotangent, secant, and cosecant . 332 — 336 
Expansion of the tangent, cotangent, secant, and cosecant, 

in powers of the argument 337 — 341 

Series for the logarithmic sine and cosine .... 342—344 

Examples 344—346 

Examples on Chapter XVII 346—360 



CHAPTER XVIII. 



CONTINUED FRACTIONS. 



302—303. Proof of the irrationality of T 361—362 

304. Transformation of the quotient of two hypergeometric 

series 362—363 

306. Euler's transformation 363 

Examples on Chapter XYIII 363—364 

Miscellaneons Examples 366 — 366 



ERRATA. 

Page 44. In example (4), 

fw ( - 1)**~* 4 cos ^ cos B cos (7, read ( - 1)** 4 cos A cos B cos C 
Page 56. In line 2, f<yr Examples 1 — 16, read Examples 1 — 15. 
Page 81. In line 14, 
/ornir + ( - 1)**"^ {a + sin-^ (sin a cos a)}, read nir - a + ( - 1)**"^ sin~^ (sin a cos o). 



I' 



CHAPTEK I. 

THE MEASUREMENT OF ANGULAR MAGNITUDE. 

1. The primary object of the science of Plane Trigonometry 
is to develope a method of solving plane triangles. A plane 
triangle has three sides and three angles, and supposing the 
magnitudes of any three of these six parts to be given, one at 
least of the three given parts being a side, it is possible, under 
certain limitations, to determine the magnitudes of the remaining 
three parts; this is called solving the triangle. We shall find 
that in order to attain this primary object of the science, it will be 
necessary to introduce certain functions of an angular magnitude, 
and Plane Trigonometry, in the extended sense, will be under- 
stood to include the investigation of all the properties of these so- 
called circular functions and their application in analytical and 
geometrical investigations not connected with the solution of 
triangles. 

The Generation of an Angle of any Maffnitiide, 

2. The angles considered in Euclidean Geometry are all less 
than two right angles, but for the purposes of Trigonometry, it is 
necessary to extend the conception of angular magnitude so as to 
include angles of all magnitudes, positive and negative. Let OA 
be a fixed straight line, and let a straight line OP, initially coinci- 
dent with OAy turn round the point in the counter-clockwise 
direction, then as it turns, it generates the angle AOP; when OP 
reaches the position 0A\ it has generated an angle equal to two 
right angles, and we may suppose it to go on turning in the same 

H. T. Cf^ I 
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direction until it is again coincident with OA ; it has then turned 
through four right angles ; we may then suppose OP to go on 




turning in the same direction, and in fact, to make any number 
of complete turns round ; each time it makes a complete 
revolution, it describes four right angles, and if it stop in any 
position OPy it will have generated an angle which may be of 
any absolute magnitude, according to the position of P. We 
shall make the convention that an angle so described is positive, 
and that the angle described when OP turns in the opposite or 
clockwise direction is negative. This convention is of course 
perfectly arbitrary, we might if we pleased, have taken the 
clockwise direction for the positive one. In accordance with 
our convention then, whenever OP makes a complete counter- 
clockwise revolution, it has turned through four right angles 
reckoned positive, and whenever it makes a complete clockwise 
revolution, it has turned through four right angles taken negatively. 

As an illustration of the generation of angles of any magnitude, we 
may consider the angle generated by the large hand of a clock. Each hour, 
this hand turns through four right angles, and preserves no record of the 
number of turns it has made ; this, however, is done by the small hand, which 
only turns through one-twelfth of four right angles in the hour, and thus 
enables us to measure the angle turned through by the large hand in any 
time less than twelve hours. In order that the angles generated by the large 
hand may be positive, and that the initial position may agree with that in our 
figure, we must suppose the hands to revolve in the opposite direction to that 
in which they actually revolve in a clock, and to coincide at three o'clock 
instead of at twelve o'clock. 
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3. Supposing OP in the figure, to be the final position of 
the turning line, the angle it has described in turning from the 
position OA to the position OP, may be any one of an infinite 
number of positive and negative angles, according to the number 
and direction of the complete revolutions the turning line has 
made, and any two of these angles differ by a positive or negative 
multiple of four right angles. We shall call all these angles 
bounded by the two lines OA, OP, coterminal angles, and denote 
them by {OA, 0P)\ the arithmetically smallest of the angles 
{OA, OP) is the Euclidean angle AOP, and all the others are 
got by adding positive or negative multiples of four right angles 
to the algebraical value of this. 

The Numerical Measurement of Angles, 

4. Having now explained what is meant by an angle of any 
positive or negative magnitude, the next step to be made as 
regards the measurement of angles, is to fix upon a system for 
their numerical measurement. In order to do this, we must 
decide upon a unit angle, which may be any arbitrarily chosen 
angle of fixed magnitude, then all other angles will be measured 
numerically by the ratios they bear to this unit angle. The 
natural unit to take would be the right angle, but as the angles 
of ordinary size would then be denoted by fractions less than 
unity, it is more convenient to take a smaller angle as the unit. 
The one in ordinary use is the degree, which is one ninetieth 
part of a right angle. In order to avoid having to use fractions 
of a degree, the degree is subdivided into sixty parts called 
minutes, and the minute into sixty parts called seconds. Angles 
smaller than a second are denoted as decimals of a second, 
the third, which would be the sixtieth part of a second, not 
being used. An angle of d degrees is denoted by d^, an angle 
of m minutes by m\ and an angle of n seconds by n", thus 
an angle d° m' n" means an angle containing d degrees + m 

minutes + n seconds, and is equal to ^ + g^ + ^^^^ 

of a right angle. 

This system of numerical measurement of angles is called 

the sexagesimal system. For example, the angle 23^ 14' 56" '4 

23 14 56*4 

denotes ^^ + ^^-^ + ^^^ ^^ of a right angle. 

1—2 



4 THE MEASUREMENT OF ANGULAR MAGNITUDE. 

It has been proposed to use the decimal system of measurement of angles. 
In this system the right angle is divided into a hundred grades, the grade 
into a hundred minutes, and the minute into a hundred seconds ; an angle of g 
grades, m minutes and n seconds is then written ^mi rt\ For example, the 
angle 13«9T4''-2 is equal to 13*97042 of a right angle. This system has 
however never come into use, principally because it would be inconvenient 
in turning time into grades of longitude, unless the day were divided differently 
than it is at present. The day might, if the system of grades were adopted, 
be divided into forty hours instead of twenty-four, and the hour into one 
hundred minutes, thus involving an alteration in the chronometers ; one 
of our present hours of time corresponds to a difference of 50/3 grades of 
longitude, which being fractional is inconvenient. 

It is an interesting fact that the division of four right angles into 360 
parts was used by the Babylonians ; there has been a good deal of speculation 
as to the reason for their choice of this number of subdivisions. 



The Circular Measurement of Angles, 

5. Although, for all purely practical purposes, the sexagesimal 
system of numerical measurement of angles is universally used, 
for theoretical purposes it is more convenient to take a different 
unit angle. In any circle of centre 0, suppose ^5 to be an arc 




whose length is equal to the radius of the circle ; we shall shew 
that the angle AOB is of constant magnitude independent of 
the particular circle used; this angle is called the Radian or 
unit of circular measure, and the magnitude of any other angle 
is expressed by the ratio which it bears to this unit angle, this 
ratio being called the circular measure of the angle. 
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6. In order to shew that the Radian is a fixed angle, we shall 
assume the following two theorems : 

(a) In the same circle, the lengths of different arcs are to one 
another in the same ratio as the angles which those arcs subtend 
at the centre of the circle. 

(b) The length of the whole circumference of a circle, bears 
to the diameter a ratio which is the same for all circles. 

The theorem (a) is contained in Euclid, Book vi. Prop. 33, and 
we shall give a proof of the theorem (6) at the end of the present 
Chapter. From (a) it follows that 

BxcAB ^ ZAOB 

circumference of the circle 4 right angles ' 

Since the arc AB is equal to the radius of the circle, the first 
of these ratios is, according to (b), the same in all circles, conse- 
quently the angle AOB is of constant magnitude independent of 
the particular circle used. 

7. It will be shewn hereafter that the ratio of the circum- 
ference of a circle to its diameter is incommensurable, that is, 
we are unable to give any integers m and n such that m/n is 
exactly equal to the ratio. We shall, in a later Chapter, give an 
account of the various methods which have been employed to 
calculate approximately the value of this ratio, which is usually 
denoted by tt. At present it is sufiicient to say that tt can only 
be obtained in the form of an infinite non-recurring decimal, and 
that its value to the first twenty places of decimals is 

314159265358979323846. 

For many purpoBes it will be sufficient to use the approximate value 
3-14159. The ratios y = 3-142857, ^ = 3-1415929. . . may be used as approxi- 
mate values of tt, since they agree with the correct value of w to two and six 
places of decimals respectively. 

8. We have shewn that the radian is to four right angles 

in the ratio of the radius to the circumference of a circle; the 

2 
radian is therefore — x a right angle ; remembering then that 

a right angle is 90^ and using the approximate value of tt, 
3*1415927, we obtain for the approximate value of the radian 
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in degrees, 57°-2957796, or reducing the decimal of a degree to 
minutes and seconds, 57*17' 44"*81. 

The value of the radian has been calculated by Glaisher to 41 places of 
decimals of a second^. The value of l/ir has been obtained to 140 places of 
decimals ^ 

9. The circular measure of a right angle is ^tt, and that of 
two right angles is tt, and we can now find the circular measure 
of an angle given in degrees, or vice versa ; if d be the number of 
degrees in an angle of which the circular measure is 5, we have 

- = -^ , for each of these ratios expresses the ratio of the given 

angle to two right angles; thus^^^ is the circular measure of 

180 
an angle of d degrees, and is the number of degrees in an 

angle whose circular measure is 5 ; if an angle is given in degrees, 
minutes and seconds, as d° w! w", its circular measure is 

(d + m/60 + n/3600) tt/IBO. 

The circular measure of 1° is -01745329..., of 1' is '0002908882..., and 
that of 1" is -000004848137 

10. The circular measure of the angle AOPy subtended at the 

arc* xt^P 

centre of a circle by the arc AP, is equal to — ^ r;—, — ^ , for this 

radius oi circle 

■ . . , ^ arc^P /LAOP 

ratio IS equal to j^ or ——ry\fi- 

^ arc -A^ Z.AOB 

The arc AP may be greater than the whole circumference and 
may be either positive or negative, according to the direction in 
which it is measured from the starting point A, so that the 
circular measure of an angle of any magnitude, is the arc which 
subtends the angle, divided by the radius of the circle. The 
length of an arc of a circle of radius r, is rO, where 6 is the 
circular measure of the angle the arc subtends at the centre 
of the circle. The whole circumference of the circle is therefore 
27rr. 

^ On the calculation of the value of the theoretical unit angle to a great number 
of places. Quarterly Journal^ Vol. iv. 
'■^ See Grunert's Archiv, Vol. i. 1841. 
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Proof that the Circumferences of Circles vary as their 

Diameters, 

11. In order to prove that the lengths of the circumferences 
of different circles vary as their diameters, we have recourse to the 
Newtonian conception of a curve as being the limit of an inscribed 
polygon, when the number of sides of the polygon is indefinitely 
increased, each side of the polygon becoming indefinitely small. 
The length of the curve is then considered to be the limit of the 
sum of the lengths of the sides of the polygon. Suppose a regular 
polygon of n sides to be inscribed in a circle, then in accordance 
with this conception, we regard the circumference of the circle as 
dilBFering from the perimeter of the polygon, by a quantity which 
may be made as small as we please by making the number n of 
the sides great enough. Suppose (7 to be the length of the 
circumference of the circle, and P^ the perimeter of the polygon, 
then C = P^-\-x^ where x^ may be made smaller than any assign- 
able quantity by making n increase sufficiently. If .(7, P^', xj be 
corresponding quantities, for the same value of n, for another circle, 
we have by Euclid Book vi.. Prop. 20, P^ : P^ :: D : D\ where 
D and U are the diameters of the circles; 

:.C-x^:a-x;::D:D\ 

or CU-GD=^xU-x'D. 

Now x^' — x^D becomes less than any assignable quantity, when n 
is indefinitely increased, or in other words the limit of x^ D' — x^D 
is zero; hence CU-CD^O, or C : C :: D : D\ 

The area of a sector of a circle. 

12. In order to find the area of the sector of a circle, bounded 
by any two radii, consider a regular polygon inscribed in the 
circle, as in the last article. The area of the triangle of which 
one side of the polygon is base, and of which the radii at the 
extremities of that side are sides, is half the product of the base 
and the altitude of the triangle ; the altitudes of all such triangles 
are the same, hence the sum of the areas of any number s of such 
triangles taken consecutively, is half the product of the altitude 
into the sum of the s sides of the polygon. When the number n of 
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the sides of the polygon is indefinitely increased, s bearing a finite 
ratio to n, the sum of the s sides is ultimately the length of a 
finite arc of the circle, and the altitude of the triangles is ulti- 
mately the radius of the circle, hence the area of the sector of the 
circle which is the limit of the sum of the triangular areas, is half 
the product of the radius into the length of the arc of the sector. 
The area of a sector of which the bounding arc subtends an angle 
whose circular measure is 0, at the centre of the circle, is ^rxrO 
or |r*ft The whole circle is a sector of which the bounding arc is 
the whole circumference, hence the area of the whole circle is 7rr^. 



EXAMPLES ON CHAPTER I. 

1. What must be the unit of measurement, that the numerical measure 
of an angle may be equal to the difference between its numerical measures as 
expressed in degrees and in circular measure ? 

2. If the measures of the angles of a triangle referred to 1°, IOC/, 10000" 
as imits, be in the proportion of 2, 1, 3, find the angles. 

3. Find the number of degrees in an angle of a regular polygon of n sides 
(1) when it is convex, (2) when its periphery surrounds the inscribed circle m 
times. 

4. Two of the angles of a triangle are 52° 53' 51", 41« 22' 50'' respectively; 
find the third angle. 

5. Find, to five decimal places, the arc which subtends an angle of 1° at 
the centre of a circle whose radius is 4000 miles. 

6. An angle is such that the difference of the reciprocals of the number 
of grades and degrees in it, is equal to its circular measure divided by 27r; 
find the angle. 

7. The angles of a plane quadrilateral are in A. p. and the difference of 
the greatest and least is a right angle ; find the number of degrees in each 
angle and also the circular measure. 

8. In each of two triangles the angles are in g.p. ; the least angle of one 
of them is three times the least angle in the other, and the sum of the greatest 
angles is 240° ; find the circular measure of the angles. 

9. If an arc of ten feet on a circle of eight feet diameter, subtend at the 
centre an angle 143° 14' 22", find the value of ir to four decimal places. 
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10. Find two regular figures such that the niunber of degrees in an 
angle of the one is to the number of degrees in an angle of the other as 
the number of sides in the first is to the number of sides in the second. 

11. ABC is a triangle such that, if each of its angles in succession be 
taken as the unit of measurement, and the measures formed of the sums of 
the other two, these measures are in a. P. Shew that the angles of the 
triangle are in H. p. Also shew that only one of these angles can be greater 
than } of a right angle. 

12. Shew that there are eleven and only eleven pairs of regular polygons 
which are such that the number of degrees in an angle of one of them, is equal 
to the number of grades in an angle of the other, and that there are only four 
pairs in which these angles are expressed by integers. 

13. The apparent angular diameter of the sun is half a d^ree. A planet 
is seen to cross its disc in a straight line at a distance from its centre equal 
to three-fifths of its radius. Prove that the angle subtended at the earth, by 
the part of the planet's path projected on the sun, is fr/450. 



CHAPTER II. 



THE MEASUREMENT OF LINES. PROJECTIONS. 

13. If it is required to measure a given length along a given 
straight line, supposed indefinitely prolonged in both directions, 
starting from any assumed point, the question arises, in which 
direction is the given length to be measured oiBF. In order to avoid 
ambiguity, we agree that lengths measured along the straight 
line in one direction shall be considered positive, and consequently 
in the other direction negative; it is necessary then in such a 
straight line to assign the positive direction. Suppose, in the 
figure, we agree that lines measured from left to right shall be 

» • • 

A B C 

considered positive and from right to left negative ; the length AB 
is then positive, and the length BA negative, or AB = — BA, 

14 If G be any third point anywhere on the straight line, we 
shall have AB = AC + CB, for example if, as in the figure, G lies 
beyond B, the line GB is negative, and therefore its numerical 
length is subtracted from that of AG. The sum of the lengths of 
any number of such straight lines generated by a point which 
starts at A and finishes its motion at B, is accordingly equal to 
AB. 

15. When, as in Art. 2, an angle is generated by a straight 
line OP turning from an initial position OA, we shall suppose 
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that, whilst turning, the positive direction in the line OP remains 
unaltered, thus the angle which has been generated in any position 
of OP, is the angle between the two positive directions of the 



A B 



bounding lines. It follows, that \i AB, CD are the positive 
directions in two straight lines, the angle between AB and DG 
differs by two right angles from the angle between AB and CD, 
for a line revolving from the position AB, must turn through an 
angle in order to coincide with DC, 180^ greater or less than the 
angle it must turn through in order to coincide >vith CD, 

If we consider all the coterminal angles bounded by AB and 
CD, and hy AB and DG, respectively, we shall have {AB, GD) 
= {AB, DG) + 180", the angles being all measured in degrees. 

16. When a straight line moves parallel to itself, we shall 
suppose its positive direction to be unaltered, so that if AB, GD 
are non-intersecting straight lines, the angle between them is equal 
to the angle between AB and a straight line drawn through A 
parallel to GD, For. ordinary geometrical purposes, the angle 
between AB and CD, is the smallest angle between AB and this 
parallel, irrespective of sign. 



Projections, 

17. If from the extremities P, Q of any straight line PQ 
perpendiculars PM, QN be drawn to any straight line AB, the 
portion MN, with its proper sign, is called the projection of the 
straight line PQ on the straight line AB, It should be noticed 
that PQ and AB need not necessarily be in the same plane. The 
projection of QP is NM, and has therefore the opposite sign to 
that of PQ, 
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If the points P and Q be joined by any broken line, such as 
PpqrQ, the sum of the projections of Pp, pq, qr, rQ on AB, is equal 




to the projection of PQ on AB. For the sum of the projections 
is Mm + mn + ws + sN, which is, according to Art. 14, equal to 
MN.' We obtain thus the fundamental property of projections. 
The sum of the projections on any fixed straight line, of the parts 
of any broken line joining two points P and Q, depends only upon 
the positions of P and Q, being independent of the manner in which 
P and Q are joined. 

A particular case of this proposition is the following : 

The sum of the projections on any straight line, of the sides, 
taken in order, of any closed polygon, is zero. If in the above figure, 
the points P and Q coincide, the broken line joining them becomes 
a closed polygon, and since the projection of PQ is zero, the sum of 
the projections of the sides, taken in order, of the polygon, is also 
zero. The polygon is not necessarily plane, and may have any 
number of re-entrant angles. 



CHAPTER III. 



THE CIRCULAR FUNCTIONS. 

Definitions of ike circular functions. 

18. Having now explained the manner in which angular and 
linear magnitudes are measured, we are in a position to define the 
Circular Functions or Trigonometrical Ratios. Suppose an angle 
AOP of any magnitude A, to be generated as in Art. 2, by the 




revolution of OP from the initial position OA, remembering the 
convention made as to the sign of angles. Let BOB be drawn 
perpendicular to A'OA ; we suppose the positive directions in 
A'OA and BOB to be from io A and to j8 respectively. We 
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also remember the convention made in Art. 15, as to the positive 
direction of the revolving line. 

The ratio of the projection of OP on the initial line, to the length 
OP, is called the cosine of the angle A, and is denoted hy cos A. 

The ratio of the projection of OP on the straight line OB which 
makes an angle 4- 90° with the initial line, to the length OP, is called 
the sine of the angle A, and is denoted by sin A. 

The ratio of the projection of OP on OB, to its projection on OA, 
is called the tangent of the angle A, and is denoted by tan A. 

The ratio of the projection of OP on OA, to its projection on OB, 
is called the cotangent of the angle A, and is denoted by cot A. 

The ratio of OP to its projection on OA, is called the secant of 
the angle A, and is denoted by sec A. 

The ratio of OP to its projection on OB, is called the cosecant of 
the angle A, and is denoted by cosec A. 

Thus we have 

. OM . , ON , , ON 
co8^=^, sin^ = ^, tan^ = ^-j^, 

, . OM , OP . OP 

cot A = T^nrr > sec A = 7ri>, cosec A = 7^-^, 
ON OM ON 

When each of the lengths in the ratios is taken with its proper 
sign, the sign of OP is always positive, but those of OM, ON, are 
each positive or negative according to the magnitude of the angle 
A, It should be observed that MP is equal to, and of the same 
sign as ON, so that 

. . MP ^ . MP , . OM .OP 

sm^=-gp, ta.nA=-^, cot^=-^, cosec il=-^. 

In the figure, the angle A has four different magnitudes AOP^, 
AOP^, AOP^, AOP^, corresponding to the four positions P^, P^f 
P,.P,,oiP. 

The projection of any positive or negative length AB, on a straight line 
CD, is obtained by multiplying the length AB taken with its proper sign, 
by the cosine of the angle between the positive directions of the lines on 
which AB and CD lie ; the projection is thus given with its proper sign. 

It should be observed that since OF, in the figure, always retains the 
positive sign as it revolves from the position OA, when it coincides with OA' 
it has the opposite sign to that of 0A\ 
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19. The six ratios defined above, are the six Circular 
Functions, called also Trigonometrical Ratios or Trigonometrical 
Functions. Each of them depends only upon the magnitude of the 
angle A^ and not upon the absolute length of OP. This follows 
from the property of similar triangles, that the ratios of the sides is 
the same in all similar triangles, so that when OP is taken of a 
different length, we have the same ratios as before for the same 
angle. These six ratios are then functions of the angular magni- 
tude A only; we may suppose A to be measured either in the 
sexagesimal system or in circular measure. For convenience, we 
shall in general use large letters -4, 5, (7,... for angles measured in 
degrees, minutes and seconds, and small letters a, /8, 6, <^,...for 
angles measured in circular measure ; so that, for example, sin A 
denotes the sine of the angle of which A is the measure in degrees, 
minutes and seconds, and sin a is the sine of the angle of which 
a is the circular measure. To these six circular functions two 
others may be added, which are sometimes used, the versine written 
versin A, and the coversine written coversin A ; these are defined 
by the equations versin ^ = 1 — cos A, coversin A = 1— sin A. 

The versine and coversine are used very little in theoretical 
investigations, but the versine occuns very frequently in the 
formulae used in navigation. 

20. In the case of an acute angle, the definitions of the 
circular functions may be put into the following form. Let P 




be any point in either of the bounding lines of the given angle ; 
draw PN perpendicular to the other bounding line, we have then 
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the right-angled triangle PANy of which the angle PAN is the 
given one A, 



Cos A is then defined as 

side adjacent to A 
hypothenuse ' 

jt side opposite to A 

tan A as -^ — ^^ — — j , 

side adjacent to A 

J hypothenuse 

side adjacent to A ' 



sin A as 



side opposite to A 
hypothenuse ' 

^ . side adjacent to A 

cot A as -7-3 — TT-^ — 7 , 

side opposite to A 



cosec ^ as — 



hypothenuse 



side opposite to A ' 



21. Until recently, the circular functions of an angle were defined, not 
as ratios, but as lengths having reference to arcs of a circle of specified size. If 
PA be an arc of a given circle, let PNhe drawn perpendicular to OAy and let 




PThe the tangent at P; the line PN was defined to be the sine of the arc 
PAy ON to be its cosine, PT its tangent, OT its secant, and AN its versine. 
In this system the magnitudes of the sine, cosine, tangent, &c. depended not 
only upon the angle POAy but also upon the radius of the circle, which had 
therefore to be specified. The advantage of the present mode of definition of 
the functions as ratios, is that they are independent of the radius of any 
circle, and are therefore functions of an angular magnitude only. The sine 
of an arc was first used by the Ai*abian Mathematician Al-BattS,ni (878— 
918) ; the Greek Mathematicians had used the chords PP' of the double 
arc, instead of the sine PN of the arc PA. 
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Relations between the circular functions, 

22. Referring to the definitions of the circular functions, 
we see at once that there are the following relations between 
them, 

(1) cos A sec -4 = 1, (3) tan A cot J. == 1, 

(2) sin A cosec -4=1, (4) tan A = sin A /cos A 

cot A = cos A /sin A 

Expressed in words, the relations (1), (2), (3), assert the facts 
that the secant, cosecant, and cotangent of an angle are the reci- 
procals of the cosine, sine, and tangent of the angle respectively ; 
and relation (4) expresses the fact that the tangent of an angle is 
the ratio of its sine to its cosine, or what, in virtue of (3), comes to 
the same thing, that the cotangent of an angle is the ratio of the 
cosine to the sine of the angle. 

23. Referring to the figure in Art. 18, the square on OP is, 
by the Pythagoraean theorem, equal to the sum of the squares of 
its projections OM and MP, so that since the ratios of these pro- 
jections to OP, are the cosine and sine respectively of the angle 
A, we have (cos J.)* + (sin J.)* = 1, or as it is usually written, 
cos'4 + sin*^ = 1. If we divide both sides of this equation by cosM, 
and remember the relations (1) and (4), we have 1 + tan*-4 = secM; 
similarly if we divide both sides of the equation by sin*^, and 
remember the relations (2) and (4), we have 1 +cot*J. = cosecM. 
Thus the three identities, 

cos' J. + sin* J. =1 1 

l + tan»^=secM I (5) 

1 + cot*-4 = cosecM J 

are different forms of the same relation between the functions. 

24. The five independent relations just obtained between 
the six circular functions, enable us to express any five of these 
functions in terms of the sixth. The student should verify the 
correctness of the following table, in which the meaning of w in 
each column, stands at the head of that column, and the value of 
the expressions in each horizontal line, at the beginning. 

H. T. 2 
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sin A = 



cos A = 



tan A = 



cot A = 



sec A = 



cosec A = 



^nA=x 


cobA = x 


tan^=a; 




Vi-^ 


X 


X 


Vi+^ 


Vi-^ 


;» 


1 

Vi+^ 


X 


a; 


:r 




07 


1 

X 


1 


1 

X 


Vi+.'p^ 


Vi-^ 


1 

X 


1 
Vi-^ 





cot -4=^ sec ^=07 



^/x^ - 1 



1 

X 



V^2_l 



47 



07 



V^-1 



Vl+072 



ar 



07 



VoT^-i 



cosec -4 


= 07 


1 

X 


07 


1 


1 


1 


\/~X^- 


^X^- 


1 


X 


1 


07 





In this table, the ambiguities in the signs of the square roots 
are left undetermined. As an example of the verification of this 
table, we will suppose sec A = x,to be given; we have at once from 
(1) in Art: 22, cosJ.=l/^, and from the second form of (5), 
tan A = Jx"^ — 1, and then from (3), cot A = Ijja? — 1 ; from the 

first form of (5), sin ^ =a/1 — ^=^^ ; then from (2), 

oc 
cosec A = -7= — ; we have thus verified the correctness of the 

fifth column in the table. 

Range of values of the circular functions, 

25. The projection of one straight line upon another, cannot 
be of greater length than the projected line, hence the sine or the 
cosine of an angle cannot be numerically greater than unity ; each 
of them may have any value between -f 1 and — 1, both inclusive ; 
the secant and cosecant which are the reciprocals of the cosine and 
sine, cannot therefore lie between the limits ± 1, and are therefore 
numerically greater than, or equal to unity. The tangent or the 
cotangent, being the ratio of two projections, one of which has its 
greatest numerical value when the other one vanishes, may have 
any value between ± oo . The versine may have any value between 
and 2. 
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Properties of the drcvlar functityns, 

26. If the angles AOP, AOp h^ A and — -4 respectively, we 
see that OP and Op have equal projections OM, upon OAy but 




that their projections ON, On, on OB, are of equal magnitude but 
opposite sign, therefore 

cos ( — j4)=cos a, and sin ( — ^) = — sin A (6); 

it follows that tan (— -4) = — tan A, cot (— ^) = — cot A, 

sec (— -4) = sec J., cosec (— -4) = — cosec A, 

If a function of a variable has its magnitude unaltered when 
the sign of the variable is changed, that function is called an even 
function, but if the function has the same numerical value as 
before, but with opposite sign, then that function is called an 
odd function ; for instance x^ is an even function of a?, o^ is an 
odd function of a?, but ic^ + aj' is neither even nor odd, since its 
numerical value changes when the sign of x is changed. We see 
then that the cosine and the secant of an angle are even functions, 
and the sine, tangent, cotangent, and cosecant, are odd functions. 
The versine is an even function, but the coversine is neither even 
nor odd. 

27. The values of the circular functions of an angle, depend 
only upon the position of the bounding line OP, with reference 
to the other bounding line OA, consequently all the coterminal 

2—2 
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angles (OA, OP) have the same circular functions, or in other 
words, all the angles ?i.360° + j4, where n is any positive or 
negative integer, have their circular functions the same as those 
of -4. If a be the circular measure of the angle which contains 
A degrees, all the angles 2w7r + a, in circular measure, have the 
same circular functions. We have also, since all the angles 
2nir — a have the same circular fimctions, 

sin (2nir ~ a) = sin (— a) = — sin a, 

and cos (2n7r — a) = cos (— a) = cos a. 

The properties we have obtained are both included in the 
equations 



sin (2n7r ± a) = ± sin a] 
cos (2n7r ± a) = cos a 



(6). 



28. If the angle 180° - il or tt - a, is bounded by OQ, then OQ 
makes the same angle with 0A\ as OP does with OA, and we see 
that the projections of OP and OQ on OA, are equal and of opposite 




sign, and the projections of OP and OQ, on OB, are equal and of 
the same sign, therefore sin (tt — a) = sin a, and cos (tt — a) = — cos a. 
These equations hold whatever a may be, so that we can change a 
into — a, and we have 

sin (tt + a) = sin (—«) = — sin a 
and cos (tt + a) = — cos (— a) = — cos a. 
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Thus we have the system of equations 

sin (tt ± a) = + sin a) ,^. ^ 

cos (tt ± a) = — cos a) 

from these we obtain 

tan(7r±a) = ± tan a (8j. 



I 



Also sin (2n + 1 tt + a) = sin (tt + a) = T sin a 

cos (2n + 1 TT ± a) = cos (tt ± a) = — cos a [■ (9). 

tan (2n + 1 tt ± a) = tan (7r± a) = ± tan a J 

29. In the figure of Art. 28, the angle OP makes with 0B\ is 
90"" + A, therefore the cosine of the angle 90° + -4 or Jtt + a, is the 
ratio of the projection of OP on 0J5', to OP; hence since the projec- 
tion on OB, is equal with opposite sign to the projection on OB, 
we have cos ( Jtt + a) = — sin a ; changing Jtt + a into a, we have 
cos a = — sin (a — ^tt), hence in virtue of (6), we have 

cos a = sin (|7r — a). 

In these equations we can, if we please, change the sign of a, 

since a may be either positive or negative; we have then the 

equations 

sin (Itt ± a) = cos a 

cos (^TT ±a) = + sina ^ (10). 

tan (^TT ± a) = + cot a 

We have also, from (6) and (9), 

sin (m + i TT ± a) = (- 1)"* sin (^tt ± a), 



cos (m + i TT ± a) = (- 1)"* cos (^tt ± a), 



tan (m + i TT ± a) = tan ( Jtt ± a), 



hence 



sin (m + i7r±a) = (- l^cos a 



(11) 



cos (m + i7r±a) = +(-l)"*sina 
tan (m + J TT ±a)= + cot a 

The angle tt — a is called the supplement of the angle a, and 
the angle ^tt — a is called the complement of a. 

We have shewn that the sine of an angle is equal to the 
sine of the supplementary angle, and the cosine of an angle is 
equal, with opposite sign, to the cosine of its supplement; also that 
the sine of an angle is equal to the cosine of its complement, and the 
cosine of an angle is equal to the sine of its complement 



• t 



22 THE CIRCULAR FUNCTIONS. 

The formulae (6) to (11), enable us to find the circular functions 
of an angle, when we know the values of the circular functions of 
that angle between zero and ^tt, which differs from the given angle 
by a multiple of ^tt, or also when we know the circular functions 
of the complement of this latter angle. 

Periodicity of the circular functions, 

30. When a function / {x) of a variable, has the property 
f i^x) =/ {x + k), for every value of Xy k being a constant, the function 
f{x) is called periodic; if moreover the quantity k is the least 
constant for which the function has this property, then k is called 
the period of the function. 

It follows at once that i{f{x)=f{x + k), then /(a?) =^f{x-\-nk), 
where n is any positive or negative integer; if then we know 
the values of the function, for all values of x lying between two 
values of x which differ by i, we know the values of the function 
for all other values of x, the function having values which are a 
mere repetition of its values within the interval for which they 
are given. 

The property (6), of sin a and cos a, shews that these func- 
tions are periodic functions of a, the period being 27r, or if 
the angle is measured in degrees, sin J. and cos-^ are periodic 
functions of A, the period being 360°. The property (7), shews 
that these functions are such that their values, for values of the 
angle differing by half the complete period, are equal with 
opposite sign. The property (8), shews that the tangent is 
periodic, the complete period being tt, half the period of the sine 
and cosine. Obviously the period of the secant or of the cosecant, 
is 27r, and that of the cotangent is tt. It will be hereafter seen 
that the circular functions derive their importance in analysis, 
principally from their possession of this property of periodicity. 

Changes in the sign and magnitude of the circular functions. 

31. We shall now trace the changes in the magnitude and 
sign of the circular functions of an angle, as the angle in- 
creases from zero to four right angles. 

(1) To trace the changes in the value of the sine of an angle, 
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we must observe the changes in magnitude and sign of the 
projection ONy in the figure of Art. 18. When the angle A is zero, 
ON is zero, and as A increases up to 90°, ON is positive and 
increases until when A is 90", ON is equal to OP, thus sin J. is 
positive and increases from to 1. As A increases &om 90"" to 
180°, ON is positive and diminishes until when A is 180°, it is 
again zero, therefore sin A is positive and decreases from 1 to 0. 
As A increases from 180° to 270°, ON is negative and increases 
numerically, until when A is 270°, 0N = — OF, hence sin -4 is 
negative and changes from to — 1. As J. increases from 270° to 
360°, ON is negative and diminishes numerically, until when A 
is 360°, it is again zero, thus sin A is negative and changes from 
- 1 to 0. 

(2) In the case of the cosine, we must observe the changes in 
magnitude and sign of the projection OM. We find that as A 
increases from 0° to 90°, cos A is positive and diminishes from 1 to 
0; as A increases from 90° to 180°, cos A is negative and changes 
from to — 1 ; as A increases from 180° to 270°, cos A is negative 
and changes from — 1 to ; and as A increases from 270° to 360°, 
cos A is positive and increases from to 1. 

(3) To trace the changes in the tangent of an angle, we must 
consider the ratio of ON to OM; when the angle is zero, this ratio 
is zero, and is positive and increasing as the angle increases from 0° 
to 90° ; when the angle is 90°, the projection OM is zero, and ON 
is unity, hence tan 90° = x ; as J. increases from 90° to 180°, the 
tangent is negative and changes from — oo to 0. As J. increases 
from 180° to 270°, tan A is positive, since ON and OM are both 
negative, and it increases until it again becomes infinite when 
-4 = 270°. As A increases from 270° to 360°, the tangent is 
negative and changes from — x to 0. It will be observed that 
tan A changes from 4- oo to — oo in passing through the value 90°, 
and from — oo to + x in passing through 270° ; to explain this, it 
is only necessary to remark that as a variable x changes sign by 
passing through the value zero, its reciprocal l/x changes sign in 
passing through th$ value x . 

(4) The changes in the values of the cosecant, secant, and 
cotangent of A, may be deduced from the above, if we remember 
that they are the reciprocals of the sine, cosine, and tangent, 
respectively. Their values for A = 0^ 90°, 180°, 270°, 360°, are 
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given in the following table, which also includes the results ob- 
tained above for the sine, cosine, and tangent. 



Bin 
cos 
tan 
cot 
sec 
cosec 



0° 

1 


1 

poo 



0°-90' 

+ 
+ 
+ 
+ 
+ 
+ 



90° 


90°-180° 


180° 


180°-270° 


270° 


270°-360° 


1 


+ - 





— 


-1 


— 





— 


-1 


— 





+ 


A: 00 


— 





+ 


ifeOO 


— 





— 


apOO 


+ 





« 


:feQO 


— 


-1 


— 


apOO 


+ 


1 


+ 


dbOO 


— 


-1 


— 



360° 

1 


apOO 
1 

TOO 



Oraphical representation of the circular functions. 

32. In order to obtain a graphical representation of the 
changes in value of the circular functions, we shall suppose that 
the circular measure x of an angle, is represented by taking a 
length X measured along a fixed straight line, according to any 
fixed scale, from a fixed point, and that the numerical value of the 
function to be represented, is the length of a corresponding 
ordinate drawn perpendicularly to the given straight line, through 
the extremity of the length x ; the function is represented graphi- 
cally by the curve traced out by the extremity of this ordinate. 
This curve is called the graph of the function. 

The first of the three figures opposite, gives the graphs of sin x 
and of cos a?. If is the origin from which the length x is 
measured along the fixed straight line OX, and OA = tt, OB = 27r, 
00' = j7r, 0^(7 = 1, the curve OPAFB is such that any ordi- 
nate represents roughly the value of sin x corresponding to 
any value of x between and 27r. If 0' is taken as origin, and 
O^B' = 27r, the curve G'PP'U represents the value of cos x for 
values of x between and 27r; this follows from the relation 
cos a? = sin (Itt -h a?). Beyond OB, the curve OPP'B will be 
repeated indefinitely on both sides of the origin 0. The second 
figure represents, in a similar manner, the values of tan x and cot x, 
being the origin for tan x, and 0' for cot x ; the ordinates through 
0\ A\ By are asymptotes of the curve, where the functions change 
sign by passing through an infinite value. The third figure 
represents the values of sec x and cosec x, being the origin for 
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coseca?, and 0' for sec a?; the ordinates at 0, -4, B, are asymptotes 
of this curve. 











0' 



A 





B 



B' 



X 
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Example. Draw graphs of the foUomng fuiictions 



(1) 8inx-\-co8x. 
(3) <awx+«ecx. 
(5) sin^ X - 2 co« X. 



(2) cos (ir sin x) . cos (ir cos x). 
(4) sin (ir cos x)/cos (ir «tw x). 
(6) «» ( J IT + J IT ca« x). 



Angles with one circular function the same. 

33. We shall now find expressions for all the angles which 
have one of their circular functions the same. 



B 




(1) If in the figure, AOP is a given angle, and PP^ is drawn 
parallel to 0-^, the angles (0-4, OP) and (OA, OP^ are the only 
angles which have their sine the same as that of AOP, for they 
are the only angles for which the projection of the radius on OB, 
is equal to 0N\ these angles are 2nir + a and ^nir + tt — a, where a 
is the circular measure of AOP, and n is any integer; they are 
both included in the expression mir + (— 1)"* a, where m is any 
positive or negative integer ; this is therefore the expression for all 
the angles whose sine is the same as that of a, 

(2) Next draw PP^ parallel to OB, then the angles {OA, OP) 
and {OAy OP^, are the only angles which have the same cosine as 
a, for they are the only angles for which the projection of OP on 
OA, is equal to 0M\ they are both included in the formula 2m7r ± a, 
where m is any positive or negative integer. 
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(3) If PO is produced to P3, the angles (04, OP), {OA, OP^), 
are the only ones which have the same tangent as a ; these angles 
are respectively %nr + a and 2mr + tt + a, and are therefore both 
included in the formula mir + a, where m is any positive or 
negative integer. 

(4) Since angles which have the same cosecant, have also 
the same sine, we see that rrnr + (— 1)"* a includes all the angles 
whose cosecant is the same as that of a ; also 7,rmr ± a includes 
all angles whose secant is the same as that of a, and mir + a 
includes all angles whose cotangent is the same as that of ou 

In every case zero is included as one value of m ov n. 

Determination of the circular functions of certain angles. 

34 The values of the circular functions of a few important 
angles, can be obtained by simple geometrical means. 

(1) The angle 45° or J-tt, is an acute angle in a right-angled 
isosceles triangle, the sine and cosine of this angle are therefore 
obviously equal to one another, and since the sum of their squares 
is unity, each of them is equal to 1/V2 ; the tangent of the angle is 
therefore unity. 

(2) Each of the angles of an equilateral triangle is 60° or ^tt. 




Let ABC be such a triangle; draw AD perpendicular to BGy 
then the cosine of the angle B, is -j^, and this is equal to J; the 
sine of the same angle is Jl—i = J V3. The complement of 60° 
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is 30° or ^TT, hence we have cos 30° = ^V^, and sin 30° = f We 
have ako tan 60° = V3, and tan 30° = 1/V3. 

(3) Draw AE bisecting the angle DAB, then the angle DAE 
is 15° or ■^. We have by Euclid, Book VI. Prop. III. 



therefore 



and thence 



DE 



DA 
From this we obtain 



EB 
DJE 
DB 

or tan 15°, 






AB 

V3 
2 + V3' 



is equal to -_ - 



V3 



sin 15° = r 



J6-J2 



4 



cos 15 = 



JS (2 + V3) 



or 2-V3. 



We can from these values, obtain the sine, cosine, and tangent of 
75° or ^TT, the complementary angle. If we proceeded in the same 
way, bisecting the angle DAE, we should obtain the tangent of 
7° 30' or ^TT, and we might continue the process so as to obtain 

the tangent of all angles of the form -^ , where p is a positive 

integer, but we shall hereafter obtain formulae by which the 
functions of these angles may be successively calculated, thus 
obviating the necessity of continuing the geometrical process. 

By a similar geometrical method, we might obtain the circular 
functions of the angles of the form 7r/2'. 

(4) Let ABC be a triangle in which each of the base angles 
is double of the vertical angle A ; the base angles are each 72°, or 
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^TT, and the vertical angle is 36°, or Jtt. If AB is divided at D so 
that AB . BD = ^D", then it is shewn in Euclid, Book iv. Prop. x. 
that AD = DC = CB, Draw AE perpendicular to BC, Denoting 
the ratio of AD to AB by x, we have l—x = a^, and solving this 
quadratic, we find a? = ^ (f ^5~- 1) ; we must take the positive 

AD 

root, hence ^- = J (^/s - 1), thus 

cos72° = sin 18° = j|^ = i(N/5- 1); 

from this we obtain sin 72° = cos 18° = J J\0 + %j}. 

AG 
Also cos 36° = J -.-=y, since DAG is an isosceles triangle, 

therefore cos 36° =1(^5 + 1), hence sin 36° = \ J\Q - 2V5. 

Since 54° is the complement of 36°, we have therefore the 
values of sin 54° and cos 54°. 

In the following table, the values we have obtained are collected 
for reference. The functions in the first line, refer to the angles 
in the first column, and the functions in the last line, to the angles 
in the last column. 





sine 


cosine 


tangent 


cotangent 




T^,r=16' 


4" " 


\/6 + \/2 
4 


2-V3 


2 + ^3 


^5ir=75^ 




4 


\/lO + 2V5 

4 






^^=18' 


J\/26-10V5 


V5 + 2V5 


*ir=72° 


j,r=30° 


i 


iV3 


1 
V3 


V3 


Jir = 60'* 






V5 + 1 
4 


• 


iV25+10V5 






\/lO-2V5 
4 




^ = 36° 


V5-2V5 


ft7r = 54'* 


in- =46° 


1 
V2 


1 
V2 


1 


1 


iir = 45° 




cosine 


sine 


cotangent 


tangent 





We can find at once the circular functions of any angle which 
differs from any one of those in the table, by a multiple of a right 
angle, by employing the formulae (6) to (11). 
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Example. Find the sine atid cosine of 120**, and of -576°. 
We have 120^ = 90° + 20% hence 

sin 1 20" = cos 30'' = i ^3, cos 1 20** = - sin 30" = - J. 
Again -576"= --(3. 180° + 36°), therefore 

sin ( - 576") = sin ( + 180" - 36") = sin 36", 
also cos 576" = cos (180" - 36") = - cos 36". 

The inverse circular functions. 

35. If y is a function f(x) of x, then x may also be regarded 
as a function of y ; this function of y, is called the inverse function 
of / (x), and is usually denoted by /"* (y), thus x =/** (y). If 
/ (x) is a periodic function, of period k, so that / (x) =f {x + mJc), 
where m is any positive or negative integer, the function /"* (y) 
will have an infinite number of values given by a? + mk, where x is 
any one value of /"* (y) ; such a function of y is called multiple' 
valued, since it has not a single value for each value of the 
variable y. We see therefore that corresponding to a periodic 
function f (x) =y, there is a multiple-valued inverse function f "^ (y) 
which has an infinite number of values for any one value of y, these 
values differing by multiples of the period of x. 

36. If there are two or more values of x, Ijdng between and 
k, for which / (x) has equal values, the multiplicity of values of 
/"* (y) is still further increased, since it will have each of the 
values of x for which / (a?) = y, and the infinite series of values 
obtained by adding multiples of k to each of these. For example, 
suppose that there are two values a?,, x^, each lying between and 
k, for which / (x) = y, then the inverse function /"* (y) has the 
two sets of values x^ + mk, x^ + nk, 

37. In the case of the circular function sin x = y, the values 
of the inverse function sin"*y are n7r + (— l)"a?,, where x^ is any 
value of X for which sin x^ = y; in this case the complete period 
of a? is 27r, and there are two values of x, say x^ and tt — a?j, lying 
between and Zir, for which sin x = y; thus the values of sin"*y are 
the two series of values w . 27r + oJj and n . 27r + tt — a?, , both included 
in W7r + (— l)*a7j. 

In a similar manner, we see that the values of cos"*y are in- 
cluded in 2i27r ± x, where cos x = y. 

The periods of the functions tan x, cot x, are tt, only half 
those of sin x and cos x, and there is only one value of x between 
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and TT, for which tan x or cot x has any given value; thus tan'*y 
has the values riTr + a?,, and cot"*y the values nir + x^, where x^ is 
that value of x between and tt, such that tan a?, or cot a?, is equal 
to y. 

38. The numerically smallest quantity x which has the same 
sign as y, and is such that sin a: = y, is called the Principal Valtte 
of sin'^y; a similar definition applies to the principal values of 
tan"*y, cot'*y, cosec"*y. 

The numerically smallest positive value of x which is such 
that cosa? = y, is called the Principal Value of cos"*y; a similar 
definition applies to sec~*y. 

Thus the principal values of sin"*y, tan"*y, cot"*y, cosec"*y, 
lie between the values + Jtt, and the principal values of cos'*y, 
sec~*y, lie between and tt. In some works, the principal values 
of sin"*y, cos"*y, tan"*y, are denoted by Sin"*y, Cos"*y, Tan'*y ; the 
general values are then given by 

sin"*3/=n7r+(— 1)* Sin"*y, cos"*y=2n'7r + Cos"*y, tan"*y=W7r +Tan"*y; 

we shall however not use this notation. It must be remembered 
that in many equations connecting these inverse functions, it is 
necessary to suppose that the functions have their principal values, 
or at all events that the choice of values is restricted. For 
example, in such an equation as sin'^y + cos"*y = Jtt, the choice of 
values of the inverse functions is restricted. 

It should moreover be noticed that the functions cos"*y, sin'*y, 
have only been defined for values of y lying between ± 1 ; beyond 
those limits of y, the functions have no meaning, so far as they 
have been at present defined. The student should draw, as an 
exercise, graphs of the various inverse circular functions. 

In Continental works, the notation arc sin x, arc cos x, arc 
tana?, is used for sin"*a?, cos"*a?, tan'^a?. 



EXAMPLES ON CHAPTER III. 

1. Prove the identities 

(i) tanii(l-cotM) + ootul(l-tanM)=0, 

(ii) (8ini4 + sec-4)*+(cosii+cosec^)*=(l + sec^coflec^)2. 

2. The sine of an angle is -s— — s, ; find the other circular functions. 



k 



A 
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3. If tan^+8in^=w, tan A -Bin A =n, 
prove that m^ - Ti^ = 4 ^mn, 

4. Having given -; — ^ =», „ =Q^ fii^d tan A and tan B, 

^ ^ sin J? ^^ cos B ^' 

5. If ^454 =V2, ^^=V3, find ^ and J5. 

sinJ5 ^ ' tani? ^ ' 

6. If cos -4= tan J?, cosJ5=tanC, cos C= tan J!, 
prove that sin ^ = sin J? = sin (7= 2 sin 1 8°. 

7. Solve the equations : 

(i) sin ^ + 2 cos ^=1, 

..,. cos a __3 

(iii) V3cosec2^ = 4cot^. 

8. Solve the equations : 

cos (2:r +y) = sin {x - 2y) 1 
cos {x + 2y) =sin (2^ -y) J ' 

9. Find a general expression for ^, when sin^ ^=sin2a, and also when 

sin ^ = - cos B = 1/V2. 

10. Find the general values of the limits between which A lies, when 
sin^ A is greater than cos^ A. 

11. Find the general value of B, when 9 sec* ^=16. 

1 2. If tan (ir cot B) = cot (n- tan B\ 
then tan^=i{2n + l±^4»H4w-15}, 
where n is any integer which does not lie between 1 and - 2. 

13. Give geometrical constructions for dividing a given angle into two 
parts, so that (1) the sines, (2) the tangents of the two parts may be in a 
given ratio. 

14. Construct the angle whose tangent is 3 - ^2. 

15. Divide a given angle into two parts the sum of whose cosines may be 
a given quantity c. What are the greatest and least values c can have ? 

16. If i*,»=cos»»^+sin»*^, 
prove that 2wg - Zu^ +1=0, 

6^10-15^8 + lOwe- 1=0. 

17. Two circles of radii a, h touch each other externally ; B is the angle 
contained by the common tangents to these circles, prove that 

{a+hf 
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18. A pyramid has for base, a square of side a ; its vertex lies on a line 
through the middle point of the base, perpendicular to it, and at a distance h 
from it ; prove that the angle a between two lateral faces is given by 

sm a = — ^-9 — V ,0 

19. Two planes intersect at right angles in a line AB^ and a third plane 
cuts them in lines AD, AC; if the angles DA By CAB be denoted by a, ^ 
respectively, prove that the angle BA makes with the plane CAD is 

tan a tan /3 



tan~^ 



x/tan^a + tan^/S 



20. Shew that if OD be the diagonal of a rectangular parallelepiped ; the 
cosines of the angles between OD and the diagonals of the face of which 
OAy OB, are adjacent sides, are respectively 

AB OA^-^om 

OD *°^ OD.AB ' 

21. Two circles, the sum of whose radii is a, are placed in the samp 
plane, with their centres at a distance 2a, and an endless string, quite 
stretched, partly surrounds the circles, and crosses itself between them. 
Shew that the length of the string is (j7r+2V3)a. 



22. Prove that 

cos tan~^ sin cot~* 






H. T. 



CHAPTER IV. 

THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 

The addition and subtraction formulae for the sine and cosine. 

39. We shall now find expressions for the circular functions 
of the sum and of the difference of two angles, in terms of the 
circular functions of those angles. 

Suppose an angle AOB of any magnitude A, positive or 
negative, to be generated by a straight line revolving round 
from the initial position OA, our usual convention being made as 
to the sign of the angle, and suppose further that an angle BOC of 
any magnitude B, is described by a line revolving from the initial 
position OjB, then the angle AOC is equal to A+B] in OC take a 
point P, and draw PN perpendicular to OB. 

According to the convention in Art. 15, the straight line ON 
is positive or negative according as it is in OB, or in OB produced; 
also NP is positive when it is on the positive side of OB, revolving 
counter-clockwise, and negative when on the other side. The 
positive direction of the straight line on which NP lies, makes 
an angle A + 90° with OA. We have ON = OP cos B, and 
NP = OP sin B, for ON and NP are the projections of OP 
on OB, and on the line which makes an angle A + 90° with OA. 

In figure (1), each of the angles A, B,is positive and less than 
90° ; in fig. (2), the angle A lies between 90° and 180°, and the 
angle B also lies between 90° and 180°, in fig. (3) the angle A lies 
between 180° and 270°, and the angle B is negative and lies 
between - 90° and - 180°. In figs. (1) and (2), NP is of positive ^ 
length, and in fig. (3), NP is of negative length, since in the last*' 
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case, PN is the direction of a line making an angle A + 90° with 
OA. 

By the fundamental theorem in projections, given in Art. 17, 
the projection of OP on OA, is equal to the sum of the projections 
of ON SLud NP on OA,ot 

OP cos {A+B) = ONcos A+NP cos (^ +90°) 

= OP cos il cos 5 + OPsin B cos {A + 90°) 
therefore cos (-4 + 5) = cos J. cosjB — sin J. sin 5 (1). 

If instead of projecting the sides of the triangle ONP on OA, 

we project them on a line making an angle +90° with OA, we 

have 

OP sin (^ +5) = OiV^sin A+NP sin {A + 90°) 

= OP sin^cos5+ OPsin (^ + 90°) sin 5 

therefore sin {A-\- B) = BmAco&B-\-cosAmiB (2). 

The formulae (1) and (2) have thus been proved for angles of 
all magnitudes, both positive and negative. The student should 
draw the figure, for various magnitudes of the angles A and B, in 
order to convince himself of the generality of the proof. 

If we change B into —B, in each of the formulae (1) and (2), 

we have 

cos {A— B) = cos A cos (— B) — sin A sin (— B) \ 

and sin {A — B) = sin A cos (— B) — cos A sin (— B) 

hence cos {A — B) = cos A cos B + sinA sin B (3), 

and sin(J. — JS) = sin J. cos-B-cos-4 sin5 (4). 

These formulae (3) and (4) would of course be obtained directly, 
by describing the angle B in the figure, in the negative direction, 
so that the angle POA would be equal to A — B. 

40. The formulae (1), (2), and (3), (4), are called the addition 
and subtraction formulae respectively; either of the formulae (1) 
and (2), may be at once deduced firom the other; in (1) write 
A + 90° for A, we have then 

cos (90° + ^ + 5) = cos (90° + A) cos B - sin (90° + A) sin B 

or — sin (-4 + 5) = - sin -4 cos B — coqA sin B, 

and changing the signs on both sides of this equation, we have the 
formula (2) ; in the same way, by writing A + 90° for A in (2), we 
should obtain (1). It appears then that all these four fundamental 
formulae are really contained in any one of them. 
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41. The proof of the addition and subtraction formulae, given by Cauchy, 
is as follows : — With as centre describe a circle, and let the radii OP, 0§ 




make angles A^ B^ respectively, with OA ; join P§, and draw PMy QN^ per- 
pendicular to OA^ and QR parallel to 0-4, then we have 

= (OiV^- 0J/)2 + {PM- QNf 

= OA^ {(cos ^ - cos il)2 + (sin A - sin Bf) 

= 20^2 (1 — cos -4 cos J5 - sin ^ sin B). 

Let PS be drawn perpendicular to the diameter §§', then 

Pgi=QS, Qq=^20A {OA - OS) 

=20A^ {I -cos (A- B)}, 

therefore cos (^ - 5) = cos ^1 cos 5+ sin ^i sin J? (3). 

The other formulae may then be deduced ; (1) by changing B into - J5, (2) by 
changing B into 90<> - 2?, (4) by changing B into 90^+ J?. 

42. Besides the two proofs which we have given of the 
fundamental addition and subtraction formulae, both of which are 
perfectly general, various other proofs have been given, some of 
wliich are in the first instance only applicable to angles between 
a limited range of values, and require extension in the cases of 
angles whose magnitudes are beyond that range. We shall make 
this extension in the case in which the formulae have been first 
proved for values of A and B between 0"" and 90". Whatever 
A and B are, it is always possible to find angles A' and B\ lying 
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between 0° and 90°, such that A^m.W -\-A\ B =^n . 90° + B\ 
where m and n are positive or negative integers ; w^ have then 



cos(il+£) = cos(m + n90°+^' + £'); 
(1) if m and n are both even, we have 



«i+n 



cos {A+B) = {- 1) ' cos {A'jfS) 

= (- 1) ^ (cos A' cos F - sin A' sin F), 

now cos A = (—1) ^ cos A\ sin il = (— 1) ' sin A\ 

with similar formulae for B, 

hence cos {A-\-B) = cos -4 cos 5 — sin ^ sin 5 ; 

(2) if m and n are both odd, we have 

cos ^ = (- 1) » COS (90° + ^') = (- 1) ' sin ^' 

m-1 m— 1 

sin A = (- 1) ^ sin (90° + il^ = (- 1) '~ cos A\ 

with similar formulae for B, hence as before we obtain by sub- 
stituting the values of cos A\ cos B\ sin A\ sin -B' the formula 
for cos (-4 + B) ; 

(3) if m is odd and n is even, 

TO+n— 1 

cos(^+£)=(-l) ' COS (90° + ^' + £') 

wt+n-fl 

= (-1) » sin(il' + £') 

pH-w+1 

= (-1) » (sinil'cosF + cosil'sin^), 

m+1 n 

now cos il = (— 1) ^ siii -4', cos 5 = (— 1)* cos 5' 

m— 1 n 

sin J. = (- 1) * cos -4', sin £ = (- 1)"^ sin 5', 

hence substituting as before, we have the formula for cos {A + B), 
The other formulae may be extended in the same manner. 

43. The form in which the addition formulae were known in the 
Greek Trigonometry^ is Ptolemy's theorem given in Euclid, Bk. vi. 
Prop. D ; this theorem is, that if A BCD be a quadrilateral in- 
scribed in a circle, AB . CD + AD . BC = AC . BD. Any chord 
AB is the sine of half the angle which AB subtends at the centre 
of the circle, the diameter of the circle being taken as unity, and 

^ See the Article "Ptolemy" in the Encyclopiiedia Britannicat ninth Edition. 
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this half angle is the angle subtended by the arc -45 at the cir- 
cumference. We shall shew that the formulae for sin (a + /3) and 
cos (a ± 13) are contained in Ptolemy's theorem. 

(1) Let BD be a diameter of the circle, and ADB = a, 

BDG=fi; then ^5i) = i7r-a, 2)50= ^Tr- /3, ilC = sin(a + /3), 

.45 = sin a, CZ) = cos)8, thus the theorem is equivalent to the 

formula 

sin (a + )S) = sin a cos )8 + cos a sin fi. 

(2) Let CD be a diameter of the circle, and BCD = a, AGD = )8. 
Thus AB = sin (a — fi), and the theorem is equivalent to 

sin (a — )8) + sin ^ cos a == cos )8 sin a. 

(3) Let BD be a diameter of the circle, and ADB = a, 
CBD = /3, then ADC = ^tt + a - /3, thus il(7= cos (a -/3), and the 
theorem is equivalent to 

cos (a — )8) = cos a cos )8 + sin a sin )8. 

(4) Let CD be a diameter of the circle, and BCD = a, 
ADG = fi] then 5C^ = a + )8- Jtt, ^5 = - cos (a + /3), and the 
theorem is equivalent to 

— cos (a + fi) + cos a cos /Q = sin a sin )S. 

Example. Employ Ptolem^s theorem to prove the following theorems : 
sin a sin O - y) + sin ^ sin (y - a) + sin y «in (o — ^) = 0, 
«m (a+/3) *w (/3+y) =«?i o «n y +«in/3 «m (o +/3 + y). 

Forrmdae for ike addition or subtraction of two sines or two 

cosines. 

44. We obtain at once from the addition and subtraction 

formulae 

sin (^ +5) + sin (-4 -5) = 2 sin A cos 5, 

sin (^ + 5) — sin (^ - 5) = 2 cos ^ sin 5, 

cos(^ +5) + cos(-4 -5) = 2cosilcos5, 

cos (J. — 5) — cos (^ -f 5) = 2 sin -4 sin 5, 

let A+B^C, A — B = D, we obtain then, since A=^(C + D), 
B^iiC-D), the formulae 

sina + 8ini) = 28ini((7 + i))cosi(a-i)) (5), 

sin(7^sini) = 2cosi(C + i))sini(a-i)) (6), 

cos(7 + cosi) = 2cosi((7+D)cosi(a-i)) (7), 

cosi)-cosO=2sini((7+i))sini((7-i)) (8). 
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These important formulae (5), (6), (7), (8), are the expressions 
for the sum or difference of the sines or of the cosines of two 
angles, as products of two circular functions; they may be ex- 
pressed in words as follows 

The sum of the sines of two angles is eqmil to twice the product 
of the sine of half the sum, and the cosine of half the difference of 
the angles. 

The difference of the sines of two angles is equal to twice 
the cosine of half the sum, and the sine of half the difference 
of the angles. 

The sum of the cosines of two angles is equal to twice the 
product of the cosine of half the sum, and the cosine of half the 
difference of the angles. 

The difference of the cosines of two angles is eqmil to twice the 
prodwit of the sine of half the sum, and tfie sine of half the difference 
of the angles. 

45. These formulae may be proved geometrically by the 
method of projections. 




Let BOA = G, COA=D, and let OB =00; draw ON per- 
pendicular to BO, then iV* is the middle point of BO, also 

N0A^:^{O+D), N0B^N0O = i^{O^D). 

The sum of the projections of OB, 00, on OA, is equal to the sum 
of the projections of ON, NB, ON, NO, on OA, and since the 
projections of NB and NO are equal with opposite sign, this is 
equal to twice the projection of ON, therefore 

0Bco8C+0Gco8D:=20Nco8^{G + D), 
and since ON^OBco^liC - D), 
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we have the formula 

coqG + COS D = 2cGa^(G + D)cos ^ (C - D) (7). 

If instead of projecting on OA we project on a straight line 
perpendicular to OA, we have 

0BAnC+0GBmD = 20Nsmi(C + Dl 

hence sin + sinZ) = 2 sin J (G+D) cosi{G-D) (5). 

Also the projection of OG on OA, is equal to the projection of 
OB, together with twice the projection of BN, or 

00 cos Z> = OjB cos (7 + 2jBJV^sin J (C^ + ^), 
hence cosZ)-cosO= 2sin J (O + D) sinj (0- D) (8), 

and if we project on the line perpendicular to OA, we have 

OG sini) = OB sin - 2BN cos HC^+ ^) 

or sin 0- sin i) = 2 sin i(O-Z)) cos i(0+i)) (6). 

A curious method of multiplying numbers, by means of tables of sines, 
was in use for about a century before the invention of logarithms. This 
method depended on a use of the formula 

sin A sin 5=^ {cos {A'-B)-coa{A+ B)} ; 

the angles A and By whose sines, omitting the decimal point, are equal to the 
nfumbers to be multiplied, can be found from a table of sines, and then 
cos{A+B\ cos {A -B) can be found from the same table; half the difference 
of these last gives the required product. This method was called irpovBa^i- 
p€(ri£. An account of this method will be foimd in a paper by Glaisher, in 
the Philosophical Magazine for 1878, entitled "On Multiplication by a 
Table of single Entry." 

Examples. 
(1) Prove the identity 

sinAsin(B-G)nn(B+0-A)+sinBsin{C-A)sin{C+A-B) 

+8inCinnlA-B)nn{A+B-C) = 2 8in{B-G)8in{G-A)sin{A-'B), 

The second and third terms on the left-hand side may be written 
isin 5 {cos (jB - 2^) - cos (2(7- 5)} + isin (7 {cos (C- 25) - cos (2^ - C)}, 
which is equal to 

i {sin 2 (5 - ^) +sin 2^ - sin 2(7- sin 2 (5 - (7)} 

+i (sin 2 ((7- 5) +sin 25 - sin 2^ - sin 2 ((7- ^)}, 
or i (sin 25 - sin 2(7) - ^sin 2 (5 - (7) + i {sin 2 (5 - J) - sin 2 ((7- A)}, 
or sin(5-(?){icos(5 + (7)-cos(5-(7)+icos(5+(7-2^)}, 

which is equal to sin (B-C) {cos A cos {B+C- A) - cos (5 - (7)} ; 
adding the term sin ^ sin (5 - (7) sin (5 + (7 - ^ ), 

we have sin (5 - (7) {cos (5+ (7- 2^) - cos (5 - (7)}, 

or 2 sin (5 - (7) sin ((7- A) sin {A - B). 
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(2) Pr<yve that 

2co«A«w(B-C)«w(B+C-A) = 2«w(B-C)««(C-A)«i?i(A-B). 

This may be deduced from Ex. (1), by changing A, B, C into 90®-^, 
90^-5, 90^- (7 respectively, or may be proved independently as in Ex. (1). 

Prove the identities 

(3) 2«wA«w(B-C)=0, 2co«A«w(B-C)=0. 

(4) 2«»(B+C)«w(B-C)=0, 2cm(B+C)«w(B-C)=0. 

(5) 2 sin BsinC sin (B - C) = - sin (B - C) sin (C - A) sin (A - B), 
2 cos 'BcosCcos(B-G)= - sin (B - C) sin (C - A) sin (A - B). 

(6) Prove that if A+B+C=n-, 

sin^A=sin^B+sin^C — 2sinBsinCcosA, 
and cos^A=l-co^'B-cos^G-2cosAcos'BcosC. 

A large number of Trigonometrical identities are analogous to similar 
Algebraical identities^. For example, the following algebraical identities 
correspond to examples (1) to (5), 

2a(6-c)(6-fc-a)=2(6-c) (c-a)(a-6), to (1) and (2), 

2a(6-c)=0to(3), 2(6 + c)(6-c)=0, to(4), 

2ftc(6-c)= -(6-c)(c-a)(a-6), to (6). 
We shall, in Chap. viL, give the theory of these correspondences. 

Addition and subtraction formulae for the tangent and cotangent 

46. From the addition and subtraction formulae, we may 
deduce formulae for the tangent or cotangent of the sum or differ- 
ence of two angles, in terms of the tangents or cotangents of those 

angles. Thus 

, . ^v sin (A-\-B) sin A cos B + co8A sin B 

tajiCA ±B)= — ; . 7 p( = ^ d-=— : — -r—. — 77, 

^ ^ C08{A ±B) cos A cos B + 8111 Asm B 

hence dividing the numerator and the denominator of the fraction 

by cos A cos B, 

sin. A sin £ 

/ A T^N COS A ■" cos B 
tan (A + B)= 1 . i ^ , 

^ "" ^ - _ sm -d sm ij 

1 + A D 

cos A cos B 

thus we have the two formulae 

i A . •D\ tan -4+ tan 5 
*^ (^ +^) = l-tan^tan^ <»)• 

/A m tan ^-- tan -B .[^^^ 

^"<^-^)= l + tanAtan^ (!<>> 

^ A large number of these correspondences are given by M. Gelin, in Mathesis, 
Vol. 11. 
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In a Bimilar manner we obtain the formulae 

J. / A 7>N cot -4 cot -B — 1 .- - X 

^/J D\ C0t^C0t5+l .^ci\ 

The formulae (9), (10), (11), (12), are the addition and sub- 
traction formulae for the tangent and cotangent. 



Various formvlae. 

411. The following formulae may be deduced from the for- 
mulae which we have obtained for two angles, and are frequently 
useful in eflfecting transformations. The student should verify 
each of them 

sin(^ + 5)sin(^ -5) = sinM - 8in»£ = cos'B-cosM...(13), 

cos [A -f B) cos [A-B)^ cos' A - sin" B = cos' B - sinM . . . (14), 

sin (^ -f -B) cos (4 — -B) = sin -4 cos -4 + sin 5 cos jB (15), 

cos (-4 + -B) sin (^ — 5) = sin il cos ^ — sinBcosB: (16), 

sin {A-\-B) _ tan A + tan B 
sin(^-B)'"tan^-tan5 ' ^^^^' 

cos (u4 + -B) _ 1 — tan A tan B . 

cos(^ - 5) "* 1 +tan^ tanjB ''\ ^ ^' 

tan^+tan5 = ?i^^^^-±^ (19). 

~ cos -4 cos jB ^ ^ 

From the formulae for the addition and subtraction of two 
sines or cosines, we obtain at once 

sin^ H-sinB __ tan \(A-\-B) 
sin^-sinjB"tani(^-5) ^^^)' 

sin A + sin B . , ^ ^v 

;rT D = tani(^ +5) ..(21), 

cos ^ + cos B ^ ^ " ^ ^ ^' 

sin ^ ± sin 5 ^ i , ^ - t,x ,«^v 
n^ -7'=coti{A + B) (22), 

cos -D — cos -4 ^ ^ * \ h 

% 

COS A -f cos B ^ , , . T^v ^ , ^ ^, ,^ , 
^3^^-^3^ = cot H^ + 5) cot H^ - 5). . .(23). 
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Examples. 

(1) Prove the identity 

1 - cos^A- co^ B - co«^ C +2 co« A co« B co« C 

= 4«mi(A-fB+C)«7ii(-A+B+C)*iwi(A-B+C)«mi(A+B-C). 

The expression on the left-hand side may be written 

-cos2^ -cos(i?+(7)cos(i?- (7)+cos^ {cos(i?+(7)+cos(5-(7)}, 

which is equal to {cos A - cos (B -f C)} {cos {B-C)- cos A}j 

then splitting each of these factors into two factors, we obtain the expression 
on the right-hand side. If ±A±B±CmB. multiple of 2fr, then 

1 - cos^ -4 - cos* 5 - cos^ C-f 2 cos ^ cos -S cos (7 

is zero ; this result is sometimes useful. 

(2) Prove that 

1 - cos^ A — cos^ B - cos^ C - 2 co« A cos B co« C 

= -4c(wi(A+B + C)oo«i(-A-|-B-|-C)co«i(A-B-|-C)co»i(A+B-C). 

This may be deduced from (1), or proved independently. 

(3) Pr<yve that if A-fB-f C = w«r, 

«m 2A-f «iw 2B-|-«iw 2C=( - 1)**~^ 4«{7i A«i7iB «iw C. 

We have 
sin 2A -fsin 2jB-f-sin 2C=2 sin A cos -4-1-2 sin {n/ir - A) cos (B-C) 

= 2sin^{(-l)«cos(5-f(7)-(-l)»*cos(5-(7)} 
= ( - l)*»~i 4 sin -4 sin B sin C, 

(4) Prove thatf under the same supposition as in Ex, (3), 

\-\-cos 2A-|-c»«2B+c(M 2C=( - 1)**"^ 4 cos A cos B cos C. 

Prove the identities 
(6) «iw3A=4«mA«m(600-fA)«m(600-A). 

(6) co« 3A = 4 C05 A cos (6(y> -|- A) cos (600 - A). 

(7) «mA-f«i7iB-fsinC-«m(A+B-fC) 

=4«^wi(B-|-C)«mi(C-|-A)5^7li(A-^-B). 

(8) C05 A +co« B -I- co« C - C05 (A -f B -f C) 

= 4co«i(B+C)co«i(C+A)co3i(A-fB). 

(9) 2 sin 2 A «^n2 (B -|- C) - sin 2 A 3m 2B «in 2C 

= 2 «m (B + C) sin (C -|- A) sin (A + B). 

(10) 2 cos 2A co«2 (B -I- C) - cos 2A cos 2B cos 20 

= 2 cos (B -f- C) co« (C + A) CO* (A -I- B). 

(11) 2 sin^ A «m (B -f C - A) - 2 sin A «n B sin C 

=«7i(B + C-A)«i7i(C+A-B)si7i(A-|-B-C). 

(12) 2cos2Aco«(B-fC-A)-2cosAcosBcosC 

=co5(B-|-C-A)co«(C-|-A-B)co«(A-|-B-C). 
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(9) and (10) correspond to the algebraical identity 

22a(b+c)^-Sabc=2{b + c)(c-\-a){a+b); 
(1 1) and (12) to the identity 

2a'(6 + c-a)-2a6c=(6+c-a)(c+a-6)(a+6-c). 

Addition formulae for three angles, 

48. From the addition formulae (1) and (2), we may deduce 
formulae for the circular functions of the sum of three angles, in 
terms of functions of those angles ; we have 

smiA+B-hC) 

= sin (A + B) cos (7+ cos {A + B) sin G 

= (sin -4 cos B + cos A sin J5) cosC+ (cosil cosB— sinil sin B) sin C, 

and cob{A-\-B + C) 

= cos(il +B) cosO — sin(-4 + -B)sin(7 

= (cos^cos-B — sin A sin jB) cos (7— (sin -4 cos B -h cosilsinB)8in C, 

hence we have 
sin(^+B + C) 

= sin A cos B cos C+mnB cos C cos -4 -h sin G cos A cos jB 

— sin il sin 5 sin G (24), 

cos {A-\'B + G) 

= cos A cos B cos G — cos A sin B sin G — cos B sin GeHnA 

— cos (7 sin -4 sinB (25). 

The formulae (24), (25) may be written in the form 

sin (^+5 + 0) 

= cos A cos B cos G (tan A + tan B + tan G — tan A tan B tan (7), 

cos(il + B + (7) 

= cosil cos B cos (7 (1 — tan-B tan G — tan (7 tan A — tan^ tan B) ; 

hence by division we have the formula 
taxi{A + B + G) 

tan A + tan B + tan G — tan ^ tan B tan (7 



1 — tan B tan (7 — tan G tan ^ — tan A tan B 

We might obtain in a similar manner, the formula 

cot(A+B + G) 

cot A cot B cot (7— cot -4 — cot B — cot (7 



(26). 



cot B cot (7 -h cot (7 cot ^ -h cot -4 cot B — 1 



(27). 



46 THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 

Examples. 

(1) Prove that «an(45HA)-tow(450-A)=2tow2A. 

(2) Prove that if A+B+C=nir, 

tanA+tanB-\-ta7i G-tanAtan B tanC=0; 

andif A+B-f C=(2m + 1)^, 

tan B tanC-\-tan C tanA+tan A tan B= 1 ; 
and state the corresponding theorems for the cotangents. 

Addition formulae for any number of angles, 

49. It is obvious that we might now obtain formulae for the 
circular functions of the sum of four angles, then of five angles, 
and so on ; we shall prove by induction that the formulae for the 
sine and the cosine of n angles A^y A^..,A^ are 

Bm{A^ + A,-^...-\-AJ = S,-8, + S,^ (28), 

cos(A, + A^+...+ AJ = S,-8, + 8,^ (29), 

where 8^ denotes the sum of the products of the sines of r of the 
angles and the cosines of the remaining n—r angles, the r angles 
being chosen from the n angles in every possible way, thus 

S, - cos ^, cos ^... cosily 

8^ = sin A^ cos A^, . .cos A^ + cos A^ sin A^ cos A^. . .cos A^+... 

The formulae (28), (29), agree with the formulae (1), (2), and 
(24), (25), for the cases n- = 2, w = 3 ; assuming the formulae to 
hold for n angles, we shall shew that they hold for n -h 1 angles ; 
we have 

sin (-4^ + il J +. . .+ ^„ + ^„+,) 

= sin (A^ +...+ ilj cos ^^^j + cos {A^+.,.-\-AJ sin A^^^ 
= cos A^^^ (fif, - /S3 + 8,. . .) + sin A^^^ {8, - /S^ -h 8^. . .), 

now let /S/ denote the sum of the products of the sines of r of the 
angles A^,A^..., -4^^, , and of the cosines of the remaining w + 1 — r 
angles, the r angles being chosen from the w + 1 in every possible 
way, then we have 

8- = 8^ cos A^^^ + fifo sin A^^^, 

for in 8^cosA^^^, there is in each term the sine of one of the 
angles A^, A^...A^, and in each term of SoSinJ.^^j there is only 
sin -4. 



»+!• 
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Similarly 



8^ = S3 cos il^j + /Sj sin A 
8: = 8,coBA^^, + 8,smA 



A-l-l 



hence sin (il, +. . .+ -4^^,) = fif/ - 8^' + 8^'-" 

We may similarly shew that 

cos(ii,+...+ii,j = s;-fif; + flf;... 

thus if the formulae (28), (29), hold for n angles, they also hold for 
n + 1, and they have been shewn to hold for w = 2, 3, hence they 
are true generally. 

These formulae may be written in the form 

sin {A^ + A^+., .+ A J =.cos A^ cos A^, . .cos A^ (f, — ^3 + h- • •)> 

cos(ilj + -43+...+ ilJ = cos^jCos-4g...cos J^(l — t^ + t^.. ), 

where t^ denotes the sum of the products of tan -4,, tan A^, . .tan A^, 
taken r together ; hence by division we have 

tRn{A^ + A,+...+ AJ = \ 2l'lf][ (30). 

which is the formula for the tangent of the sum of n augles, in 
terms of the tangents of those angles. 

The formula (30) may also be proved independently. Assuming it to hold 
for n angles, we shall prove that it holds for w+l ; we have 

tan(^,+J,+ ...+^,,0 = ,— .%t"^4^^^ 

V i-r 2-r T n+v 1 _ tan(ili+il2+...+i4J tan^l^+i 

= (^i-^8-H^ft --)+taniln4.i(l-^2 + ^4+-') 
(1-^2+^4-— )- tan ^^+1(^1-^3+^6-. ..)• 

Now if tr denote the sum of the products of the tangents of r of the n+l 
angles, we have then 

^i'=fi+tanJ,,+i 

^2 *^ *2 '•' ^l "^^^ -^i* + 1 
^3 ~ ^3 "^ ^2 tail -^n + 1 



hence tan(^+^ + ...+^,^i)=-,^'S'^^^; 

since the formula (30) holds for w=2, 3, it therefore holds for w=4, and 
generally. 
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Expression far a product of sines or of cosines, as the sum 

of sines or cosines, 

50, We may obtain formulae which exhibit the product of 
the sines or of the cosines of any number of angles, as the sum of 
sines or cosines of composite angles ; we have 

2 sin -4, sin A^ = cos (A^ — A^) - cos (A^ + A^), 
2^ sin A^ sin A^ sin A^ = 2 sin A^ cos (A^—A^) — 2 sin ^^ cos (A^ -^A^) 

= sin (4, - ^2 + ^s) + sin ( - ^j + ^2 + -4 3) 

+ sin (A^ + -^2 - A^) - sin (A^ -\-A^ + A^) 
= 2 sin (- ilj + ilg -h ^3) - sin (A^ + A^-\- A^). 
2* sin A^ sin A^ sin A^ sin A^ 

= 2 sin (ilj - A^ 4- A^ sin -4^ 4- ... — 2 sin (-4^ -\- A^ + A^) sin A^ 
= cos {A^ - ilj + ilg - A^) - cos (^j - A^+ 4g -h ^^) 

+ cos (- ^, + ^,+ ^3-^4)- cos (-^, + ilj, + ^3 + ^J 

+ COS ( A^ + A^- A^- A^) - co8( A^-^A^-A^ + A^) 
-cos( ilj + ^2 + ^3-JJ + cos( ^, + ^, + ^3 + ^4) 
= cos(^^ + ilj + ilj + ^J - 2 cos(^j -h ^,+ ^3- ^J 
+ IS cos {A^ + A^-A^- a;). 
Similarly 



niiarly 

2 cos -4j cos-4g = cos (-4^ — -4,) + cos {A^ + A^ 
2^ cos A^ cos ^j cos -4 3 
= 2cos(^j--4j 
= cos ( — -4j + 



1 2 \ — 1 — 8/ ■ "'^" V — 1 ' — a/ 

J ^j COS -4 3 

i(^i--42)cos-43+ 2 COS (-4j + -4g) cos -43 
- A, + A^ + A,) + cos {A,^A^ + A^ 

+ cos {A^ + ilj - -43) + cos (A^ + ^2 + ^3) 
= 2 cos ( - ^, + ^2 + ^a) + COS {A^ + A^ + ^3). 
2' cos A^cosA^ cos A^ cos -4^ 

H-cos(^,+ ^, + ^3 + ^J: 
The general formulae for n angles are the following 

( - 1)^ 2"-* sin il, sin il,. . .sin A^ 

= a-0,.,+ (7,^-... + (-l)Ha^„ (31) 

when n is even, 
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where C^^ is the sum of the cosines of the sum of n — r of the 
angles taken positively and the remaining r taken negatively, the 
negative angles being taken in every combination ; and when n is 
odd 



(-1)« 2"-*sin^sinil,...sinil, 

= Z).-i)^, + Z),.,-... + (-l)^'i)j,^„ (32), . 

where Z)„_ denotes the sum of the sines of the sum of ti — r of 
the angles taken positively and the remaining r taken negatively ; 

2**"* cos il J cos -4. J ... cos -4^ 

=/7« + 0.., + C,^ + ...+iCj. (33) 

when n is even, and 

2**"* cos ilj cos A^, . .cos A^ 

= C^. + C...+...+ Crj,.«, (34) 

when n is odd. 

These formulae (31), (32), (33), (34), have been proved above, in 
the cases w = 2, 3, 4, and may now be proved generally, by 
induction; assume the formula (31) to hold for n, multiply it by 
2 sin-4.^^j, and replace any term 2(7^_^ sin ^^^^ by a sum of sines, 
we then obtain for the product 



( — 1)* 2* sin -4 J sin -4 ,. . .sin A^ sin -4, 
the expression 

where Df^ denotes the sum of the sines of the sum of r of the ti + 1 
angles taken positively and the remainder taken negatively ; this is 
what (32) becomes when w is changed into w + 1 ; proceed again in 
a similar manner with this result, we then shew that the product 



(-1)« 2«+^8in^j...sinil, 
is equal to 

^'«+a ^ ^'«+i + . . . -f" ( - 1) * iC^'j(«+2) 

where G\ refers to w + 2 angles ; thus the formula (31) is proved 
for the value w + 2, if we assume (31) and (32), for the value n ; 
similarly we may shew that (32) holds for w + 2, therefore as these 
formulae have been proved for n = 3, 4, they hold generally. The 
formulae (33), (34), for the products of a number of cosines may 
be proved in a similar manner. 

H. T. 4 
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Example. Prove that for n angles a, /S, y, d... 

S«w(o+/3±y±d±..,)=2»"'*maoo«/3oo«yco«d... 
2 co« (o ± j8±y ± d + . ..) = 2*~^ CM a co# /3 CM y CM d. .. 

where 2 implies summation extending to all possible arrangements of the signs 
indicated in ike ii — \ ambiguities. 



Formulae for the circular functions of multiple angles, 

51. If in the addition formulae which we have obtained for 
two and more angles, we suppose each angle equal to A, we obtain 
the formulae 

sin 2^ - 2 sin -4 cos ^ (35), 

cos 2A = cosM- sinM =1- 2 sinM = 2 cosM -1 ...(36), 

sin SA = 3 sin -4 cos* A — sin* A, 
or sin3^ = 3sinil -4sinM (37), 

cos SA = cos* -4-3 cos A sin' A, 
or cos3il = 4 cos' -4 -3 cos il (38), 

sin nA=n sin A cos"'^ A - ^ q^ sinM cos*"*^ + . . .(39), 

cosnA = cos* A ^-^-j — - sin* A cos""* A 

4 1 . 

These last formulae (39), (40), follow from (28), (29), since fif,. 
in Art. 49, contains as many terms as there are combinations of 
n things taken r together, and becomes equal to 

n(n-l)...(n-r + l) ^^^ ^ ^^_ ^ 
r! 

. The formulae (39), (40), may also be written 
inn^=cos''^|ntanil- ''^''""3y''-^^ anM + ...l 



sin 



cos n^ = cos" -4 |l -^^^Vj — ^tanM 



^ n(«-l)(n-2)(n-3) ^ 

4! 



an* il — . . . > . 
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We find also from (9), (26), and (30), 

^2^=r:rwZ ; -(''>' 

tan ^A - 3.tan^-tanM ... 

tan3^- l«3tanM ^^^^' 

. . n(w-.l)(w-2) . ,^^ 
ntan^ ^^ ^j ■' tan'il + ... 

tannil= n ^ ^ (43). 

- n(ri-l). ,,^ ^ ^ 

We have thus obtained formulae for the circular functions of 
the multiples of an angle, in terms of those of the angle itself 

It should be noticed that each of the series of quantities 

sin A, sin 2A, sin 3^1 

cos ^, cos 2^, cos 3^ 

is a recurring one ; for we have 

sin (71+ 1) il = 2 cos -4 . sin 71-4 - sin (« - 1) ^, 

cos(w+ 1) ^=2 cos-4. cos»^ -cos (w- 1)\4 ; 

thus each term of either series is obtained by multiplying the preceding one 
by 2 cos A, and then subtracting the term next but one preceding, fiy this 
means the terms of the series may be successively calculated, if we assume 
the formulae (35) and (36). 

The scale of relation of either of the series 

l+:psin^+a;*sin2^ + , l+^cos^+a^cos2ii + , 

is consequently 1 - ar cos -4 +a;*. 



Expreasiona for the powers of a sine or cosine, as sines or 

cosines of multiple angles* 

52. In order to obtain expressions for a power of the cosine 
or sine of an angle, in terms of cosines or sines of multiples of that 
angle, we must make all the angles equal to one another, in the 
formulae of Art. 50 ; we thus obtain the formulae 

2 sin' -4 = 1 — cos 2il, 

4 sin' il = 3 sin ^ — sin 3-4, 

8 sin*il = cos 4^ — 4 cos 2A +3, 

2 cos' -4 = 1 + cos 2^, 

4 cos' A = 3 cos A + cos 3-4, 

8 cos* A = cos 4!4 + 4 cos 2 A + 3, 

4—2 
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+ <-l)'*i^ (^) 

(n even), 

(n odd), 

71 (71 "^ 1 I 

2*"* cos" A = cos 72-4 + nco& (ti — 2) -4 H — —^^ — - cos (ti - 4) ^4 +... 

^^WWr ^*'^ 

(71 even), 

2*"* cos" ^ = cos n^ + 71 cos (ti — 2) -4 H — — ^ cos (7i — 4) il +. . . 

n ' 
+ 1-7 TTT~r7 — rTT~fCosj4 (47) 

(n odd). 

The formuliae (44), (45), may be deduced from (46), (47), by writing 
90° — A for A, or conversely. 



Relations between inverse functions, 

53, Corresponding to the addition formulae of this Chapter, 
formulae involving the inverse circular functions may be found. 
Thus in formulae (1) and (3), put cos -4= a, cos B = b, then we 
have • 

cos"* a ± cos"^6 = cos"* {ab + ^ 1 —a^Jl— b^} ; 

similarly from (2) and (4), we have 

sin"* a ± sin"* 6 = sin"* {a Jl^^ ± b Jl^^}. 

From (9), (10), (11), and (12), we obtain 

tan~^ a + tan"* b = tan"* „ S , , 

1 + aft 

cot"* a.± cot"* b = cof* -T . 

o ± a 

Again from (26) and (30), we have 

tan"* a + tan~* b + tan"* c = tan"' (- — = ~^ ^, ) , 

\1 — oc — ca - abj 
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tan'^ttj + tan"* a, -h.,.+ tan"* a^ = tan"* U^ — -* — ^^-^J , 

where s^ is the sum of the products of a^ a^,.,a^ taken r together. 

It should be observed that in these formulae, the particular 
values to be assigned to all except one of the inverse functions, are 
arbitrary, but the particular value of that one is determined when 
the values of the others have been assigned. Moreover if in a 
formula involving, for instance, three inverse functions, two of them 
have their principal values^^ it is not necessarily the case that the 
third has its principal value. For example, in the formula 

tan~* a + tan"* b = tan"* (a + 6) / (1 — ab) 

if tan"* a, tan"* 6, are both positive and have their principal values, 
that is, values between and Jtt, and if their sum is greater than 
^, this sum is not the principal value of 

tan"* (a + 6)/(l - ah) ; 

this principal value is an angle between and — ^, which has the 
same tangent as the sum of tan"* a and tan"* 6. 



Geometrical proofs cf fomvulae. 

54. Direct Qeometrical proofs may be given of many of the formulae of this 
chapter, we shall give three examples of such proofs. It should be remembered 
that such proofs often hold only for a limited range of the angles. 

(1) To prove the formulae tan (A ±^ = ..^. ~4 ta. // ' 




£ C 
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Let A By CD, be two chords of a circle at right angles, and let the angles 
ADE, i?Z)^ be denoted by A and B; since AE, EB=CE. ED, we have 

AE±EB 

ED A E±EB _AB 

AE EB" EDU- EC BF 
ED'ED 

tan^+tan5 * / ^ . wx 

— — . - tan {A ±B), . 
1 + tan^tan^ \ — / 



whence 



(2) To prove the formulae 

sin2il=2sinil cosil, cos2il=coB^^-sin^^. 



A 




Let AOA' be the diameter of a circle, and let PAA'=A, then P0A'=2A ; 
draw PiV perpendicular to -4^4'. 

Then sin 2^ = ^ , now FN, AA'=2 hAPA'=AP. FA', 



therefore 



also 



sin 2 A = 



AP,A'P AA'^ sin A COB A 



cos 2 A = 7^^ = 



OF . AA' OF 

ON AN^-A'N^ AF^-A'P^ 



OF 2,AA'.0F 



-—7-77 — = 28in^ cos J, 
. AA ' 

=cos2^-sin2^. 



'AA'^ 



(3) To prove the formulae 

sin3^=3sinil-4sin3J, cos3^ = 4cos3 J.-3cos^. 

Let CAB=ACB=A; let AB m.eet the tangent at C to the circle rouhd the 
triangle ABC, in E, draw BD perpendicular to CE. 
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The angle 5^2) is 3-4, or 1800-3-4. Now 

AEi^ACEACi 

BE'' aBGE^BC^' ' 




therefore 

hence 

and 



AB 
BE 



= 4cosM-l=3-4sin2^; 



. ^j BB BD AB ^ , . ^ . .. 
^'''^'^^BE'^TB ' ]B^=3sin^-4sin3^, 

^, ^DE DC EC DC BC AC 

008 34= +-57Ti = 



BE'' BE BE~BC'BE AB 

= cos -4 (4 cos^ -4 - 1) - 2 cos -4 = 4 cos' ^ - 3 cos -4. 

The proofs in (1) and (3), were given by Mr Hart in the MesseTiger of 
Mathematics^ Vol. iv. 

Examples. 

Prove geonietricaUy theformvlae 
1 - co« 2A 



(1 

(2 
(3 
(4 

(5 

(6 
(7 



l+co«2A 
tan (450 4. A) - tan (460 - A) = 2 tan 2 A. 
dn A dn B =*zw2 J(A +B) - «V ^(A - B). 
sin^ a-\-svn? fi=8in^ (a+/3) -2 sin a sin /3 cos (a+/3). 

^ow.""^ to^""^ — ; — = 7. 

n m-\-n 4 

cos^A+co^B+cos^G-\-2cosAcosBcosG = ly where A+B+C = 1800. 

sin A + sin B- sin 0=^4: sin ^ A sin iB cos ^Cf where A+B-hC = 1800. 
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EXAMPLES ON CHAPTER IV. 

Prove the identities in Examples 1 — 16 : 

1. cosM+cos2 (1200+^) +cos2 (1200 -^)=f. 

2. (cos ^ +sin -4)* + (cos A - sin A)* = 3 - cos 44. 

3. sin3-4sin'il + cos3ilcos3^=cos3a4. 

4. 4cos3^sin3il + 4sin5^cos3il=3sin44. 

5. sin3iH-sin3(12(y>+il)-8in3(1209-^)= -|sin3il. 

„ sin A +sin 3-4 +sin 6 A + sin 7-4 . . . 

6. J-, mr-, K~A'~, ^ ^ = tan 4-4. 

cos -4 + cos 3-4 -h cos 5-4 + cos 7-4 

7. 16 cos^ -4 -cos 5-4 =5 cos -4 (1 + 2 cos 2-4). 

8. cosec (m +n) a; cosec ww? cosec nx - cot (m +7i) a? cot mx cot nx 

= cot 7wa:+cot nx - cot (m+n) x, 

9. 2 cos -4 (cos 3-B - cos 30) 

=4 (cos -B- cos C) (cos C- cos -4) (cos -4 - cos -B) (cos A +cos i5+cos C). 

10. 2 sin A (sin2 B + sin^ (7) sin (-B - (7) 

=sin(-B-C?)sin((7-.l)sin(.l--B)sin(il+i5+0- 

11. tan(il+600)tan(^-600)+taniltan(^H-600)+tan(^-600)tanJ= -3. 

12. cot(^ + 600)cot(il-600)-hcot^cot(^H-600)+cot(^-eO»)cotil=-3. 

cos 3-4 cos 6-4 cos 9-4 cos 18-4 
cos -4 cos 2-4 cos 3-4 cos 6-4 

= 2 {cos 2-4 - cos 44 +cos 6-4 - cos 12-4}. 

14 z Bin(^+C--+2)-^) 

*sin(^--B)sin(.l-C)sin(^--D)~ • 

-_ cos 4-4 . cos4B 

15. -: 1 — : — n 55^—: — T'k 7^ + 



sin^sin(il-5)sin(^-C)^ sin-B8iu(-B-C)sin(-B-^) 

cos 4C 
+-r— 77-T— 77= — TT— : — 77? — 5: =8 sin (-4 +-B+CO+cosec -4 coscc -Bcosec C 
sm(7sm((/--4)sm(c/--B) ^ * 

If -4+-B+C=ir, prove the relations in Examples 16—27 : 

16. 2tan-4cot-BcotC=2tan^-22cot-4. 

17. 2 cot -4 = cot A cot B cot (7+ cosec A cosec B cosec (7. 

18. 2sin(i5-O)cos3^=-sin(5-C0sin(C-il)sin(^-i5). 

19. 2 (sin -B + sin C7) (cos C+ cos -4 ) (cos A -f cos B) 

= (sin -B + sin (7) (sin C+ sin -4 ) (sin A + sin ^). 

20. 2sin-4 cos (-4 - -B) cos (-4 - C)=3 sin-4 sin -Bsin C+sin 2-4 sin 2-B sin 20. 

21. 2 sin 2-B sin 20= 4 {sin^ .1 sin^ B sin2 C+cos^ ^ cos2 Boo&^C 

+ cos -4 cos -B cos C} . 
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22. 2cos2^(tanjS-taii(7) 

23. 2coB'^(sin2i?+sin2(7)=2sin^ sin^sin(7. 

24. 2 C08 ^ sin 3 A = {2 sin 2 A} {f + S cos 2^}. 

25. (sin A +sin 5+sin C){-gmA +sin -B+sin (7) (sin A - sin -B+sin C) 

(sin -4 + sin 5 - sin C) = 4 sin* A sin* B sin* C 

26. sin*^ cot^ 1 =0. 
sin* B cotB 1 
sin* C cot C 1 

27. 2coseci5cosecCsec(-B— C^ 

=sec (5 - (7) sec ((7- -4) sec (il - ^ (3 +8 cos ^ cos 5 cos (7). 

28. Prove that if a+/3+7=iir, 

sin* a+sin* /3+sin* 7+2 sin a sin /3 sin y = 1. 

29. Prove that 

1 I 1 - 1 

l + 2cos(Jir+^)H-2cos(Jir-^) 2cos^-l' 

30. Prove that 

sin*(d + a)+sin2 (d+/3)-2cos (a-/3) sin (d+a) sin(d+/3) 
is independent of 6, 

31. If tan/3= ^ ". , ° > shew that taii(a-/3)=(l-w)tana. 

l-7isin*a \ r-/ \ / 

on T*4. ^ sinasin^ xi. ^ i. a sinasin6 

32. If tan 6= — ;; , prove that tan 6= r-^ — ■^, 

^ cos^-cosa cos9±cosa 

33. If V2cos-4=cos5+cos3 5, V2sinil=sin5-sin3Z?, 
prove that ± sin {A-B)= cos 2B = i. 

34. Prove that 

cos3^+cos3<6 , ^ . .. /.. . JN / . /I • . .V . ,^ .V 
2^^^^-^yf^=(co8 d+cos <^) cos {$+<!>) - (sm tf +sm <^) sin (^+# 

35. If 6 and ^ satisfy the equation 

sin ^-l-sin ^ = \/3 (cos - cos ^), 
then will sin Z6 + sin 3<^ = 0. 

36. Prove that tan7(y^=tan200+2tan400-|-4tan lO^. 



37. If 



cos* a , sin* a _ ., cos*i3 . sin*fl , 
— 5~b+ ' 9Q =ly then — 5^-f— .--^ = 1. 
cos* p sin* fi ' '"^'•* " «"*^* - 



cos* a sin* a 

38. If cos {A + B) sin ((7+ /)) = cos (^ - i5} sin ((7- /)), 
then cot il cot 5 cot (7= cot 2). 

39. If a-|-/3+y=iir, then 

(cos a + sin a) (cos /3 + sin /3) (cos y -I- sin y) = 2 (cos a cos/3 cos y + sin a sin /3 sin y). 



58 THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES. 

40. If A-\-B-{'C=ir and cos -4= cos 5 cos C, 
then will cot B cot C= J. 

41. If 4 sin^ a sin^ /3 sin^ y 4-sin* a + sin* /3 +8in* y - 2 sin^ /3 sin^ y 

- 2 sin^ y sin^ a - 2 sin* a sin^ = 0, 
shew that a±/3±y is a multiple of n. 

42 If tan(a-t-/3-y) ^tany 

tan(a-/3+y) tan/3' 

prove that sin 2a + sin 2/3 + sin 2y = 0. 

43. If sec a = sec /3 sec y -I- tan /3 tan y, 

prove that 

sec /3 = sec y sec a + tan y tan a and sec y = sec a sec /3+ tan a tan /3. 

,. sin* ^ cos - cos* ^ sin <^ __ sin* <^ cos ^ - cos* sin ^_ /aiu.\ 
cos^tana "" cos tan ^ ~ \ "^^/f 

., sin* a cos /3- cos* a sin /3 sin* /3 cos a - cos* /3 sin a , . «. 

then ^—T — 2 ~ = ^ ^. .^ =cos(a+/3). 

cos a tan ^ cos /3 tan ^ ' 

45. If Ay By C be positive angles such that -4+-5+C=60*, prove that 

sec ^ sec 5 sec (7+ 22 tan i5 tan C= 2. 

46. If 

cos(^+/3)cos(^4-y)+l ^c os(^+y)coB(^+a) + l ^ cos(^4-a)cos(^+/3)4-l 
C0s(/3+y) " COs(y+a) ~~ C0s(o+/3) . ' 

prove that cosec (/3 - a) cosec (y - a) + cosec (y - /3) gosec (a - /3) 

+ cosec (o - y) cosec (/3 - y) = 1. 

47. Having given 

sin* ^ + sin* 0=14 sin* ^ sin* <^ and sin^+sin0=sin Jtt, 
prove that 2sin^=sin(j7r±:Jir)/sin Jtt or cos(J»r±i»r)/cos Jir. 

48. If cos(^+5+(7)=cos^cos5cos0, 

then 8 sin (5+(?) sin {C->tA) sin {A ■\-E) +sin 2A sin 2B sin 2(7=0. 

49. If tan^+tan<^+tani//'=-tan^tan<^tan^=tan(^4-<^+^), 

then either two of the angles 6y <^, V^ must be equal to mTr+^Tr, ^iTr-jTr, 
or else one of them and also the sum of the other two must be multiples 

of IT. 

. 50. If5"(^r)co8(tf-2«)+22i3^co8(d-2j3) 
cos a . cos/3 

+?2^^^^ cos ((9 -- 2y) = sin 03 - y) sin (y - a) sin (a - /3), 
cos y 

prove that cos 6 = cos a cos /3 cos y. 

51. If a, /3, y, d be any four angles and 2<r=a-|-/3+y + 5, then 
cos a cos 3 cos y cos d + sin a sin ^ sin y sin d 

= cos (o- - a) cos (cr - ^) .cos (<r - y) cos (<r - d) 
4- sin (cr - o) sin (<r - /3) sin (cr - y) sin (cr - d). 
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52. Prove that 

tan~^ ^= 2 tan " ^ {cosec tan~i ^ - tan cot ~ ^ 0?}. 

53. Prove that 

54. Prove that 

tan-i {i (cos 2o8ec 2/3+cos 2/3 sec 2a)}=tan-i {tan^ (a-^ff) tan^ (a-/3)}+tan-i i, 

55. Prove that 

tan-i 1 -htan-i 2+tan-i 3=ir=2 (tan-i l+tan-i i+tan-4). 

56. If cos~*^+cos~^y+cos"i2=ir, 
then a^ +y^ +2^ + 2a?y0 = 1. 

57. If tan~^y=5tan~i^, find y as an algebraical function of ^; hence 
shew that tan 18^ is a root of the equation 5^* - 102*+ 1 =0. 

58. If 2(r=a+i3+y, shew that 

_, / 2 cos g cos /3 cos y \ 
\cos* a + cos* /3 -I- cos* 7 - 1/ 

- tan "^ [tan a- tan {a- - a) tan (a- - /3) tan (o- - y)] = tan"^ 1. 

59. Prove that 



te^-i^lS^L^+t^-i A(«+ft+o) ^tan-iy '--^"+^+^> 



=ir. 



60. Prove that the algebraical equivalent of the equation 

sin ~ * j; + sin~^ y + sin"^ 2 ± sin~* m = tott, 
where n is an integer, is 
{4 {8-x) {s-y) {b-z) (s-u)- (pn/+zu) {xz-{'yuy{xu-{-yz)} 

. {4s{s-x—y){s — x — z){8 — x — u) — {zu-'Xy)(i/u — a;z)(i/z — ani)}=0j 
where 28=a:-^y+z+u, 

Solve the equations in Examples 61 — 75 : 

61. sin ^+2 cos ^=1. 

62. sin5d=16sin6^. 

63. sin 76 - sin 6 = sin 3^. 

64. tan2^=8cos*^-cot^. 

• 66, tan(450+il) = 3tan(450-^). 

66. 2sin(^-<^)=sin(^-h<^)=l. 

67. sec 4^ -sec 2^= 2. 

68. sin m^+sin w^+sin (m+n) $=0. 
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69. sin — ^ d+sin —5—^=008 B, 

70; tan d+sec 2^=1. 

71. 2(sin*^+cos*d) = l. 

72. tan ^+tan3^+tan 5^=0. 

73. cot-ia7-cot-i(^+2)=150. 

74. asin~^^+&cos~^y=a| 
a cos~i a?- 6 sin~^y=/3j 

75. cosec4a-C50sec4^=c5ot4a-cot4^. 

76. Draw graphs of the functions (a) sin a;+sin 2^, (5) cos 2;r/cosa7. 



CHAPTER V. 

THE CIRCULAR FUNCTIONS OF SUBMULTIPLE ANGLES. 

JXmidiary Formulae, 

55. If in the formula (36), of the last Chapter, we write ^a 
for 4, we have 

cos a = cos' Ja — sin'^a = 2 cos' Ja — 1 = 1 — 2 sin* ^7, 

whence we have 

1 — cos a= 2 sin" Ja, 1 + cos a = 2 cos' Ja ; 

taking the square roots, we obtain the following formulae for cos ^a 
and sin ^a, in terms of cos a, 

sin Ja = ± J^ (1 — cos a), cos ^a = ±J^ (1+ cos a) ; 
dividing one of these expressions by the other, we have also 



. . . /l-cosa 

tanM^ ± A/ T-, • 

^ y 1 + cosa 



These three formulae contain an ambiguity of sign ; now if a is 
given, the three functions sin ^a, cos Ja, tan Ja, have each a unique 
value, and the true expressions for them can therefore contain no 
ambiguity. The reason of the ambiguity in the three expressions 
obtained above, is that they give the values of sin Ja, cos Ja, tan Ja, 
not when a is given, but when cos a is given ; now as we have 
proved in Art. 33, all the angles 2n7r ± a, where n is an integer, 
have the same cosine as a, hence formulae which give sin ^a, cos Ja, 
tan Ja, in terms of cos a, will give these functions for all the angles 
included in the formula J (2n7r ± a), and not merely the values of 
sin Ja, cos ^a, tan ^a, themselves. 
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To find the values which sin ^ (2mr ± a) may have, we must 
consider the two cases of an even and of an odd value of w ; if n=2m 

sin ^ {4nmr + a) = sin (± Ja) = + sin ^a, 

if n = 27n + 1 

sin ^ (4m7r + 27r ± a) = sin (tt ± a) = T sin ^a ; 

hence the values of sin i^a and — sin ^a are given by the formula 
which expresses sin Ja in terms of cos ol Similarly cos ^ (2njr ± a) 
and tan ^ (2n7r + a) can be shewn to have the values + cos ^a, 
± tan ^a, and thus the fonnulae which express cos J a, tan ^a, in 
terms of cos a, will give the values of cos ^a and — cosja, and of 
tan ^a and — tan ^a, respectively. Thus the ambiguity of sign in 
the three formulae is accounted for. 

56. The ambiguity of sign in the three formulae we have 
obtained, may be illustrated geometrically. 




If A OP = a, and ^OPj = — a, the two sets of coterminal angles 
(OA, OP), {OAy OP^), are the only ones which have the same 
cosine as a ; if QOq, Q'Oq be the bisectors of the angles AOP,AOP^, 
respectively, the bisector of any of the angles (OA, OP) is OQ or Oq, 
and of the angles (OA, OP^) is OQ' or Oq'\ hence the formulae for 
sin ^a, cos Ja, tan ^a, when cos a is given, will give the sine, cosine, 
and tangent of all the four sets of coterminal angles (OA, OQ), 
(OA, Oq), (OA, oq), (OA, Oq). The sines of the angles in the 
first and fourth sets are equal to sin \(x, and in the second and third, 
to — sin \a ; the cosines of the angles in the first and third sets, are 
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equal to cos^, and in the second and fourth, to — cos^a; the 
tangents of the angles in the first and second sets, are equal to 
tan ^a, and in the third and fourth, to — tan ^a. 

57. We shall now remove the ambiguities in the three 
formulae of Art. 55. The function sin ^ is positive or negative, 
according as Ja lies between 2n7r and (2n + 1) tt, or between 
(2n + 1) TT and (2n + 2) tt, that is according as a/27r lies between 
2w and 2n + 1, or between 2n + l and 2n + 2 ; hence we have the 
formula 

sinia = (-iy7i(l-cosa).. (1), 

where p is the positive or negative integer algebraically next less 
than a/27r. 

The function cos ^a is positive or negative, according as ^a lies 
between 2n7r— ^tt and 2n7r+^'7r, or between 2mr+i^7r and 2n7rH-f'7r, 
that is according as J (a + 'ir)/7r lies between 2n and 2n + 1, or 
between 2n+l and 2n + 2 ; hence 



cosia = (-l)*s/l+cosa (2), 

where q is the integer algebraically next less than ^ (a + 7r)/7r. 
We have also 

taiiia = (-ir-A/j^^...: (3); 

^Yl + cosa ^ ^ 

the quantity p — qia always either zero or ± 1. 

58. If we write ^a for ^ in the formula (35) of the last 
Chapter, we have 

sin a = 2 sin ^a cos ^a, 
hence 

- sinAa sin a 2sin*ia 

tan *a = — f- = x rr- = — - — • 

^ cos^ zcos^a sma 

Thus we have the two formulae 

; , sin a 1— cosa ... 

tan4a = :r— = — -, (4), 

^ 1 + cos a sm a 

which give tan ^a without ambiguity. These formulae give tan ^ 
when both sin a and cos a are given; now the formula 2nir + a 
contains all the angles of which both the sine and cosine are the 
same as the sine and Qosine of a, hence formulae for tan ^ in terms 
of sin a and cos a, give the tangents of all the angles nir + ^a, and 
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all these angles have the same tangent tan ^ot ; this accounts for 
the absence of ambiguity in the fonnulae (4). 

59. We shall now obtain formulae for sin ^a, cos ^a, and 
tan ^a, in terms of sin a ; we have 

1 + sin a = 1 + 2 sin |a cos Ja = (sin Ja + cos ^a)', 

also 1 — sin a = 1 — 2 sin ^a cos ^a = (sin ^a — cos ^a)*, 



hence sin ^a + cos ^a = + ^1 + sin a, • 

sin ^a + cos ^a = + >/l — sin a ; 
therefore sin Ja = J {+ ^1 + sin a ± s/l - sin a}, 

cos ^a = J {+ >/l + sin a + >/l — sin a}. 

In each of the ambiguities, either sign may be taken ; we have, 
therefore, four values of sin ^a, and four values of cos ^a, in terms of 
sin a. Formulae which express sin ^a and cos ^a in terms of sin a, 
will give the sine and cosine respectively of all the angles included 
in the formula ^(nir + (— !)**«), for as we have shewn in Art. 33^ 
the sines of all the angles mr + (— l)'*a, have the value sin a. To 
find the sine and cosine of the angles J (mr + (— l)*a) we must 
consider four cases. 

(1) If n = 4m, 

i {nir + (- l)*a) = 2m7r + ^a ; 

the sine and cosine of these angles are sin Ja and cos ^a respec- 
tively. 

(2) Ifn = 4m+1, 

J (uTT + (- l)"a) = 2m7r + Jtt - ia ; 

the sine and cosine of these angles are cos ^a and sin Ja respec- 
tively. 

(3) Ifn = 4m-h2, 

i (WTT -h (- 1 )*«) = 2m7r -h TT -h ia ; 

the sine and cosine of these angles are — sin ^a and — cos ^a 
respectively. 

(4) Ifn = 4m + 3, 

i (n-TT -h (- l)*a) = (2m -I- 1) TT + Jtt - ia ; 

the sine and cosine of these angles are — cos^ot and — sin ^a 
respectively. 
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Thus we obtain four values sin ^a, cos ^, — sin ^a, — cos Ja, by 
the formula which gives sin Ja, and four values cos Ja, sin ^a, 
— cos ^a, — sin Ja, by the fonnula which gives cos ^o. 

The four sets of values of x and y which satisfy the equations 



(« + y)*=l+sina| 
(a? — y)' = 1 — sin aj 



are a? = 



x=:&in^a\ a? = cosia] a? = — sinia) a? = — cos^a] 
y = cosiaJ' y = sinjaj' y = -cosiaJ' y = -siniaj' 

60. As in the preceding case, the ambiguities in the formulae 
of the last Article, may be illustrated geometrically. Let 
POA = a, PfiA = TT — a, then the angles which have the same 

B 




sine as a, are the two sets of coterminal angles (OA, OP), 
{OA, OP^); hence if QOq, Q'Oq' be the bisectors of the angles AOP, 
AOP^y the four sets of coterminal angles {OA, OQ), (OA, Oq), 
(OA, OQ), {OA, 0^), will be the angles whose sine and cosine will 
be given by the formulae which express sin Ja, cos ^a, when sin a 
is given. We see that (^OB=^\a, and Q'O^ = i('7r — a), hence 
the sines of these four sets of coterminal angles are sin Ja, — sin ^a, 
cos ia, — cos ^a, and their cosines are cos ^a, — cos Ja, sin Ja, 
— sin ^a ; these are the four values of sin \a, cos ^a respectively, 
which are given by the two formulae. 



61. We have 

sin Ja + cos \ol 



^ "^^ (v2 ^^^ ^* ■*" V2^^® ^") 



V2 sin {\0L + iTr), 



H. T. 
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and simUarly 

sin ^ — cos ^a = »J2 sin {\a — Jtt) ; 

hence sin ^a + cos Ja is positive or negative, according as ^ — h J 
lies between in and 2w + 1, or between 2» + 1 and 2n + 2, and 

sin ^a — cos \a is positive or negative, according as ^ \ lies be- 

tween 2n and 2w + 1, or between 2?i + 1 and 2n + 2 ; therefore 

8inia + cos^ = (— Xfjl +sina, 

sin Ja — cos ^a = (— 1)' Jl — sin a, 

where p is the positive or negative integer algebraically next less 

than =r- + i, and y is the integer algebraically next less than 

o 1 > ^^ \x9»^^ then the three formulae 

8mia = i{(-l)'VT+fflna + (-l)«>/r;^S^} (6), 

C08j« = iK-l)'"«/l+S"i«-(-l)'"«/l-sin«} (6). 

' (-l)'7l + 8ina-(-l)«>/l-8ma ^ ^* 

62. To express sin ^a, cos \oi, tan ^a in terms of tan a we have 
sin'^a = J (1 — cos a) 



~*(^ ±7l+tan»J' 
^^" = K^-^±Vl+tan*«)' 



hence sin J«= ±y/i(l- j-^=i=.). 

""^"'VH^-^WlitanO' 
and consequently tan ^a = "^ — n^^t- — ^ 

each of these formulae contains two ambiguities. We leave to the 
student the discussion of these ambiguities, which should be made 
as in the previous cases. 
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It should be noticed that the values of tan ^a are the roots of 
the quadratic equation in tan ^a, 



. 2 tan ia 

tan a = = — - — fy- , 
1— tan**a 



h 

obtained by replacing A by ^a, in the formula (41), of the last 
Chapter. 

63. The functions sin a, cos a, tan a, can be expressed without 

ambiguity in terms of tan^a; for all the angles which have the 

same tangent as ^a, are included in the formula nir + ^a, and 

2(nir + ^a) or 2n7r + a are angles which have all their circular 

functions the same as those of a. To find the expressions, we 

have 

_ 2 sin ^a cos Ja _ 2 tan ^a 

~cos*ia-|-sin*ia"" l + tan^Ja' 

__ cos' Ja — sin* Ja _ 1 — tan' |a 
cos ia + sm* ^a 1 + tan* Ja 

, , . 2 tan i a 

hence also tan a = = — r — l-j— . 

1 — tan' ^ a 

EXAMPLBS. 

(1) If 2 COS 6— */ 1 -sin 20- «Jl-\-sin2$, shew that 6 must lie between 

(8iH-5)^ and (8iH-7)|, 
where nisan integer. 

/«K T^ .1 . cosh A sinhA . 

(2) Prove that , ^ + . ^. - = sec A, 

^l-\-sinA ^l-sinA 

the radicals denoting positive qtuzntities, provided A lies between 

(4n-i)ir and (4n+i)7r, 
where nis an integer. What are the signs in other cases f 

(3) Prove that the four values of , . ^— are 

cot\ii, towj(7r+x), -^a»ix, -oo^i(?r+x). 

(4) If sin 4A=a, shew that the four values of tan A a/re given, by 

l{(l+a)*-l}{H-(l-a)*}. 

ok 

(5) In the formula tan \A = ±vl-|-to^^A -JL ^ ^^^ ^^^ ^^ ambiguity of 

tan XX 
tiffn maiji be replaced hy ( - 1)", where m is the greatest integer in (A+90»)/180''. 

5—2 
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The circular functions of one-third of a given angle, 

64. If we replace ^, in the formulae (37), (38), (42), of the 
last Chapter, by Ja, we obtain the three equations 

sina = 3sin Ja — 4 8in" Ja (8), 

cosa = 4cos'^a — 3 cos Ja (9), 

3 tan Ja — tan' Ja .^^v 

we have thus, in each case, a cubic equation for determining a 
circular function of ^a, in terms of one of a. Hence if sin a be 
given, we obtain three distinct values of sin Ja; if cos a be 
given, we obtain three distinct values of cos Ja, and if tan a be 
given, we obtain three distinct values of tan Jo. 

(1) In the case of the formula (8), we have sin a given, and 
thus we shall obtain for sin Ja, the values of the sines of one-third 




of all the angles (OA, OP), (OA, 0P^\ which have the same sine 
as a. Let the trisectors of the angles (OA, OP) be OQj, OQ^, 
OQa* so that QfiA = Ja, and QJi^Q^ is an equilateral triangle, and 

the trisectors of the angles (OA, OP^) are Oq^, Oq^, Oq^, where q^q^q^ 
is an equilateral triangle, and qfiA = J(7r — a), so that 

qfiA = TT - Ja, qfiA = «7r - Ja. 

We see at once that Q^q^, Q^q^, Qjq^ are parallel to OA ; the 
sines of the two sets of coterminal angles {OA, OQ^), {OA, Oq^), 
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are sin|a, those of the sets {OA, OQ^), [OA, Oq^), are sin (J7r + Ja), 
and those of (OA, OQ3), (OA, Oq^), are sin (Jtt + Ja); therefore the 
three roots of the cubic (8), in sin Ja, will be sin^a, sin (Jtt— Ja), 
and — sin (Jtt + ^). 

(2) In the case of the formula (9), the angles which have the 
same cosine as a, are {OA, OP) and (OA, OP^; let the trisectors 
of the first set of angles be the three lines OQ,, OQ,, OQ^ where 
QfiA = Ja, and Q^Q^Q^ is an equilateral triangle ; the trisectors 
of the second set of angles are Og^, Oq^, Oq^, where qfiA = — Ja, and 
?i?t?8 ^ ^^ equilateral triangle ; we see at once that Q,gj, Q^q^, and 



/ 




fe 


Sv-5ii*' 


I 




/^ 


w" 


?; 




7/^ 


JX 



Qj^g, are perpendicular to 0-4. The cosines of the two sets of 
angles {OA, OQJ, (OA, Oq^, are cos Ja, those of the two sets 
{OA, OQ^), {OA, Oq^, are cos (|7r •\-^ol), and those of the two sets 
{OA, OQ^), (OA, Oq^, are cos (^tt 4- Ja) ; therefore the three roots of 
the cubic (9), in cos Ja, are cos Ja, —cos (^tt— Ja) and —cos ( Jtt H- Ja). 

(3) In the case of the formula (10), the angles which have the 
same tangent as a, are (OA, OP) and (OA, OP^), As before OQ,, 
OQ3, OQ3, in the figure on page 70, are the trisectors of the first 
set of angles ; the trisectors of the second set are Oq^, Oq^, Oq^ 
where q^q^q^ is an equilateral triangle, and q^0A=^^(7r + a); we 
see that Qfiq^, Qfiq^, Qfiq^ are diameters of the circle. The 
tangents of the sets (OA, OQ^, {OA, Oq^, are tan \a, of (OA, 
OQ,), (OA, Oq,) are tanff7r + ^), and of (OA, OQ,), {OA, Oq,), 
are tan (^tt + \ol), hence tan Ja, — tan (^ — ^a), tan (^tt + ^), are 
the roots of the cubic (10), in tan ^a. 
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We may express the results of this article thus, the roots of the 
cubic in x 

3aj — 4a^ = sin a, are sin ^, sin ^ (tt — a), — sin J (^ + a), 




those of the cubic 

4^ — 3a; = cosa, are cos ^, -cosJ(7r-a), -cosJ(7r + a), 
and those of the cubic 
tan a (1 - 3aj*) = 3a? - aj^, are tan Ja, -tan J(7r-a), tan|(7r + a). 



Determination of the Circular Functions of certain angles. 

66. The formulae of this Chapter may be applied to the 
determination of the circular functions of angles which are 
submultiples of angles whose circular functions are known. 

(1) We have sin Jtt = cos Jtt = 1/V2 ; 
hence from the formulae (1) and (2), of Art. 57, 

sin ^TT = J^/2 - V2, cos Jtt = ^J2 + V2, 

sin3J^ = 4^/2-^/2 + V2, cos ^tt = ^^2 -f ^2 + V2, 
and proceeding in this way, we can calculate sin -^ w and cos ^ tt. 

(2) We have sin ^ = 1/2, cos ^tt = V3/2 ; 
hence from formulae (5) and (6), we have 

sin -^ir = i(V6 - V2), cos -^ir = KV6 + \/2), 
the values obtained for sin 15"^, cos 16°, in Art. 34 ; 
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proceeding in this way we calculate the sine and cosine of all the 
angles 



2\8' 



(3) We have sin ^ = 2 sin -^ir cos ^ir 
and sin |7r = 2 sin ^TT cos ^tt, 

therefore sin ^ sin §7r = 4 sin ^ cos ^ sin -j^ cos ^ir ; 
hence since sin |7r = cos -j^tt, 

we have 4 cos ^tt sin -,^ = 1, 

or sin ^TT - sin ^TT = i, 

that is cos ^ir — sin ^tt = i, 

also (cos j^ir + sin iV"")* = i + 1 = J 5 

therefore cos ^tt + sin ^^tt = ^V5> 

or sin -j^ir = J(V5 - 1), cos ^w = i(\/5 + 1), 

and hence cos ^tt = In/iO + 2-\/5, sin ^ = i«s/lO — 2^5 ; 

these values agree with those given in Art. 34. 

It should be noticed that if a is any angle of which the sine 
and cosine are known, then the sines and cosines of all angles of 
the form ma/2*, where m and n are positive integers, can be found 
in a form which involves only the extraction of radicals, for we have 
shewn how to find the functions of all angles of the form a/2", and 

when these are known, the formulae of the last Chapter enable us 

. n ^ * rrui . ma 
to find sm -^ and cos -^ . 

66. We are now in a position to calculate the circular 
functions of all angles differing by 3° or 7r/60, commencing at 
3*", and going up to 90^*. 

We have sin 3" = sin (18° -15°) 

= 8in 18° cos 15° — cos 18° sin 15° 
= iV(V6 + V2)( V5-1)-HVS-1)n/5 + V5, 
similarly cos 3° = :i (V3 + 1) ^5 + V5 + Vt (V6 - V2) (V5 - 1). 
We have also 

6° = 36° - 30°, 9° = 45° - 36°, 12° = 30° - 18°, 
21° = 36° - 15°, 24° = 45° - 21°, 27° = 30° - 3°, 
33° = 45° - 12°, 39° = 45° - 6°, 42° = 45° - 3°, 

hence we can calculate . the sines and cosines of all the angles 

3°, 6° up to 45°; it is then unnecessary to proceed farther, since 

the sine or cosine of an angle greater than 45°, is the cosine or sine 



72 
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of its complement, which is less than 45°. The results of the 
calculation are given in the following table : 



Bine 



3°=«fe.r 


iV {( Ve + V2) (V6 - 1) - 2 (V3 - 1) V5 + V5} 


e-'AT 


J(V30-6V5-V5-1) 


9' = ^ir 


i(\/lO+V2-2V6-V5) 


IS'-^^JT 


J(V10+2V6-V16 + V3) 


15°=i^»- 


}(Ve-V2) 


lS°=^fr 


J(V6-1) 


21°=«^>r 


A {2 (V3 + 1) V5 - V6 - ( V6 - V2) (\/6 + 1)} 


24-=A,r 


J(V16+V3-V'10-2V6) 


27°=^,- 


i(2V5+V6-V'lO+V2) 


30°= in 


i 


33°=ttT 


A {(Ve + VI) ( V5 - 1) + 2 (V3 - 1) V6 + V6} 


36°= in 


iVlO-2V6 


39°=Jg.r 


^ {(V6 + ^2) (V5 + 1) - 2 (V3 - 1) V6 - V5} 


42°=S^,r 


|(V30+6v'5-V5 + l) 


45°= Jfl- 


W2 


48°-At 


i (VlO + 2^/6 + Vis -\/3) 


61°=Mt 


■^ {2 (V3 + 1) V6 - V6 + (Ve - V2) (\/5 + 1)) 


54°=A»r 


1(V6 + 1) 


57°=eir 


lV{2(V3+l)V6+V6-(V6-V2)(V6-l)> 


60°= in 


iV3 


63°=^jr 


J(2V5+V5+V10-V2) 


66° = JJir 


i(V30-6V5 + V6 + l) 


69°=Mt 


A {(Ve + V2) ( V5 + 1) + 2 ( V3 - 1) V6 - V6} 


72°= in 


JV10+2V6 


75°=^^ 


i(V6+V2) 


78°=Jg,r 


J(V30 + 6V5 + V5-1) 


81° = J^» 


J(VlO+V2 + 2V5-^/5) 


84° = Ji,r 


|(V16 + V3+V10-2V5 


87° = M>r 


tV{2(V3+1) V5+V6+(V6-V2) (Ve-i)} 



X 
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In this table, the sines of the angles 3^, 6^,... up to 87^, are given; the 
cosines will be found by taking the sines of the complementary angles. The 
values of the surds in the above expressions, are given to 24 decimal places in 
the Messenger of Math. Vol. vi., by Mr P. Gray. In Button's tables the 
values of these surds are given to 10 places of decimals. A complete table 
giving the tangents, secants, and cosecants of these angles, with the denomi- 
nators in a rationalized form, will be found in G^elin's Trigonometry, 



EXAMPLES ON CHAPTER V. 

Prove the relations in Examples 1 — 8, where -4+ -fl+C==180°. 

tan^ii _ l-cos^ +co8^+cos(7 
tan J C "" 1 - cos C7 + cos -4 -f cos 5 ' 

2. • sin (il - ^ sin {A - C)+sin (5- C7) sin (J5- ^)+sin {C- A) sin (C- B) 

«2 cosi(5-C) cosi(C-^) cosi(^ -^)- 2 sinf ^ sinf 5sin f a 

3. cos* iil-fcos*i5+cos*iC?+2 cos il cos* i^ cosmic 
+2cos5cos2iCcosH^+2cos(7cos2i^cos2i5=8cos8i^cos8i5cos8ia 

4. 2sin'^=3cos^ilcos^^cos^(7-f cosfiloosf^cosf (7. 

5. 2 cosec ^ (1 +cot 5 cot C) 

ecosec A cosec B coeec C{4 cos ^{B- C) cos i(C- A) cos \{A - 5) - 1}. 

6. 2 cosec J (1 - cot 5 cot C) 

s^sec^il sec ^^ sec ^ C7+ cosec il cosec ^cosec C, 

7. 2sin2ilsin(5-C7) 

= 16cosi^cosi5cosi(7sini(5-C)sini(C-il)sini(il-5). 



8. 



cos ^^ - sin ^^-l-sin ^(7 _ 1 +tan ^A 
COB i^+sin iC- sin i^ "" 1 -f tan i^ • 



9. Prove the identity 

sini(^-(7) Bm\{C-A) sini(^-J3) 
sini(5+(;)"^sini(C7+J)'*"sini(^+^) 



sin^(J3-(7)sini(C^-^)sin^(^-^) 
■^sini(i?+(7)sini(C+i4)sini(^+5) 



10. If ^ +5 + C7=36O0, and if 



'^'*~(rf+a)(6+c)' ^^■'(rf+6)(c-f'a)' ^^"(rf+c)(a+6)' 
then tan ^A +tan ^^+tan ^C= ±1. 

11. Prove that 

. 1/ , \x 1/ \ cosec 2a7 cosec V- cosec 2y cosec ^ 

tan i(a?+ v) tan*(.r-y)= ^ t^ . 

* ^ * ^ cosec 2^ coseoy-f cosec 2y cosec 07 
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12. Shew that if cot^a+cot^/3»2 cot ^, then 
{l--2sectfcos(a--^+sec2^{l-2seotfcos03-^)+sec2^=tan*ft 

13. If ^+5+(7+2>«3600, prove that 

cos ^A coB^D sin ^B sin ^C- cos ^^ cos ^Csin ^A sin ^D 

=sini(il+5)sini(.l+C)cosi(il+i)). 

14. Prove that 

sin2 i(5- C7)H-sin2 J{C- il)+sin2i(il - ^) 

-f2cosi(5-C7)cosi((7-il)cosJ(il-5)=2. 
16. Prove that 

sin(y-g)+sin(^-a;)+sin(a?-y) z)tmUz .r^tanUo; :;) 

16. Investigate what relation must hold between a, /3, y, in order that 

cos a -f cos /3 -f cos y = 1 + 4 sin ^ a sin ^/3 sin ^y. 

17. If ^+5+C+2)=36(y>, prove that 
oos(5+(7+2))+cos((7+i)+^)+cos(i)+^+5)H-cos(^-f5+(7) 

= -4cosi(il+5)cosi(il+(7)cosi(il+2)). 

18. If tan^^stan^^^ and tan ^=2 tan a, 
shew that ^ -f <^ = 2a. 

,rt Tr • 9 sin«sin(«-^)sin(*-6)sin(«-^) ., . 

''• "«"^* 4co8H^ca8»W^'W 't>">^^*^* 

tan2i««tanj«tanj(«-^)tani(«-(^)tani(«-^), 
where 2«=^+<^+^. 

20. If il+i5+(7+i>=1800, shew that 

sin -4 +sin 5+sin C- sin ZX«:4cosi(il+i>) cos J(54-Z)) cosi(C+i)). 

21. If a+/3+y«2ir, prove that 

sin /3 (1+2 cos y)+sin y (1 +2 cos a)-4-sin a (1 +2 cos /3) 

=4sini(y-/3)smi(a-y)sinJ(/3-a). 

22. If 2* « a + 6 -f c, prove that 
cos^« cos i(s-a) cos J(«- 6) cos i(«- c) 

-f sin J«sin i(«- a) sin J(«- 6) sin i(«- c)==cosia cos ^5cos^c. 

23. Ifa-f/3+y=iir, then 

(1 - tan |a) (1 - tan |ff) (1 - tan |y) _ sin g-j-sin ff-fsin y- 1 
(l-ftanio)(l-ftan^/3)(l-ftaniy)~ cosa+co8/3-foosy 

24 Prove that 
cos (f /3+y- 2a)-hC0S (f y +a- 2^)+C0S (f a+/3- 2y) 

«4 cos i (5a- 2/3-y) cos i(5/3- 2y- o) cos i (6y- 2a-/3) 

25. If cos^ ^e: cos a/cos /3, cos'^scosaVcos/S, 

and tan ^/tan ^ «= tan a/tan a, 

shew that ' tan ^a tan ^a'= ±tan ^/3. 
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26. If cos a ^ cos /3 cos <^= coals' 008^', and 8ma=2sini08in^^'; 
shew that de tan ^a» tan ^/3 tan ^/S". 

27. If^+^+C»18(y>, and tan}^ tanf^^tanfC; shew that 

tan jilH-tan i^+tan jC7=cot I^H-cot i^+cot i(7. 

28. If tani(y-f;8)+tani(«-4-^)+tani(^+y)=0, 
prove that sin a? + sin y + sin 2; + 3 sin (a? +y + e) =s 0. 

29. Prove that 

cos a sin i(^-f a) sin ^03 -y)+cos p sin i(^+^) sin i(y- o) 

+cosy sin i(d+y) sini(a-/3) 
=2smiO-y)sini(y-a)sini(o-/3)sini(a-f/3+y+d). 

30. Solve the equations 

tania-ftani/3=J| 
tan a4* tan ^»|J' 

^^ j^sin^c^j-a)sin(A-a)^sin(<^+ff)dn^»-3)^^.^^^_^^. 
sin(^+2^) sin(^-2^) 

shew that cos* Jo + cos* i^- cos* 3=^. 

32. If tan (iir+i^)=tan« (iir+i<^), prove that 

Din£?-5nincf> (^+<^l^^'<l>)(^+e^^^'<l>) . 
^'^^~^^"'*(l+a~4s{n*^)a+/9-*sin*^)' 
and find a, 0. 

33. If a+9+y=ir, shew that 

tan*"^ (tan |^ tan |y) + tan~i (tan |y tan |a) +tan~^ (tan ^a tan ^0) 

=tan-i ll I Q «"^ l« sin ^/3 sin ^y ] 
\ sin* a + sin* ^ -f sin* y / * 

34. Prove that the sum of the three quantities 
cos* ^y - cos* iff cos* ^a— cos* ^y 

cos* i/3 cos* ^y +sin* jifi sin* Jy ' cos* ^a cos* ^y -f sin* ^a sin* ^y ' 

cos* ^/3- cos* ^g 

cos* ip cos* Ja+sin* J/3 sin* ^a ' 
is equal to their continued product. 

35. Prove that 

coaJO+y) . cosj(yfa) C08|(a+/3) 3cos J03+y)cos|(y+o) cos J(a-f ff) 
oosi03-y) cosi(y-a) 008^(0-/3)*" cosi(/3-y)cosi(y-a) cosi(a-/3) 

_ cos g cos /3 cosy- cos (g-hff+y) 
"*COS J0-y)C0Si(y-g)c0Sj(g-/3) * 

36. Having given that 

cos g + cos /3 -I- cosy siug-f sin/3+siny 
C08(g+i3+y) " sin(g+/3+y) ' 

prove that each fraction is equal to 

cos (i3+y)+C0S (y +g)+COS (g+/3), 

and also to {tan g- tan i03+y)}/{tan g+tan iO+y)}. 



CHAPTER VI. 

VARIOUS THEOREMS. 

67. In this Chapter, we give various examples of transformations 
of expressions containing circular fiinctions. Some of the theorems 
given are of intrinsic interest, others are given on account of the 
methods employed in proving them. Facility in the manipulation 
of expressions involving circular functions, can only be obtained by 
much practice, but a careful study of the processes we employ in 
various cases, will very materially assist the student in acquiring 
the power of dealing with this kind of 83nnbols. 

Identities and Transformations, 

68. Examples. 

(1) Prove that 
sin 2a sin (/3 - y) + «w 2/3 sin (y - a) + sin 2y sin (o - /3) 

= {sin(fi+y) +sin (y+a)+«w (a + 3)} {sin {y-fi)+sin (a - y)+sin (/3 - a)}. 

The factors on the right-hand side of the equation, are the sum and the 
difference respectively, of the two quantities sin y cos )3 + sin a cos y + sin /3 cos a 
and cos y sin /3 + cos a sin y + cos /3 sin a ; hence the product of these factors is 
equal to 

(sin y cos /3 + sin a cos y + sin /3 cos a)* - (cos y sin /3 + cos a sin y + cos /3 sin a)2. 

Now sin^ y cos* /3 - cos^ y sin* /3 = sin* y - sin* ft hence the algebraical sum of the 
square terms is zero ; the product terms are equal to 

2 sin a COB a (sin /3 cos y - cos /3 sin y) + 2 sin /3 cos /3 (sin y cos a - cos y sin a) 

+ 2 sin y cos y (sin a cos /3 - cos a sin /3), 
and this is equal to 

sin2asin(/3-y) + sin2/3sin(y-a)+sin2ysin(a-/3) ; 

thus the identity 

2 sin2awnO-y)«2sin (/3+y) Ssin (y-/3) 
is proved. 
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(2) In the last example, put Jir + a, Jw + ft Jir +y, for a, ft y, respectively ; 
we then obtain the identity 

2 cos 2a sin (/3 - y) = 2 cos 03 + y) . 2 sin (y - ^). 

(3) Prove that 

2sin^asin{ff-y)^ -*m(a+/3+y)««0-y)«iTO(y-o)*m(o--^). 

In this case, as in many others, we replace the quantities sin^o, sin'ft 
sin'y, on the left-hand side of the equation, by the equivalent expressions in 
sines of multiple angles; the expression on the right-hand side then becomes 

|2 sin a sin (/3-y) - J2 sin 3a sin (fi-y) 

or - J2 sin 3a sin (/3 - y) in virtue of Ex. (3), Art. 45. 

We now replace the products of sines by the difference of cosines, the 
expression then becomes 

J{cos(3a+/3-y)-cos(3a+y-/3)+cos(3/3+y-a)-cos(3/3-y+a) 

+ cos(3y+o-/3)-cos(3y-a+/3)}, 
and the algebraic sum of the first and last terms in the bracket is 

2 sin2 (y-a) sin (a+/3+y) ; 

taking the second and third terms, and the fourth and fifth together, in the 
same way, the expression becomes 

- i sin (a +/3+y) 2 sin 2 (y - o) 

or - sin (a +/3-fy) sin (/3 - y) sin (y - a) sin (a - /3) 

in virtue of Ex. (3), Art. 47. 

(4) Prove that 

2 cot^a dn - y) = co« (a + /3 + y) nn 03 - y) «» (y - a) sin (a - /3). 

(5) Prove that 

2 sin^a sin^ (jp-y)=^Ssina sin fisinysinifi- y) sin (y - a) sin (a - ^) ; 
this follows from the foot that x+y-^-z is a fiactor of a?-{-^-^^ - Zxyz ; 
put a7«sin a sin 03 - y), y =sin /3 sin (y - a), «=sin y sin (a - ^), then ^+y +2;=0. 

(6) Pr(yve that 

sin(a+fi)sin{a - /3)«^(y + d) sin(y - b)+sin (fi-\-y)sin{fi- b) sin{a + d)sin(a - d) 

+ sin (y+a)sin{y-a) sin (fi + d) sin 03 - d) = 0. 
The expression 

vanishes identically ; put a? = sin a, y « sin ^, 2 = sin y, t«^ = sin d, 
then remembering that 

sin^ a - sin* /3 = sin (o + /3) sin (a - ^) 
the theorem follows. 

(7) Prove that 
2(oosficosy--cosa){oosycosa—cos0)(cosacosp-'cosy)+sin^asin*psin^y 

- sin^a {cos fi cosy -cos of - sin^fi (cos y cosa - cos fi)^ - sin^ (cosacos fi-cosy)^ 

= (1 - cos^ a- co^ p - cos^ y -^^ cos acos p cos yy. 
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This follows from the known theorem that the square of the determinant 



a 


h 


9 


h 


h 


f 


9 


f 


c 



is equal to 



bc-P fsf-ch fg-hg 
fg-ch ca-^ gh-^af 
fh-hg gh-af ab-h^ 



put a=6a»c=l, f^GOAoy g=coBfif A=oosy, then6c-/*=sin*a,..., 
expanding the determinant, the theorem follows. 

(8) Prove thai 

+ CO* 2y co< i 03 - y) co< i (y - o) 
«co«2a+a)*2^+co«2y+2c(w(/3+y) + 2(^M(y^-a)^-2co«(a + /3). 
Replace each cotangent on the left-hand side, by means of the formula 

cot ^ d= — ; — — ,then reduce the whole expression to the common denominator 

sin O - y ) sin (y — a) sin (a - /3) ; the numerator becomes 

2 cos 2a sin (/3 - y) {1 +cos (y-a)} {1 +cos (a-/3)}, 

orScos2asin(/3-y)+2cos2asin(^-y)cos(y-o)cos(a-^) 

+ 2 cos 2a sin (/3 - y) {cos (y - a)+cos (a -/3)} , 

or {1 +2 cos 0-y)}2 cos 2a sin O- y) - J 2 cos 2a sin 2 (3 -y) 

+ 2 cos 2a sin 03- y) cos (y - a) cos (a-p). 

Now l+2cos03-y)=4cosi(/3-y)cosi(y-a)cosi(a-/3) 

from Ex. 4, Art 47, 

and 2 cos 2a sin 03 - y)= 2 cos (/3+y) 2 sin (y - /3) 

= 4sin J (/3 -y) sin i (y -a) sin i (a -3) 2 cos 03+y). 
Also 2cos2asin2'03-y)~O, 

and 2 cos 2a sin 0-y) cos (y- a) cos (o-/3)= J 2 cos 2a {sin 2 03- y) 

-sin2(y-a)-sin2(a-3)} 
=i2cos2asin203-y)- J 2 cos 2a 2 sin 2 03-y), 
which equals sin03— ysin(y-a)sin(a-/3)2cos2a, 

hence the numerator of the whole expression is equal to 

sin 03-y) sin (y-a) sin (a-3){2 2 cos (/3+y)+2 cos 2a} ; 
therefore the expression is equal to 2 2 cos (0+y)+2 cos 2a. 

(9) // 

a+/3+y~Tr and ^a»iO+y-a) tow J(y+a-^) <anJ(a+^--y) = l, 

prove that l+co«a+co*/3+c(wy=0. 

Squaring the given equation, we have 

sin« (Jir - ia) sm2 ( Jir - i^) sm2 ( Jir - iy) 

=cos8 (Jir - ia) cos2 (J«. - J/3) cos« (i^r - iy) 
or (l-sina)(l-sin/3)(l-siny)=(l+sina)(l+8in^)(l + siny) ; 
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hence sina+8in/3+Bin'y+Ednasin/3smy=0 

or 4 COS |a cos ^/3 cos fy+ 81110 8111/381117=0 
hence l+2sln^8m^8ln^=0, 

also cosa+cos/3+cosy-l=48in^8ln^8ln^; 
therefore cosa+oos/3+cosy+l=0. 

(10) Prove that if 

to?liO + y-o)ton J(y+a-/3)to»i(a+^-y)«l, 
then sin2a'\-8in2p+8in2y's4cosacosPco8y. 

We have 

sinJ03-fy-a)slni(y-fa-^)smi(a+^-y) 

=cosJ(/3+y-a)cosi(y4-a-^)co8i(o+^-y), 

or {cos(/3-a)-cosy}8inJ(o-f^-y) = {cos(/3-a)+cosy}cosJ(a-f^-y), 
which may be written 

cos09-o)co8i(a+^-y+iir)+cosy8ini(o-f^-yfiir)=0. 
Now sin 2a4-sin 2/3+sin 2y- 4 cos a cos /3 cos y is equal to 

2 sin (o + /3) cos O - o) - 2 cos y {cos 03 - o) + cos (a -f /5) - sin y}, 
or 2cos(/3-o){sin(a+^)-8ln(Jir- y)}-2co8y{cos(/3+a)-cos(iir-y)}, 
which is equal to 

2smi(a+j8+y-iir){cos(/3-a)oosi(a+/3-y+iir)+COSysini(a'f^-yfiir)}, 
and this is equal to zero. 

(11) Having given that 

4 CM (y - z) CM (z - x) co« (x - y) = 1 
prove that 

1 + 12 CM 2 (y-z) CM2 (z - x) CM 2 (x-y) 

= 4 CM 3 (y - z) CM 3 (z - x) CM 3 (x - y). 
Let a^y-Zj fi^z^Xy y=^-y, then o+/3+y=0, 

hence l-cos2a-cos2^-cos2y + 2cosaco8/3cosy=0 

therefore cos* a + cos* /3 + cos* y = f . 

Now cos3acos3/3cos3y=cosocos^cosy(4cos*a-3)(4cos*/3-3)(4cos*y-3) 

=i(4-27-482cos*/3cos*y + 36Scos*a) 
= i (31 - 482 cos* /3 cos* y) 

and cos2acos2^cos2y=(2cos*a-l)(2cos*^-l)(2cos*y-l) 

=(i-l+3-42cos*^cos*y) 

= I - 4 2 cos* /3 cos* y, 
hence 

4 cos 3a cos 3^ cos 3y - 12 cos 2a cos 2^ cos 2y = 1 . 

(12) Having given 

y*-f z* - 2yz C09a__ z*+x*--2zxcm/3 _ x* •fy*--2xy cm y 
«m*a ~ «Mi*j8 ~ ««*y ' 
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prove that one of the foUomng sets ofeqttcOions holds*^ 2s denoting a+^+y ; 

X _ y _ z 



cos{a-a) «>«(s-j8) co«(s-y)' 



CMS C0s{s — y) CM (8-/3)' 

z y 



z 



co« (s-y) CMS CM(s-a)' 



_ y _ 



z 



CM (8-/3) CM(s-a) co«s 

Let each of the equal fractions be denoted by i^, and put ^=ircos^, 
y=kcoB<l), z^kcoRy^y we have then 

cos^ <^ +cos^ ^ - 2 cos <^ cos ^ cos o= 1 - cos* a, 

or (cosa-cos<^cos^)=sin*(^sin*^, 

whence cos a = cos (^+^); similarly we can shew that cos 3= cos (^±^, 
cosy=cos(d+<^), whence without loss of generality we can put a=^±V^, 
p'^^±3, y=6±il>. In order that these equations may be consistent, we 
must take all the ambiguous signs to be positive, or else two of them 
negative and one positive. In the former case we find ^=«-a, <^=«-^, 
yfr^8-y; in the other cases we find the three sets of values 

B=s \ e=y-s\ d=«-/3 

1^=^-«j V^=«-/3j ylt=s 

thus one of the four given relations is always satisfied. 

2%6 solvMon of equations, 

69. Examples. 

(1) Solve the equation 

sin 2B sec 40+ cos 23=^ cos 6$, 
This equation may be written 

sin 2dsec4d+cos 2d-cos 6^=0, 
or sin 2B sec 4^+2 sin 46 sin 2^=0; 

hence sin 2^=0 or sec 4^+2 sin 4^ ==0, 

that is sin 8B^ - 1. 

Hence the solutions are 

^=i^, ^=||n,r_(-.i)n||. 

(2) Solve the equation* 

oot^asecji+sin^a€osecx=il, for x. 
We may write the equation 

cos^ a sin ^+sin^ a cos ^s=^sin a? cos cffy 

* This example is taken from Wolstenholme's problems. 
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or sin^ a cos a?- cos a sin^ a sin a?= sin a? (cos a?- cos a), 

hence sin^ a sin (o - ^) = sin x (cos a? — cos a), 

both sides are divisible by sin Ha—x), rejecting this factor, we have 

2 sin^ a cos ^(a- a?) =2 sin a? sin ^(a-f a?)=cos J(^- o) — cos J(3^+a), 
therefore cos J {3x -4- a) = cos J (a; - a) cos 2a, 

or 2cos J(3j;-|-a)=cos|(^-f3a)+COsi(^--6a), 

which may be written 

cos J (3a? + a) - cos |(a; + 3o) = cos J(47 - 6a) - cos J (3a? + a), 
therefore sin J(a?- a) sin (a?+a)= - sin (a?- a) sin J(a?+3a) ; 

again rejecting the factor sin |(a?- a), we have 

sin (a?+a)= - 2 cos i(a?- a) sin J(a7+3a)= - {sin (^4-a)4-sin 2a}, 
whence sin (a7+a)ss - sin a cos cu 

The solutions are therefore 

^=272n'-|-a, and a?=aWfl-+(-l)*"^{a+sin~i(sinacoso)}. 

(3) Solve the eqwxUone 

a «w (x + y) - b «Jn (x - y) s= 2 m co« x| 

a«Vi(x + y)+b«m(x-y)=2nco»y/ 
We have 

1 1 

-g {a sin (a?+3^)+6 sin (a? -y)}^--^ {a sin (a?+y)- 6sin (a?-y)}« 

= 4 (cos^y — cos2a7)=4sin (a?H-y) sin {x—y). 

sin r«P"4~t/^ 
Let -^— 7— ;7^=*> t^cJ^ ' is given by the quadratic equation 

Using ^ for either root of this equation, we have <= -r— 7 — ^ = 7 1 — ^ , 

® ^ * sin(^-y) tan^-tany' 

whence t = — -=- ; also dividing one of the given equations by the other, 

we have = r • and thence eliminating y by means of these two 

ncosy at-\'0 

equations and the relation sec2y-tan*y=l, we have 



vn? 



(s+ty*"'*-(h:iy**°'*=^' 



from which we find 



""\ m^\aJt-\-h) ) \rfi^\aJt-\-o) \t-{-l/ ) 

which gives four values of tana?, two corresponding to each root of the 
quadratic which determines t. Thus a? is foimd, and then y is given by 

tany=— — rtana?. 



H. T. 



82 VARIOUS THEOREMS. 



Eliminations. 
70. Examples. 

(1) Ehmtnate 9 from the equatwm — -. — Tm = -=— 7 — 5^\=*^' 

• 

„- , sin^cos^^+cos^sin^^ sin ^ cos ^ 

We nave m=s s — -. — ^r^ — "ttt — san > 

sin(a-2d) sin(a-2^ 

whence s— = sin a cot 2B — cos a. 

., ^ cos* d- sin* ^ cos 2^ 

Also 971 = 



cos 6 cos (a - 3d) - sin d sin (a - 3d) cos (a -' 1 

1 

~" cos a+sin a tan 26 ' 

hence (5— +cosoj f — cosoWsin^a, 

or 2m2 - 1 = w cos a, 

the result of the elimination. 

(2) Shew thai the result of eliminating 3 from the expiations 

COsZ {B-a) _ cos3{B+a-'y) cos^ 
cos{e-fi) "* co«(d + /3-y) ■" eosfi 
is independent offi, 

Syy-B, and zero, are independent values of x which satisfy the equation 

cos 3 (^~ g) _ cos 3a 

cos(^-/3) "" cos^ * 
We have 

cos 3^ cos 3a+sin 3^ sin 3a=k (cos /r cos /3+ sin ^ sin /3), 

where it; = cos 3e^cos fi ; substituting for cos 3^, sin Zx their values in. terms of 
cos Xy sin X respectively, then dividing throughout by cos' Xj we have the 
following cubic in tan x{—t) 

cos3a {4-3(l + ^8)}+sin3a{3*(l+<«)-4/8}=^(cos3+^sinp)(l+^) 
or ^(i{'sin/3+sin3a) + «2(jJ?cos/3+3cos3a)+«(itain/3-3sin3o) 

+ JE; cos /3 - cos 3a = 0, 

hence tan 3, and tan (y - d), are the roots of the quadratic 

«>(iE;sin^+sin3a)+^(/;cos^+3cos3a) + i(?sin/3-3sin3a=>0; 

,, • J. A , J. / A\ it cos /3+ 3 cos 3a 

therefore tan d+tan (y-d)= - . . ^ . . ^ — , 

^' ' ifcsm/3+sm3a ' 

J », Ai. t ^xi?sin/3^3sin3o 

and tandtan(y--d)= » . ^ . • o > 

^'^ ' il?sm/3+sm3a 

, . -(i?cos/3+3cos3a) .0 

hence tan 7=—^ ^ . ^ -'=-oot3a 

'^ 4sm3a 

or y-3o=(2r+l)iir 



or 
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where r is any integer, thus the result of the elimination is independent 
of/3. 

(3) ElimvMxte 6 from the equations 

5-^^ + 5^^= 1, X «w ^ - y CO* ^= (a« «n« ^+b« co«8 d)i 
Square each of the equations, and put tan 6=^ty the equations become 

'•('-S)-«l*('-3-'* 

<8(a«-aj«)+2toy+(6«-y2)«0, 

respectively, and we have to eliminate t from them. 

Solving for ^ and t we have 

t^ t 1 

gjTvfl ^ I ^^^"^ " (^--3^')' (g'-^)' " 2ay(a»-a;») 2^(6'-y^) 
^ \ a^ ab J b^ a" ab 6* 

Hence 

hence — +Y==a+6 

is the result of the elimination. 

(4) Eliminate BJrom the equations 

xsin3+jcosB==2&sin26f •s,oos6—jsin6=9,cos%B. 
Solving for x and y, we find 

ar=acoB^(2'COs2^), y»» a sin ^(2 + cos 2^) 
or a?=a cos B (cos* ^+3 sin* B\ y =a sin ^ (3 cos* d+sin* d), 

, therefore ^+y«a(cos^+sintf)', ^-y=a(cosd-sin^)', 

hence (^+y)'=:a'(l+sin 2^, (iF-y)'=a''{l-sin2^) 

and the result is 

(^+y)'+(^-y)'=2a*. 

Relations between roots of equaiions. 

71. Examples. 

(1) Consider the equation 

aco«^+b«wd=c. 
Let a, j^ be distinct values of B which satisfy it, then 

acosa+^sinas^c, 
acos^+6sin^so; 

6—2 
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therefore 



sin/3-sina cosa-cos/3 sinO— a)' 
hence tan J (/3 + a) = 6/a, 

and also -cosJO-a)=Tsini(/3+a)=-cosKi3+o). 

These relations may also be found as follows : put tan^B^t, then the 
given equation may be written 

a(l-^2)+26«=:o(l+<2) 

or fi(C'\-a)-2bt+c-a=0. 

The roots of this quadratic are tan ^ tan ^ /3 

hence tan ia tan J^ = — — , 

whence we obtain the relation — f ^1 . °^ = - . 

cosJO+a) a 

2b 
Also tania+tani/3=^--^, 

from which the other relation may be obtained. 

(2) Consider the eguoMon 

a CM 2^+ b «m 2d + c co« ^+d «Mi ^ + e=0. 

Let <=tan^d, then the equation may be written as a biquadratic in *, 
^(a-c + e)+<3(-46+2cQ + «^(-6a+2e)+<(46+2rf)+(a+c+e)=0, 
if tan^^i, tan^dg' ^^i^s* tan^d4, 

be the roots of this biquadratic, we have 

• X XA 4J>-2d ^^ ,-^ ,. 2e-6a 
2tanid,=^3^^, 2tanKtanid3=^Z7+i' 

46 4- 2c7 flt "^ c •4" 6 

2tanitfitanid2tanid3=-^-^;^, taniditanid8tanidstanid4=^-^-j-^, 

and from these relations, symmetrical functions of tan ^6^ may be calculated. 

If 2«=di+d2 + ^s+^4 wehave 

^^g^ Stan^^i-Stan^^itan^dgtan^da 

l-2tan^ditan^da + tan^ditan^2tan^03tan^d!| 

_ 4b-2d-^{4b+2d) _h 

a-c+6-(2e-6a) + a+c+e~a* 

We leave it as an exercise for the student to prove the relations 
a b -c —d e 



cos« sin« 2cos(«-di) 2sin(j?-di) 2008^(^1+^2-^3-^4)' 

(3) // 
nnaco8{a+ff)tam,2a^nnfico9{fi-^B)tan2fi=dnycos{y-\-B)t(m2y 

^sinbcasifi-^O) tan 2d 
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and no ttoo of the angles a, p, y, d differ hy a nmUvple of Wy shew that 
a-^-fi+y+b-^B isamvUipUofir, 

Write each of the equal quantities equal to k, then a, p,y, b are roots of 
the equation sin a; cos {x + 6) tan 2x=k 

which may be written 

2 tan^o? (cos ^-sin ^tan ^)»iE; (1 - tan^ ai), 

hence 2tanaB= — r — , 2 tan a tan /3= — r — , Stanotan^tany=0, 

and tanatan/Stanytands-l ; 

Q Sin A 

therefore tan(a+/3+'y+d)»T — 3 -^ — >= -tan^, 

hence o+/3+y+d+d is a multiple of ir. 

(4) If otPyyhe unequal angles each less than 2«-, prove that the equations 
cos {a+6) see 2a^cos (^+/3) seo2p=soos(B+y)secS^ 
cannot coexist wnless 

C<MO+y)+C(w(y+a)+«w(a+^)=0. 
Writing k for each of the equal quantities we have 

cos a cos ^ ~ sin a sin ^ - /& cos 2a =s 0, 
cos /3 cos ^ - sin /3 sin ^ ~ itcos 2^ » 0, 
cos y cos ^ - sin y sin ^ - i(; COB 2y = 0, 
hence eliminating cos B^ sin By we have 

2 cos 2a sin O ~ y)=0 
or 2cos03+y)2sin(y-^)=O, by Example (2) Art 68. 

hence 2cos03+y)=O unless 2sin(y— p)=0, 

that is unless sin J (/3 - y) sin J (y - a) sin ^ (a - /3) =0. 

This example may also be solved in a similar manner to example (3). 



Maxima and Minima* Ineqiialities. 

72. EXAMPLSS. 

(1) The greatest value of 

acM^+bm^tfV&'+b*. 

Put 6/a=stanoi then 6=Va*+^sina, a=sV«*+^c<»a> 

thus acos^+6sin^=Va^+&^cos(^-a)j 

now cos(^~a) always lies between ±1, hence acos^+^sin^ lies between 

(2) IfvL=:i^a?co^B+\^siri?B+^/a?sin^B+\)^cofiBy then n lies between 

a+b and V2(a2+b2). 
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Let a?=a«cos2d+52sin2^=i(a«+68)+i(aa-62)cos2^ 

then u=^x+^/a^+b^-a;, 

hence u is greatest when ^=^ {a^+b^y or the greatest value of u is ^2{a^+l^y, 
also u is least when ^ («*+ 6*) - a? is greatest, that is when a: is least, which wiU 
be when cos 2^= - 1 in which case a? =62^ and then u=a+b; this therefore is 
the least value of u. 

(3) Shew that if lies between and ?r, cot iB'-cot6>% 
We have 

* sin^^sin^ sin (9 smd ' 

hence cot \6 - cot ^= cosec 6 + cosec \6 ; 

now cosec ^, cosec ^6 are each never less than unity, if 6 lies between and ir, 
hence cot J^-cot B>2, 

(4) 7j^ the sum of n angles^ each positive and less than ^ir, is given, shew 
that the sum or the product of the sines of the angles is greatest when the angles 
are all equal, 

A similar theorem holds for the cosines. 
Let a^, «2***<^ ^ ^^^ angles and s be their sum. Then we have 

sin Or + sin Of = 2 sin ^ (of. + a«) cos ^ (a,. - a«)) 
now cos iior—fh) is less than unity unless 0^^(19, hence 

sin a,.+sina«<2sin^(ar-|-a«) 

unless ar=at^ If any two of the angles oi, a^,,,at are unequal, we can 
therefore increase 2 sin a by replacing each of those two angles by their 
arithmetical mean, hence 2 sin a is greatest when all the angles are equal; 
we have therefore 2 sin al^n sin sjn. 

Again sin o^ sin a« = ^ {cos (a, - o,) - cos (o^ + ««)}» 

and this is less than ^{1 -cos (0^+09)} or sin^^(a,.+a«) 

unless ar=at. Hence as before, if any two angles in the product sina^, 
sin 02... sin a^ are unequal, we can make the product greater by replacing each 
of those two angles by the arithmetic mean of the two; it follows that 
sinoi, sin 02.. .sin a^ is greatest when 01=02=. ..^Ok, or the greatest value of 
the product is (sin sjnY, 

(5) Under the same condition as in the last examplcy shew thai the swm, of 
the cosecants of the angles is least when the a/ngles are aU equal. 

We have 
cosec 01,.+ cosec a« 

=sin i^Or-^-a,) {easj(a,-a.)^008|(a,+a.) ■^cosi(«,-a.)+C08i(a,+a,)} ' 
hence for a given value of ar-k-^ay cosec 0^.+ cosecc^ has its least value when 
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cos ^(of- a«)= 1 or when ar=^ag. The reasoning is now similar to that in the 
last example. 

(6) Under the same conditions as in the last two examples^ shew that the 
swm of the tangents or of the cotangents of the angles is least when the angles 
are all equal. 

(7) Shew that if a+3+y=ir, cos a cos p cos y1^l/S, 



Porismatic systems of equations. 

73. A system of equations is said to be porismatic*, when the 
equations are inconsistent unless the coefficients satisfy a certain 
relation; when this relation is satisfied the equations have an 
infinite number of solutions. 

The system 
acoBj3oosy+&sin/3sin'y+c+a'(sin/3+siny) + &'(cos0+co8y)+c'sin(/3+y)=O, 
acosycosa+ftsinysino+c+a' (sin y+sin o)+6'(coBy +COS a) + (/sin(y +a)=0, 
acosacos/3+ ftsina siD/3+c+a'(sin a+sin^) +6'(cos a+cos'3) H-tf' sin(a+/3) =0, 
is a system of three porismatic equations. 

Consider the equation 
aco8acos^+&sinasin^ + c+a'(sin^+sina)+6'(co8^+cosa)+c'sin(^+a)=0, 

this is satisfied by ^=/3, and by $^y. Write this as an equation in 
tan ^S^ty thus : 

<*( - acoso+c+a' sin a+6'coBa - 6' -</ sin o)+2< (6sina+a'+tf'cosa) 

+ (a cos a+c+a'sin a+ 6'+ 6'cos a+c'sin a) =0. 

Ihom this equation we find 

tan|/3+tan|y, and tan|0tan^, 

I. i. i/fl. \ 2(6sino+a'+tf'co8o) 

hence tan*0+y)«a-7 .,,.,. — i» 

asv // 2(acosa+o +(fsma) 



We should find similarly 

. 1/ . N 6sin/3+a'+c'cos3 
*^ ^^ acosa+b' + c^sma^ 



ii8+6' + </sini8 

we can now deduce the value of tan^(a-/3); we find for the numerator, the 

value 

(6 sin jS + a* + c'cos 3)(a cos a + 6' + c'sin a) - (6 sin a + a' + c'cos a) 

(acos/3+6'+c'sin/3) 
or 

2smi(a-/3){(c^-a6)oosi(o-3)+(aV-66')cosi(a+/3) 

- (aa'-6V) sin J (o+/3)} 

* See Proe, London Math, 8oc, Vol. iv. ** On Bystems of Poiismatio equations ** 
by Wolstenholme. 
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and for the denominator, 

(6 sin a + a' + c'cos a) (6 sin 3 + a' + c'cos 3) + (a cos a + 6' + c' sin a) 

(a cos 3 +6'+ (/sin /3) 
or 

(a2 + Ooos«cos/3+(62+(^)sinasin3+(a'«+6'2)+(a'6+6V)(sina+sin/9) 

+ (aV+a6')(co8a+cos/9) + (a + 6)c'sin(o+/9); 

dividing this fraction by sin^(a-0), we have this denominator equal to 

(<j'2 - oft) {1 + cos (a - 0)} + (a V - 66') (cos a + cos /3) - (oa' - 6 V) (sin o + sin 3), 

hence 

(a+6){acosacos0+6sinasin0+c+a'(sina+sin0)+6'(cosa+cos0) 

+c'sin(a+/3)} 
is equal to c^-a''-6'* + ca+c6-a6. 

Hence unless the condition 

</2 _ a'2 - 6^+(ja + c6 - a6=0 

is satisfied, the system of equations cannot be satisfied except by equal values 
of a, p,y. When this condition is satisfied, any one equation can be deduced 
from the other two. 



The svmmation of series. 

74. A large ilumber of series involving circular fanctions, can 
be summed by the method of diflferences. The most important 
example of the use of this method, is the case of a series of sines 
or cosines of quantities in Arithmetical Progression. 

Let the series be 
S = cos a + cos (a + fi) + cos(a + 2)8) + ... + cos {a + (n - 1)/8), 

we have cos a = g^j^Xg ^^^ (« + i^) - sin (a - J /8)}, 

cos (a + ^) = 2^S^ {^^^ ("^ + 1^) " ^"^ (« + i^)i' 



cos{a + (n-l)/8} 

whence 8 = ^cosec 1^/5 jsin fa H ^ — p\ — sin (a — ^ff)y 

= cos(a-»- -— 5-T- fij sin -~ cosec — (1). 



; ' f 



I 
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In a similar maimer we find o^ =" ' • 

sin a + sin (a + )8) + sin (a + 2/8) + ... +sin {a + (w- 1) ^8} 



' /■ 



= sm(a+ — ^/Sjsm Y^osec^ (2). 



cos 



The sum (2) may be deduced from (1), by changing a into a + Jtt. 

In (1) change /S into fi + ir,we have then for the sum of the 
series 

cos a - cos (a + /9) + cos (a + 2/8) - ... + (- 1)*'* cos {a + (n - 1) /8}, 

fa +— 2~ ^) ^^® ^ ^^^ i ^^ ®^^ V ~2^ /8 ) sm ^ sec -g , 
according as n is odd or even. The sum of the series 

sina — sin(a + /8) + sin(a + 2)8)... 
can be found &om (2), in a similar manner. 

Examples. 

(1) Prove that 

ginna/stna=2{cos{n- l)a+co«(n-3)o+C(w(n-6)a-f ...}, 
and find a dmUar expansion for cos na/cos a. 

(2) Stim the series 

co«8 a+C0«2 (a+/9)-|....+c}M» {a-|-(n- 1) /3}. 
We have 

C0s2o=i(l+cos2o), COs2(a+3)=J{l+COs2(a+/3)}... 
hence the sum required is 

^n+^cos {2o+(n- 1) /9} sm la^ cosec^. 

The sum of any positive integral powers of the terms of the series (1) and 
(2) may be found by a similar method. 

(3) Sum the series cosec 2a + cosec 2^ a + . . . -k-cosec 2° a. 

We find cosec 2a » cot a -cot 2a, cosec 2^ as cot 2a -cot 2^ a^ 
cosec 2* a==cot 2*""^ a- cot 2* a, 
hence the sum required is cot a - cot 2** cu 

(4) Sttm thejeries 

3 sin X - sin 3x 3 «tw 3x - «w 3^ x Zsin 3°""^ n—sinZ^n 

cosZi ■*■ Zoos¥i ■*■'••"'■ 3n-ico«3nx * 

We have tan 3*"i;r- Jtan 3*^ 

3 sin 3**"^;g cos 3**a?- cos 3*~^a?sin 3* a? 2 sin S^-^o? cos 3**a?- sin 2 . 3**"^^ 
3 cos 3*" ^a? cos 3*^ "* 3cos3**^a?coB3*a? 
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_ 2 sin y*"*^^ (cos 3**^- cos 3*"^a?) _ - 8 sin^ S*'"^^? cos 3*""^^ 
"" 3 cos 3*"!^ cos 3*07 "" 3 cos 3""^^ cos 3"^ 

_ Q 3 sin 3**~^a?- sin 3**.r 
" 3 cos 3*0? ' 

, 3 sin 0? - sin 3a? 3 /I , ^ , \ 
^^^^"^ cos3^ =g(3tan3a;-tan.;j, 



3 sin 3a?- sin 32 0? 3/1. ^- 1 

-5 ^ = - (55 tan 3*07- - 

3 cos 32 07 2 \32 3 



lience """1"^ To"*^ **" = " ( ^ tan 3*07- J tan 30?] , 



3 sin 3*~i 07 -sin 3*0? 3/1 



^- = |(ltan3..-5l,tan3.-..); 



3*-icos3*. 
therefore the sum of the series is 

5 (^tan3*o?-tano?j. 

75. The sum of a series of either of the forms 

i^jCosa + i^,co8(a 4- /8) + i^3Cos(a + 2/8) + ... +i^^cos {a 4- (w- 1)^}, 
u^sma + u^ sin {a + fi) + u^ sin (a + 2/8) + . . - + 1^^ sin {a + (n - 1 ) )8}, 

can be found, if u^ is a rational integral function of r, of any 
degree 8. 

Let fli = t^jCosa + WjCOs(a+ /8)-»-... +t^^cos{a + (n — 1))8}, 
then 

2cob/3,S = u^ {cos (a - /8) + cos (a + /8)} + u^ {cos a + cos (a + 2/8)} 



i- ...1^^ {cos(a + r - 2)3) + cos (a + r/8)} 



+ ••• +'^* {cos(a + ri — 2/8) + cos (a + w/8)}, 
whence 

2(1 - cos /8) fif = (2w^ - i^,)cosa + (2^^, — u^- 1^3) cos (a + /8) + ... 

+ (2i^^ - t^^_j - w^^.j) cos (a + r - 1/8) 



+ ... +(2i^^_j-'2^^-w„)cos(a + n-2/8) 

+ (2u^ — i^^^j) cos (a + n — 1/8) — 2^, cos (a — /8) — w^ cos (a + n/8). 

Now 2u^ — t^^j — t^^j is a rational integral function of r, of degree 
8 — 1, whence excluding the first and the three last terms, we have 
a series of the same kind, but of which the coefficients are of lower 
degree than in the given series. We again multiply by 1 — cos /8, 
and proceed in this way 8 times ; the series will then be reduced 
to the form (1). 
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Examples. 

(1) 8um the geries 

CMa+2cM(a+/9)+3(»»(o+23) + ...+»<»«{a+(n-l)/3}. 

We have in this case 2Uf —Ur-i — t*r + 1=0, Swj — ^2=0 whence 

2 (1 -cos /9) >S^=(n+l) cos {a-^-in- 1)/3} -cos (a -/3) - ncos (a+n/3), 

OP iy=i(7i+l)cos{a+(n-l)/9}/(l-cos3) 

- i cos (a - p)/{l - cos 3) - ^71 cos {a+np)l(l - cos /3). 

(2) iS>um <A« series 

co« a+2« «w (o+/9)+32 aw (o4-2/9) + ... +n2 CM {a + (n- 1) ^}. 
This series will be reduced to the last one by multiplication by 2 (1 - cos /3). 

76. The series 

cos a + a? cos (a + /3) + a^ co8(a-\- 2/3) + . . . + a?*"* cos {a + (n — 1) 13], 

sin a + a? sin (a + 13) -»- a?* sin (a + 2^) -»- ... 4 af"'^ sin {a + (n - 1) /3}, 

are recurring series of which the scale of relation is 1 — 2a;cos fi-^-a?, 
for we have 



cos (a + r^) + cos (a + r — 2/8) = 2 cos /8 cos (a + r — 1 )8), 

and sin (a + r^) + sin (a + r-2 ^9) = 2 cos /8 sin (a + r-1 )8). 

The series can therefore be summed by the ordinary rule for 
summing recurring series. If S denote the sum of the first series 
we find 

8{l-2xcoHp + a?) 

= cos a — a? cos (a — /8) — a;* cos (a + n/S) + a?*** cos {a + (n - 1) )8}. 

If ^ < 1, we find by making n infinite, the sum of the infinite 
series 

cos a + flj cos (a + /8) 4- a?'' cos (a + 2)8) + . . . 

, , cos a - a? cos (a - ^8) «. , .. n ^ ^ 

^^ l-~2a.'Cos/3 + a^ ' Puttmg a = 0, we find 

\—x cos i8 
1 — 2a?cos)8 + a?' 

whence also 



= 1 +a?cos)8 + aj'cos2^4 ad inf. 



77. In some cases the sum of a series may be found by means 
of a figure. We will take as an example the series (1) and (2) of 
Art. 74. Let OA^, A^A^, A^A^, •••-^n^i -^n* ^ equal chords of a 
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circle, and let ^ be the angle between OA^ produced, and A^A^ ; 
draw a straight line OX so that AfiX = a, then the inclinations 
of 0-4 J , il jil, , . . . ^ ^_j il ^, to OX, are a, a + /8, a + 2^8, . . . a 4 (n — 1 ) /8, 
and that of OA^ is a + ^(n — 1) j8 ; also if Z) be the diameter of 
the circle, we have 

Oilj = i) sin i/S, OA^ = D sin ^/3. 

Now the sum of the projections of Oil,, -4,-4,, ...-4.^_,-4.^, on 
OZ,is 

Oil, cos a + il,ilg cos (a + )8) + . . . + il^., il. cos {a + (n — 1) /8}, 

or D sin ^/8 {cos a + cos (a + ^)} + . . . + cos {« + (n — 1) /8}, 

and this must equal the projection of Oil^ which is 

Oil^cos{a + i(n-l)/3}, 

or D sin ^nfi cos {a + ^ (w — 1) /S}, therefore 

cosa + cos(a + /8)+ ... +cos{a + (n — 1))8} 

= cos {a + i (w — 1) /8} sin Jn)8 cosec J/S. 

If we project on a straight line perpendicular to OX, we obtain 
the sum of the series of sines. 

Examples. 

(1) OA 18 a diameter of a cirde^ 0, P, Q... are points on, the ctrcumfereTice 
stick that eo/ch arigle PAO, QAP, RAQ... is a; AP, AQ, AR... meet the tangent 
a^ m p, q, r. . . Fivd by means of thisfigwre the sum of the series 

secraa sec{xxi + \) a + sec {m-{-\) a sec {xa + '2) a-{- ,». to n terms, 

(2) Prove geometrically^ thai if a, ^y,»,K^he any nv/mber of angles^ 

sec asec (a + p) sin fi + sec (a+ff)sec {a-^- fi -^-y) siny 

+ «aj(a+/3 + y)Mc(o+i8+y+d)«md+... 
=««Ja«fic(a+3-|-'yf+...+K)«wi(/3-|-y+... + «c). 
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1. Eliminate B from the equations 

cos3^4-acoB^=&, sin3^+asin^=c. 

2. Eliminate $ from the equations 

(a+&)tan(^-0)»(a-&)tan(^+(^), aco6 2<^+6oos2^«=c 
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3. Prove that 

(a sin + 6 cos 0) (a sin ^ + 6 cos ^) sin (<f> — '^) 

+ (a sin ^+& cos ^) (a sin ^+ 6 cos &) sin (^ - d) 
+ (a sin ^+ 6 cos ^) (a sin + & cos 0) sin (^ ~ 0) 
+ (a^+6*)sin(0-^)sin(^-^sin(d-^)=O; 
and interpret the equation geometrically. 

4. Eeduce to its simplest form, and solve the equation 

cos^ ^ - cos* a = 2 cos' ^ (cos d - cos a) - 2 sinS ^ (sin ^ - sin o). 

5. Prove that the sum of thi*ee acute angles AyB^ C, which satisfy the 
relation cos*il+cos*5+cos*(7=l, is less than 180^. 

6. If A +jB+(7«900, shew that the least value of tan^ul +tan2-»+tan2(7 
is unity. 

7. Find 0^ ^ firom the equations 

sin d+sin 0+sin a=cos ^+cos ^+cosa| 
^+0=2a r 

8. Iful+i?+C=1800,shewthat8siniilsini^sin^C>l. 

Tf ^sin ^+y sin 0+gsin ^ _ 4 sin 6 sin ^ sin ^ •|-sin(^+ ^ -h^ ) 
a7cosd+ycos^+ifcos^"~4cosdcos^cos^-cos(d+^+^) ' 

nmvPfhfl.t ^smi( <»+^-^ )-^ ysinH^+^"<^ )+ gsin^(^-K^->|.) 
P ^cosi(*+^-d)+ycosi(iH.^-</>)+;?cos}(d+*-^) 

4sin|(<f>+i^~^)sin|(^+^~<f>)sin|(^+<f>-^)+sin|(^+<f>+^ ) 
""4cosJ(0+^-^)cosJ(i^+^-0)cosi(^+^-iif)-cosi(^+^+ii^)* 

ir. •!>_ XT- i S6in3asin(/3-y) • / . ^. \ 

10. Prove that ^ . ^, a\ =^^^ (a+^+y), 

Ssm2(y-i3) '^ ' 

and generally, if n be any odd number 

2sin«asin09-y) ^, . , . ^. x, 

where I?} $'» f ore any odd numbers whose sum is n, 

11. Having given 

a^ cos a cos /3+a (sin o+sin /9) + 1 =0, 

a* cos a cos y +a (sin a+sin y) + 1 =0, 
prove that a* cos j3 cos y +a (sin /9+sin y)+l =0; 

Pj y being less than tt. 

12. If ^1, ^2 are the two values of $ which satisfy the equation 

cos ^ cos sin ^ sin <^_ 
cos^ a sm' a 

shew that 6i and ^2 being substituted for Sy in this equation, will satisfy it. 
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13. If 

a cos a cos /3+& sin a sin 0=c, a cos /9 cos 7+6 sin fi sin ysc, 
a cos 7 008^+6 sin ysind^c, a cos dcosf+&sin dsin f=c, 
and acos€Cosa+&sin€sina=c, 

the angles being all unequal and between and Sir. 

14. If 

sin (^ 4- a) = sin (0+ a) = sin ft and asin(^4-^)+&sin(d-^)=c, 
prove that, either 

a sin (2a ±2/9) = - c or a sin 2a ±5 sin 2/3= c. 

15. If the equation 

sin2» + 2 d/sin^* a +cos2» + 2 ^/cos** o = 1 
hold when 71= 1, shew that it will hold when n is any positive integer. 

16. Eliminate 6 from the equations 

4 (cos a cos ^+cos ^) (cos a sin ^-hsin ^) 

= 4 (cos a cos 6 + cos ^) (cos a sin ^ + sin ^) = (cos - cos ^) (sin <^ - sin ^), 

and prove that cos (0 - >|f ) = 1, or cos 2o. 

If tan y^ sin (g?- a) ^^^ tany ^ sin(^-2a) 
tan^ sin a tan 2/3 sin 2a ' 

, , , , tany sino? cos a? 

shew that -; — ^^ = — — tt- = s — Ka • 

sm2/3 sin2a cos2a~cos2j3 

18. Prove that the system of equations 

sin(2a-i3-y) _ sin (2/3 -y- a) ^ sin(2y-a-i3) 
cos (2a+/3+y) "" cos (2/3-hy +a) " cos (2y -l-a+iS) ' 

if a, ft y be unequal and each less than ir, is equivalent to the single equation 

cos 2 (/3+y) + C0S 2 (y + a) + COS 2 (a+/3)=0. 

19. If iP=2cos(/3-y) + cos(^+a)-|-cos(d-a) 

= 2 COS (y - a) +COS (d+/3)+cos (^-/3) 

= - 2 cos (a-jS) - cos (d+y) - cos (^-y), 

prove that a7=sin*<9, if the difference between any two of the angles a, /S, y 
neither vanishes nor equals a multiple of ir, 

20. Iful+5+C=1800andif 

Ssin(2w+l)ilsin(5-(7)=0, 
n being an integer, then shew that 

2 sin (»- 1) A sin (n+1) (5- C)=0. 
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21. If coti(a4-3)(cosy-oo8d)+cotJ(a4-y)(coBd-co8^) 

+coti(a+d)(oos3-coBy)=0, 

and no two of ihh Angles are equal, or di0er by a multiple of 2wf prove that 

cot i(/9+o) (cosy-cos d)4-coti(/3+y) (cos d- COB a) 

+cot i 034-^) (cos a- cosy)=0. 

99 u sin(a+<9) sin(/3-f^ _ cos(a4-^ goq(P-^^) ^o. 
^''* " sin(a-|-0)"^8mO34-*) cos (o+0)"^ cos 0+0) ' 

shew that either a and /3 differ by an odd multiple of ^ or ^ and 4> differ by 
an even multiple of ir. 

23. If acos(0+i^)+6cos(0-i^)+c=O, ! 

acos (^4-^ 4-&C0S (>|^ - ^ +c=0, 
acos (d +0)-|- 6 cos (d - <^)-J-c==0, 

and if ^, 0, ^ are all unequal, shew that a^- 52^360=0. 

( 
2^ j^ cos(a+/3 + ^) ^ cos(y|-a4-^) 

sin(a+3)cos2y sin(y4-o)cos2/3' 

and p, y are unequal, prove that each member will equal 

cosQ-hy+^y 
sinO+yjcos^a' 

sin (g+y) sin (y-ho) sin (a+g) 



and cot^= 



cos (/9+y) cos (y+a) cos (a+/9)+sin* (a+/3+y) * 

26. If ^, ^, (7 be positive angles whose sum is 180^, prove that 

cosil+cos54-oosC>l and >3/2. 

26. Solve the equation 

e4sin^d+sin7^=0. 

27. If 2«= 07 4-y+«, prove that 

tan (« - iP) 4- tan (« - y) 4- tan (« - 0) - tan « 

4 sin a,* sin y sin z 



1 — cos* ^ - cos^^ - cos^ « - 2 cos a: cosy cos « ' 
tan"i (« - a?) + tan~^ {s - y) -f tan-^ («-«)- tan-i * 



=tan-i 



I6snfz 



(^4-/H-«H4)2-4(yV-|-«2^4-a;^2)* 
00 Tr cos^ , sind COS0 , sin0 - 

ao. it + -; = • H ; = 1, 

COS a sma COS a sm a 

^, ^ COS ^ COS . sin^sinA . - ^ 

prove that 5 — ^ H r-5 — - 4-1=0. 

*^ cos* a sm* a 

29. If 2sinocos(^4-<^)=2cos(^-0)-|-cos2a, 
and 2 sin a cos (^+^)=2 cos (>|f - ^ H-cos^a, 

then 2 sin a cos (^4-^) =2 cos (0 - yft) +009* a. 
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30. If co8(y-«)-|-cos(0-a?)+cos(a?-y)=-3/2, 

shew that 

cos^ (a:+^)+co83 (y+^+cos» (2-|-d)-3 cos {a;-\-6) cos (y4-^) cos (z+6)=0, 
for all values of 6. 

«- T- sin ra sin(r4-l)o sin (r 4- 2) a 
ol. It — ,' ^ = ) 

nrove fhat COS ra _ cos(r+l)a _ C08(r+2)a 

prove Tinau ^m^^lil+n)" «i(n-0 ~n(;+w)-.2m3- 

32. Prove that the equations 

(a? + - ) sina = ^H — hcos^a, 

(y+ -) sino=- -I — |-cos*a, 
y) X z ' 

(« + -)sino«^ + ^+cos2a, 

are not independent, and that they are equivalent to 

^ X y z 

33. Prove that 

2cosO-y)cos(^4-i3)cos(^+y)+2cos('y-a)cos(^+y)cos(^4-a) 

+ 2cos(a-/9)cos(^+a)cos(d+/3)-cos2(^-|-a)-co8 2(^+j3)-co8 2(^4-y)-l 

is independent of ^, and exhibit its value as the product of cosines. 

34. Prove that if a, ft y, d be four solutions of the equation 

tan(d4-i7r)=3tan3^, 
no two of which have equal tangents, then 

tan o+tan jS+tan y-htan d=0, 
tan 2a+tan 2/3-1- tan 2y4>tan 2d=4/3. 

35. If 6tan(r-|-a?)=3tan(7--|-y)=2tan(r+2), 
shew that 3 sin* (^ -y) -f 6 sin* (y - «) - 2 sin* {z-x)== 0. 

36. Solve the equations 

sin~i :p— sin"iy =i 

COS' 



i-i^-sin-iy=§ir\ 
r ^ X - cos"i y = JttJ 



37. Prove that the nth convergent to the continued fraction 
111 . (tan g 4- sec a)*» ~ (ta n a - sec o)* 



2tana + 2tana + 2tana + (tana+seca)'»+i-(tana-seco)'»+i' 

38. Eliminate 6 from the equations 

3a cos ^4- a cos 3^= 4rl 
Za sin ^ - a sin 3(9= 4yi 
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39 If tan (B-a) _ tan {<f>-a) _ tan (jt-a) 

p q " r * 

prove that 

p(q-r)^cot(<t>-ylr)-{-q(r'-p)^Got{ylr^e)+r{p-qyGot{6-<t>)==0. 
40. Develop 



l+aco8^+6sind 
in a series of the form 

ulo-l--4icos(d-o)+il2cos2(d-a) + 

41. Solve the equation 

tan 3^- tan 2^- tan ^=0. 

42. If 

co83^4-cosSj^=cos3a, sin8^+sin32^=sin3a, and 07+2^=2/9, 
prove that 88in3 3(a-|-i3)=27sin2^sin2 4i9cos(3a+/3). 

43. If a cos <^ cos ^+6 sin sin ^=c, 

a cos yjr cos ^ +^ sin ^ sin ^=c, 
a cos ^ cos ^ + 6 sin ^ sin <^ =c, 
prove that 6c+ca+a6=0, unless a=6=c. 

44. Solve the equation 

oos-^ (a?+ J) H-cos~i ;r + cos~i (^- i) =!«•• 

45. Eliminate ^ from the equations 

ahf sin <f> + l^aj cos ^ + aft (a^ sin* <^ + 6* cos* <f}) = 0, 
or sec — 6y cosec (^ = a* - 6*. 

46. Solve the equation 

cos 6^+ 5 cos 3^ + 10 cos B=i. 

47. Eliminate $ from the equations 

a cos $ cos 26= 2 (a cos S-a:), 
a sin ^ sin 2^ =2 (a sin B—y). 

48. Prove that the number of solutions in positive integers (including 
zero), of the equation ZX'\-y=n (» integral), is 



j[.^,+<-,^2S^lL']. 



49. Solve the equation 

6 cos 3^- 3 sin 3^- lOcos 2^+ 5 sin 2^+22 cos^- 5 sin ^=10. 

50. Find the greatest value of 

cosec*^~tan*^ 
cot*'?+laJQ2~(j3i • 

H. T. 
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51. Prove that 

sac^a sec^o sec^o sec^g 

~4~ - ~~i ' - ~4r - 1 - •• 

to r quotients, is equal to 

sin ra 



2 sin (r+1) a cos a* 

52. Eliminate 6, <t> from the equations 

a sin (^ - o) + 6 sin (^ + a) = a? sin (<^ + j3) H-y sin (0 - /9) 
a cos (^- o) - 6 cos (^ + a) =47 cos (0 +/9) -y cos (0 - jS) 

e±<l>=y. 

53. Prove that 

2 cos a (cos 3/9 - cos 3y) 

= 4 (cos /3 - cos y) (cos y - cos a) (cos a - cos /3) (cos a + cos /3 + cos y). 

54. If acosa+6cosj3+ccosy=0, 

osino+6 sin/3+csiny=0, 
a sec a-|-6 sec j3 + c sec y =0, 
prove that, in general, ±a±b±c=0. 

55. Eliminate 6 from the equations 

sin 3 (JwH-d)4-3 sin (Jir+^) = 2a, 
sin 3 (Jtt - d)+3 sin (Jtt - 6)=2b. 

56. If ^1, 0^ ^3 be values of 6 satisfying the equation tan (^ + a) = 1? tan 2d, 
and such that no two of them differ by a multiple of tt, prove that 

^1 + ^2 + ^3 + 

is a multiple of tt. 

57. Prove that 

cos4il 



=8 sin (il 4-5+ €f) + cosec A cosec B cosec C, 



sin A sin (^1 - B) sin {A - C) 

58. Prove that 

2{sin3(d-a)cos2(a-<^)sin(/3-y)+sin8(d-/3)cos2O3-0)sin(y-a) 

+ sinS (d - y ) cos 2 (y - <^) sin (o - /9)} 

= {sin 2o -f sin 2)3 + sin 2y - 3 sin 2d} sin (/3 - y) sin (y - a) sin (a - j3), 

where . 0=i(a+/9+y-3d). 

59. If il + 5 -f C+ i) = 1800, prove that 

{S- sin il) {S- sin 5) (^- sin C) {S- sin /)) 

=J(sinil sin J5+sinCsini>)(sin5sin(7+sinil sini>)(sinCsinil4-sin5sini)), 

where 2aS'= sin ^ + sin 5 + sin (7+ sin D, 
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60. Prove that the sum of the products of n terms of the series 

coso4-cos(o+/3)+cos(o+2/9)+ 

taken two and two together is 

icosec2i/38ecii3siniw/9[sin^cosi/34-sin^(w-- l)/9cos {2o-|-(w- l)j3}] - i?i 

g, J- cos^+sin^ 4 (cos ^- sin ^) (cos 2^- sin 2^ 

2 + cos 2tf + sin 26 " 4'(cos2(9 - sin ^Bf - (cos tf - sin^p » 

shew that there will be three values of 6, such that 

tan ^i+tan tfg+tan ^3=9. 

62. If tan2tf~tan^=tan20-tan0=tan2^-tan^, 
shew that ^+0+«/' is an odd multiple of Jtt. 

63. If a?cosa+y sina+J?+cos2a=0, 

X cos /3+^ sin jS+^H-cos 2)3=0, 

a?COS y+y sin y + 2 + COS 2y=0, 

prove that x cos + ,y sin -I-2; + cos 2<^ 

=8sini(aH-/9+y+0)sini(<^-a)sini(0-/9)sini(<^-y). 

64. Eliminate (9, from the equations 

tan ^ 4- tan 0= a, 
sec^+sec0=6, 
cosec S -I- cosec <^ = c, 
and shew that, if h and c are of the same sign, he > 2a. 

65. Prove that the result of eliminating 6 from the equations 

cos (^- 3a) __ cos(^-3^) _ cos(^-3y) 

cos^a " COS^/S "" COS^y ' 

is sinO-y)sin(y-a)sin(a-0){cos(aH-/9+y)-4cosacosj3cosy)}=O. 

QQ, If (1 - 07-1-072) -1 be expanded in powers of ^, shew that the coefficient 
of a;* is sin J (ti-H 1) 7r/sin Jtt. 

67. Prove that 2 cos 4a sin 03 +y) sin (/3 - y) 

= - 8 sin O - y) sin (y - a) sin (a - fi) sin 034-y) sin (y + a) sin {a-\-ff). 

68. Prove that 

2 cos 2 (i34-y - a) sin 03- y) cos a=8 sin03- y)sin(y- a)sin(a- /3)cosaCOS/3cosy. 

69. If a sin d-l- 6 cos 6— a cosec 6-\'h sec d, 
shew that each expression is equal to 

(a^-6*)(a*+6^)*. 

70. Find the greatest value of 

sin (/3 - y) -I- sin (y - a) + sin (a - j8). 

., '- ^' -'7—2 
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71. Solve the equation 

cos {x - a) cos {x — b) cos {x - c) = sin a sin 6 sin c sin a? + cos a cos b cos c cos x, 

72. Solve the equation 

cos 2a?+cos 2 (^-a)4-cos 2 {x- 6)+cos 2 (a:-c)=4 cos a cos 6 cos c. 

73. Solve the equation 

sinS Sa-l-sin^ 2o=sin* a (sin 3a + sin 2o). 

74. Eliminate ^ from the equations 

a cos 2^+6 sin2tf=c, 
a'cos3^+&'8in3^=0. 

75. lfA-\'B^- C= 1800, shew that 

sin2 iB sin2 ^(7+ sin^ JC? sin2 ^.1 + sin^ ^A sin^ ^5, 
is not less than ^ (sin^ A + sin^ j5 + sin^ (7). 

76. Eliminate 6 from the equations 

4^= 5a cos tf - a cos 5^, 
4^ = 5a sin ^ - a sin 5^. 

77. If cos2osin(/3-'y)secOH-y) 

=cos 2/9 sin (y- a) sec (y +a) =cos 2y sin (a - /3) sec (oH- j3) 
prove that cos 2o H- cos 2^ + cos 2y = 0, 

and sin 2 0+y)+sin 2 (y H-a)+8in 2 (o4-i3)=0. 

78. Prove that 

vt=M 

2 cos(wia+/3)=cos(Ji/'a+3)sini(i/'+l)acosec^ 
and 2 2 2 cos (wa+n/S+^H- ) 

iiM=0 iM) iM) 

=cosi(ifa4--^^/9-fPyH-...)8ini(i/'H-l)asinJ(iV+l)j3...coseciocosecJ/3.... 
Sum to n terms the following series 

79. sin2aH-sin2 2a+sin*3a+ -{-sm^ruu 

80. sin^a sin 2aH-sin2 2a sin 3a H- ^sin^Tiasin (w + 1) a. 

81. cosecacosec(a4-/3) 

-|-cosec(a+i3)cosec(a+23) + +cosec{a+(n~l)/3}cosec(a+w^). 

82. sin X sin 2x sin 30? 

+ sin 2a? sin 3a? sin 4^+ +sin7ia?sin(n-|-l)a?sin(w4-2)d7. 

83. sinSa-h 5 sin3 3aH- ^sin8 32aH- + ~ sin83*-ia. 

84. tan ^ tan 3^+ tan 2^ tan 4^+ -\-tm7i0t&n{n+2)e. 
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85. tan ^ sec 2^+tan 2$ sec 2^^+ +tan {nB) $ sec 2^0. 

86. tana7+2tan| + -tan| + ^^—^ia,n^^. 

87. tan^sec2^. + itan|sec2^ 



90. 



+ 55 tan rroSec^ i^s-f -f 5-—, tan ^r— -^sec^ 



82 22 2'^ g**-! 2'»-i 2»-i* 

88. l+ccos^co8 0+c2cos2^cos2<^ + ......-fc*~icos(n-l)^cos(n-l)0. 

cos 2^ 2 cos 4^ 4 cos SB 2*-i cos 2* ^ 

• sin22^"^ smM? "^ sin2 8^ "^ "^ sin^ 2» ^ * 

sin^ sin 2^ sin?i^ 



cos^H-cosl^^ cos2^+cos22^ cosw^+cosri*^' 



cot 2a cot 3a , cot(ri4-l)o 

"A. z Oft « T ^I «n 9 T 



1 - COS* 2a seo^ a 1 - cos* 3a sec* a l-cos*(»Hrl)a.sec*a* 

92. 1 . 3 sin - + 3. 6 sin — + + (2/i- 1) (2w+l) sin ^^""^^^ . 

93. 3.4siua+4.5sin2a+ +(9i+2)(7i+3)sinna. 



CHAPTER VIL 

EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 

Series in descending powers of the sine or cosine. 

78. If in the formula (29), of Art. 51, we write for sm*" A its 
value (l — coa^Ay, and arrange the series in powers of cos -4, we 
shall obtain an expression for cosn^l in powers of cos A only. 
Writing for A, we have 

The coefl&cient of (— 1)*" cos**"*^*" in this series is 

n(yi-I)...(n-2r+l) n(yi- l)...(n--2r~ 1) . 

(2r)! "^ (2r + 2)! ^^"^^ 

n {n-l).,,(n-2r - 3) (r + I) (r + 2) 
■^ (2r-f4)! 2! '^'"' 

this is equal to the coeflScient of af^ in the product of (1 + a?)" and 
(1 — l/a;*)"^*"^*^, X being supposed to be greater than unity ; the 
coefl&cient is therefore equal to the coeflScient of oT^ in the 
expansion of (1 +a;)""'^* (1 - 1/a;)"^'^^ This latter coeflScient 
is equal to 

(«.^r-l)^.(„-2.t_l)|, + („.2,)(,^,) 



+ 
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and this is equal to 

or to n(yi-r-l)...(n-2r-f l) ^,_a^, 

r! 

The coefficient of cos** is seen to be J {(1 + 1)* + (1 - 1)*}, 
or 2*"*; the coefficient of — cos""*^ is the term independent of 
X in the expansion of (1 + xy* (1 — l/«?)'*, and this is easily seen 
to be (1 + 1)"-^ + (w - 2) (1 + 1)"-' or n . 2»-l 

Hence we have 
cosn^ = 2*-^cos" ^-:J^ 2*"'co8""^-'g + ^^^7'^ ^ 2''-^cos"-*^ (1), 

of which the general term is 

/ ly n(n-r-l)...(y^->2r + l) ^^.^j ^^^^ ^ 

In a similar manner we obtain from the formula (28) of 
Art. 51, the series 

sin ndjsiD. = 2"" cos""' $ - ^^ 2""* cos"-» 6 

of which the general term is 

/ I \r (n — r -- l)...(yi-- 2r) 2«*sr-i QQg«->»^i ff 

§ m 

79. If in the formulae (1) and (2), we change 6 into Jtt — 0, 
we obtain the formulae 

(- 1)* cos nd = 2"-' sin" ^ - 1 2"-* sin— 5 



'fc^2-8in«-tf. 



+ ^l j ^ 2"-*8in"-*tf (3), 



(- If"' sin n^/cos = 2"-' sin""' tf - '^^ 2""^ sin""' ^ 



2! 
where « is even, and 

(_ 1)* <»-« sin nd = 2"-' sin- 5 - ^ 2"-» sin""* 



(w — 3) (w — 4) „,_. . _.. - ... 

+ '■ i\ i2"*sm"*5 (4), 



" ^"7 ^> 2"^ sin- ^ 



+ 2r^ ^^^ (^)' 
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(- 1)*^'*-'> COS n^/co8 e = 2"-^ sin"-' 6 -^LZ^ 2"-» sin~-» 6 
where n is odd. 



Series in ascending powers of the sine or cosine. 

80. In order to find expansions of cos nO^ sin ndy in ascending 
powers of cos d or sin 6, we may write each of the six series we 
have obtained, in the reverse order. It will, however, be better 
to obtain the required series directly. 

First suppose n even, we have then 

cos w^ = (1 - sin»^)** - !L(!Lz1) (1 _ sin»^)**-' sin»^ 

, n(n-l)(w-2)(n-3) .^ . j^v^n-s • 4/1 
+ — ^^ ^-^-7-j — ^-^ ^(1 — sin'^)^ sin*^ 



expanding each power of 1 — sin*tf by the Binomial Theorem, we 
have 



cosw^ 



f- C^ - \\ 

. (nnCn-l)] . ,^ . J2V2 J n(n-l)/n -\ 

=^-{2+-2 r°^+i— 2i— +-V-(2-v 



^n(n-l)(n-2)(.-3)^^.^ ^^ 

4 1 

the coefficient of (— 1)' sin*'^ being 

^(^-l)...(|n--g + l) n(w--l) ( |n-l)...(^-g + l) 
s\ "^ 2! (s^l)i 

7i(n -l)(n-2)(n-3)(in-2)...(in~g + l) 

4! (8-2)1 ^ 

which may be written in the form 

1 n( n-2)(yi-4)...(yi--2g+2) f/ 2s-l \/ 2g-l \ /2s--l_ \ 
s\~~ 1.3. 5... (2s- 1) \\ 2 A 2 )"\ 2 *"*"V 

. ^> (?^o (V -)••■ (^' -«) (^') (^ -') 



+ 



■} 
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Now, taking Vandermonde's theorem' 

where p, denotes p(p— l)...(p — « + l); since this holds for all 

2^ — 1 w — 1 

values of p and q, let jo = — ^ — , q = — ^ — , then applying the 

theorem to the series in the brackets, we see that the coeflScient 
of(-l)'sin«'^is 

1 w(n-2)...(n-2«-i-2) 



8l 1.3. 5.. .(25-1) 



(in + 5 - l)(irH-5 - 2). . .( Jn) 



w*(n»-20(w'-4*)...(n'-25-2'') 
or ^ — 



(2«)! 

We have therefore when n is even, 

/I ^ w' • 8/1 w*(n* — 2*) . .^ 
cos n^ = 1 — TT-. sm"^ + — ^^-r-. — - sm*a... 

21 4! 



/ ,wn»(n»-2")...(n'-25-2*) . ^ . . _ 
+ ( - 1)' — ^^ ^T^Vi sm"'^ + . . .(7), 



{28)1 

this series is the series (3), written in the reverse order. 



81. We have also 
sm 



Jin nO = cos ^ |» (1 - sin»^)^"^ sin 



^(^-^3y-^> (l-sin'g)^-Wg+...}; 



supposing n even, we expand each term of the series in powers of 
sin'tf ; we find the coefficient of (— 1)**' cos sin'^^tf to be 

1 w(n-2)...(n-2g+2) {( 2s-l \ . . /2g-l\ / n-l \ 
(5-1)! 1.3. 5.. .(25-1) tV 2 J^J^^ ^n 2 )^\ 2 J, 

, (5-l)(5-2) / 25-l \ / n-l\ 
2 1 \ 2 /,_, \ 2 J^ 

^ } 

which is equal to 

1 n(w-2)...(n-2s + 2) 



(5-1)! 1.3. 5.. .(25-1) 



(in + 5-l)...(in+ 1) 



w(n'-2')(n*-4»)...(n-25-2') 
or to — ^^ 



(25 - 1) ! 

3 See Smith's Algebra, page 282. 
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We have therefore when n is even 

• /!/ /I w • zi w(n' — 2") . 8^ . 
sin n^/cos ^ = y sm & ^-^-^ — ^ sm'^+ ... 



■K-l)^.«(^'-g%-('^;-2'-2')rin'-.g + ...(8). 



(2s - 1) ! 
82. When n is odd, we have 

cos »d = cos ^ {(1 - sm«d)*<"-« - ^!fc^\l - 8m»tf)*<"-'> sia'd + . . .} 

and sin n^ = n (1 - sm*^)*^"'^' sin 6 

- "<"-^3>,<"-^> (l-sm'g)*"'-»>sm'g+... 

expanding in powers of sin ^, as in the last article, we find in a 
similar manner 

cos w^/cos ^ = 1 ^T- sm'^H- ^^ 7^ ^ sm*^.... 

' 21 4! 






smntf = 7smtf ^r-; — ^sm"tf + -^ -f; ^sm*^... 

^(-ir.»(»'-i'M«'-2^')3i,»^.,^ ...(10). 

83. If in the formulae (7), (8), (9), (10), we change into 
Jtt — 0, we obtain the following formulae 

( - 1)*^ cos n^= 1 - ^ cos' 6 + — ^-r,- - cos* 



2 ! ' 4 ! 

n'(n'-2')(yi'-4') 
6! 



cos«e+...(ll), 



(- 1)***^' sin ndl^m tf = ^ cos ^ - Vl^I^^ cos» ^ 

+ — ^^ ^ ^008**^ (12), 

when n is even, and 

(- 1)*^ 'sinn^/smtf =1 ^j-cos'^+^ ^ ^ cos* ^...(13), 
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(- 1)»<-» COS n^ = J COS ^ - ^(?^) cos'd 

when n is odd. These formulae are all the same as those of 
Arts. 78 and 79. 



The circular functions of syh-multiple angles, 

84. If in the equations (1) to (6), or in the equivalent equations 

(7) to (14), we write 0/n for tf, we obtain equations which give 



cos - or sin - , when cos and sin are riven. We will consider 
n n ° 

the various cases. 

(1) Suppose cos given, then the equation obtained from (1) 
will give us n values of cos - . If cos is given, we should 

expect to find the cosines of all the angles = — , since 2A;7r ± 

represents all the angles which have the same cosine as 0, where k is 
any integer. Now whatever value k has, we can put ±k = 8 + kfn, 
where s always has one of the values 0, 1, 2...W — 1, and A?' is a 
positive or negative integer. We have then 

2k7r + f0 + 287r ^ ^ ,A 0+2s7r 

cos =^— = cos + zirkr = cos 



f0 + 287r _^ ^ J\ 
= cos ( ± ZttAt J = 



n \ n / n 

thus we should expect to obtain the n values, 

+ 2'nr e + 47r + 2{n-l)ir 

cos-, cos , cos cos ^ '— , 

n n n n 

and these will be the roots of the equation we obtain from (1). 
These roots are in general all different, since neither the sum nor 
the difference of two of the angles is a multiple of 2ir, 

(2) Suppose cos is given, then the equations obtained from (3) 

Q 

or (6), will give the values of sin - . Before we use (6), we must 



square both sides and write 1 —sin* - for cos"- : thus we obtain an 
^ n n 

equation of degree 2n, for sin - , when n is odd, and the equation 

lit 
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(3) gives us an equation of degree n when n is even. We expect 

to obtain all the values of sin = — when cos is given ; as in 

n 

the last case, we can shew that all these values are included in the 

expression sin =— where 8 has the values 0, 1, 2. . .w — 1. When 

n is odd, all these values are different, and therefore we obtain 2n 

values which are the 2w roots of the equation obtained from (6). 

„,- . , . (n — 28)7r — . 2sTr + , 

When n is even, we have sin == sin , hence 

n n 

in this case, there are only n values, these being given by the 

equation obtained from (3). 

(3) When sin is given, we use the equation obtained from 



(2) to find cos -, this gives 2n values of cos -, for we must 



square both sides and replace sin*- by 1 — cos'-, before using the 

equation. We shew as before that the expression cos ^ — 

Q 

has 2n values, so that we expect to find cos - given in terms of 

n 

sin 0y by an equation of degree 2n. 

Q 

(4) If sin ^ is given, sin - will be given by (4) or (5), accord- 

'I' 

ing as n is even or odd. When n is even, the equation from (4) 

Q 

gives 2n values of sin -; these will be the 2w values of 



n 



in ^^ — . When n is odd, the equation formed from (5) 

Q 

gives n values of sin - ; these will be the n different values of 

. sir + ('-lY0 

sm ^^ — - — . 

n 



Symmetrical functions of the roots of equations. 

85. The equation (1) may be regarded as an equation of the nth 

degree in cos 0, when cos n0 is given. Now each of the n angles 

^ ^ 27r ^ 4i7r ^ 2(n— l)7r . i ii ^ ^i • ^ 

0^ 0'\ , 0-\ r H — ^^ — , is such that the cosine of n 

n n n 
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0-i ) , 

cosf^H j cos-j^+ -^ — are all diflferent; they are the 

n roots of the equation (1) in cos ; we can now use the ordinary 
theorems for calculating sjnnmetrical functions of the roots of 
equations, to calculate S3nnmetrical functions of the n cosines 

cosf^H TTjfr having the values 0, 1, 2...w — 1. We may of 

course, when it is convenient, use the forms (11) and (14) which 
are equivalent to (1). Again the equation (2) may be used to 
calculate S3nnmetrical functions of the cosines of the w — 1 angles 
for which sin n0/&in has a given value. 

The equation (3) may be used in the same way to calculate 
symmetrical functions of the 2m sines 

sin 0, sin 1^ + —), sinf tf + — ) sin(g+ m7r-7r \ 

\ mj \ mj \ m J 

where n = 2m. 

In the same way the theorem (5) may be used to calculate 
symmetrical functions of the 2m + 1 sines 

where n = 2m + 1. 
The equation 

= ntang-"("-^>/"-^>tan'g+ 

O I 



may be regarded as an equation in tan 0, of which the roots are 

t&n 0Mn {e + 1) , t^r> (e +^) tan W ^-"^-^^l . 

and may therefore be used for calculating symmetrical functions 
of these quantities. 
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« 

Examples. 

(1) Prove that the sum of the cosecants of 

6,6+^^ tf + 2(n-l), 

' n n ' 

taken two at a timcy is - ^n^ cosec? \nB^ n being an even integer. 

Using the equation (7), the required sum is the sum of the products of the 
sines of the angles taken w - 2 at a time divided by the product of all of them ; 
this is equal to the coefficient of sin^ ^, divided by the term not involving 

sin B. or - irn :^ which is equal to - — cosec^ hi0. 

' 2(1 -cos 71^) ^42 

(2) Prewe that 

co«* Jir+co«*f7r+coa*f7r+co«* |J^=19/16 
and sec* j7r+«ec*Jir +«ec*|7r+ ace* ^=1120. 

If sin 9d/sin 6 be expressed in terms of cos B, and be then equated to zero, 
the values of cos 6 obtained by solving the equation of the eighth degree so 
obtained, will be 

COSJtT, COSfTT COSfTT. 

We notice that 

cos l^r = —cos ^, COSFTT = —cos J^ , 

thus ±cosj7r, afc cosier, iCOS^Tr, «fccos^ 

are the roots of the equation. We may either use the series (2), or proceed 

thus : — if sin 9^=0 we have 

sin 6^ cos 4^ + cos 5^ sin 4d = 

or (sin 36 cos 2$ + cos 3d sin 20) (2 cos^ 2^-1) 

+ (cos 3^ cos 26 - sin 36 sin 26) 2 sin 26 cos 26=0 

substitute the values for sin 3^, cos 2^... and reject the factor sin^, then let 
^=cos2 6y we obtain the following biquadratic in a: 

{(4;i72-.l)(2^-l) + 2(4a;2^3^)}{2(24;-l)2-l} + {4(2A'-l)(4r2-3a7) 

-8(4a7-l)(l-a7)a?} (2^-l)=0 

or (16^-124?+!) (8a;2_8^4.1) + (64^. 80^+20^) (2a?-l)=0 

or, arranging according to powers of a?, 

266^-448^+240^-40^+1=0. 

The sum of the roots of this equation is 448/256, and the sum of the products 
of the roots taken two together is 240/256, hence the sum of the squares of the 
4482 -2.240 .256 
(256)^ 
of the roots is 40^- 2 . 240, or 1120. 

(3) Prove that sina+sin2a + sin4a= jV?, 
where a=^. 

We find (sin a + sin 2a + sin 4a)2 = sin^a + sin22a + sin24a. 



roots is /oKg\2 ~ii » ^^®® ^^® ^^^^ ®^ ^^® squares of the reciprocals 
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Now the roots of the equation sin 7^/sin ^=0 in sin ^ are 

±sina, dBsin^a, dBsin^a; put ^=sin^^, 
then the equation in x is found to be 

64a;3- 112^ + 56^- 7=0, 
hence sin^ a+sin^ 2o+sina 4a= 112/64=7/4 ; 

therefore sin a + sin 2a + sin 4a = ^ V7. 

IT 

(4) Evaluate sin ^z . 

Writing o=2»r/17, we find by the formula for the sum of the cosines of 
angles in arithmetical progression 

(cos o+cos 9a+cos 13a4-cos 15a)-|-(cos 3o+cos Sa+cos 7aH-cos llo)= -\, 

Also (cosa+cos 9a+cos ISa+cos 15a)(cos Sa+cos Sa+cos 7aH-coslla) is found, 
on multiplying out and replacing each product by half the sum of two cosines, 
to be equal to - 1. The two quantities in brackets are therefore the roots of 
the quadratic z^^-^z- 1 =0, of which the roots are ^ ( - 1 ±^17). It is easily 
seen that cos a+cos 9a + cos 13a+cos 15a is positive, and 

cos 3a H- cos 5a + cos 7a + cos 11a ^ 

is negative, we have therefore 

cos a+cos 9a + cos 13a + cos 15a=i(/s/l7-l) 

cos 3a+C0S 5aH-C0S 7a+C0S lla= -^(^17 + 1) 

We can now shew that (cosaH-cosl3a) (cOs9a + cos 15a)= -:|, hence 
COS a+cos 13a, cos 9a + cos 15a are the roots of the quadratic, 

^-i(N/n-i)^-i=o, 

hence cos a+cos 13a= J( - 1 +^17+ 734-2^/17) ; 

similarly we find cos 3a+cos 5a= J ( - 1 - ^17 + /s/34+2a/17). 

Now cos a cos 13a=^ (cos 12a+co8 14a) = J (cos 3a+cos 5a) ; and since we have 
thus found the sum and the product of cos a, cos 13a, we can find each of 
them. Noticing that cos a > cos 13a, we have 

cosa=TV{Vl^-l+\/34^^Wr7+2 Vl7+3Viy-Vl70+38Vl7}. 
We have then 



sin »r/17 = \/i (1 - cos a) 

=J\/34-2 VlT- 2V34-2 Vn-4Vl7+3 >/l7- 7170+38^17. 

(5) Shew^ that if f(x, j) be a homogeneous function of x, j of n-l 
dimensionSy 

f {sin X, cos x) 
sin (x - ai) sin {z— 02).. .{sin (x — an) 

__''^** f {sin On cos <ir) 



,.=3 1 sin (x — Of) sin (a^ — a^) sin (a^ — 02). . .sin (a^ — a^^) ' 



^ This theorem was given by Hermite in a memoir " Sur Tlntdgration des 
Fonctions drculaires '* in the Proc. Land. Math, Sac. for 1872. 
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The expression on the left-hand side of the equation may be written 

ji \u \ I. ^N- , where i=tan:r:,a,.=tan Or. 

(^-ai)(^-a,)...(^-a») cos a? cos a^ cos 02.. .cos 0^ 

Now since/ (^, 1) is of degree n— 1, lower than «, we have by the ordinary 
method of resolving into partial fractions 

/ (g ,i) _";" /(«nl) 

/ (sin oy, COS Oy) . COS ^ COS Qi COS g^... cos On 

"" sin(^-Or)sin(ay-ai)...sin(a,.-an) 

thus the result follows. 



Fdciorizaiifya. 

86. Since cos nd can be expressed as a rational integral function 
of the nth degree in cos Q, we can express cos -nd as the product 
of n factors linear in cos^; the values of cos ^, for which cosn^ 
vanishes, are 

TT StT (2n — 1) TT 

these cosines are all different, therefore 
cos»^ = ^ (cosd — coss-) (cos^ — coss-) 

where -4 is a numerical factor. Since the highest power of cos 6 
in the expression for cos n^ is 2'*"*cos"^, we see that -4 = 2""*, 
therefore 

co8n^ = 2*~* (cos^ — cos^ j (cos^ — cos^J 

/ ^ (2w-l)7r\ 

(^cosg-cos ^ 2n j ' 

Now cos ^ = — cos^ — ^ — - — , therefore this expression may be 



written 



cos nQ = 2""* (cos' Q - cos* ^ j (cos* Q - cos'-^ . 

( cos^ — cos'-^ — -^ — jcos dy 



when n is odd, and 



COS 



EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES. 



n0 = 2--» f COS* d - COS* ^) (cos» - cos* ^) 
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^'i-^"^) 



(^cos* ^- cos* 5^-2;^ j 
if n is even ; these expressions may also be written 
cos n^/cos ^ = 2^' (sin* J- - sin* e\ {i 

when w is odd, and 
cos 71^ = 2**"^ (sin' ^- sin* «) (sin'^^-sin*^) 

when n is even. 

In each of these equations put ^ = 0, we then obtain the 
theorems 



5 sm ^r- sin TT- 

2ri 2n 



. (w-2)7r , 



when n is odd, and 



►Hn-l) 



sm ^- sin 55— 
2n 2n 



. (n-l)7r - 



when n is even. 



...(15), 



The positive sign is taken, in extracting the square root, since 
the angles are all acute. 

If we divide the expressions for cos w^/cos 6 or cos w^, by the 
corresponding one of the products in (15) squared, we obtain the 
expressions 

cosw^ /, sin*^\ /, ^ sin'^ \ /- ^ sin'^ 





. a TT 



when n is odd ; and 
^ /- sin'^ 



tm 



«"^'2^/ 



sin*^ 



2« 



v.. (16), 



. 9 OTT 

«^^2n 



(- sin*^ \ ,-j.v 

^- ..(n-lW )-(^^)' 



when w is even. 

H. T. 



8 
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We may write the theorems (16) and (17) thus : — 

cosn^/co8^= n /l ™ ,, \ (16), 



where n is odd, and 






where n is even. 

87. As in the last article, since sin nO/sm ^ is an algebraical 
function of degree n — 1 in cos 0, we may find a corresponding 
expression for it, in factors linear in cos ; in this case 

IT 27r (» — l)7r 

cos ~, cos — ... cos ^ — 

n n n 

are the values of cos for which sin n0/ain is equal to zero. 

27r 
These values may be thus grouped ± cos- , ± cos — ; hence 

as before 

sin w^/sin = 2""^ cos (cos* — cos* — ) [cos* — cos' — ) . . . 

r « ^ - COS* —^) , 
when n is even, and 

sin n0/sm = 2"~* (cos* - cos* - j (cos* - cos* — j . . . 

/ « ii « (w - 1) 7r\ 

(^cos* ^ - cos* ^-2^^ j , 

when n is odd. 

We can write these equations in the forms 

inn^/sin ^ = 2--' cos tf (sin* ^ - sin* 0) (sin* ^ - sin* A.. 

/ . , (n-2)7r . , A 
(sm*— 2^-sin*tfj, 

when n is even, and 

sin n^/sin ^ = 2--' (sin* ^ - sin* $) ^sin' ^ - sin» d\., 

when n is odd. 



sm 
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We shall shew in the next chapter that sinw^/sin tf = 7i, when 
= 0; hence 

V^=2' sin -sin— (18), 

the last factor being sin ^^ — ^— ^ — or sin ^ — ^—^ — , according as n 
is even or odd. Hence 

sinw^/sin^ = cos^ U /l-.2il^\ '..(19), 



n /i-i2l£.\ 

I sin — / 



when n is even, and 

sinn^/sin^= U /l-ii£-l\ (20), 



when n is odd. 



n' / 1 - \ 

I sm' — / 

\ ^ / 



88. The expression cos n0 — cos w^ may be regarded as an 
algebraical function of cos of degree n, and can therefore be 
factorised ; the values of cos for which the expression vanishes 

are cos^, cosf^H J, cos [04 j , hence 

r=«-i f / 2r7r\) 
coBn0 — co8n(f> = 2*'* 11 jcos d — cos [0H )> ...(21). 

89. * We shall now factorise the expression a^ — 2af^ cos n0 + 1. 
We have 

a?" - 2 cos n0 + a?"" = (a;*"' + a?"*+*) (a? - 2 cos ^ + a?"*) 

+ 2 cos (9 (a;^"' - 2 cos (n - 1) ^ + a?""-"') 
- (a;*»-» - 2 cos (w - 2) « + a;"*^"). 

If we denote a?* — 2 cos n0 + a?~" by t*^, we may write this identity 

K = (^""' + «■*''') ^1 + ^K-i cos ^ - 1^.., ; 
this equation shews that u^ is divisible by u^, provided w^., and 
w^., are divisible by u^. 

Now lA, = (a? - 2 cos ^ + af*) (a? + 2 cos ^ + a?'^), 

hence w, is divisible by Uj, and therefore w,, and so on. 

^ This method was given by Ferrers in Vol. v. of the Messenger of Mathematics. 

8—2 



^ 
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Hence u^ is divisible by i^j, and therefore a;* — 2a? cos ^ + 1 is a 

factor of aj** — 2a?* cos n^ + 1 ; since Q can be changed into H 

without altering cos nO, we see that, when r is any integer, 

a?«-2a?co8(5+?^)+l 

is a factor of the given expression ; if we let r = 0, 1, 2... n— 1 we 
obtain n different factors of the given expression, and these are all 
the factors, hence 

a;^-2a?'*cosw5 + l= n ja?'-2a?cosf^+ — j + lk..(22), 
this may also be written 

r=«-l(' / 2r7r\ 1 

-2a?*y'*cosw5 + y*"= H ja;»-2a!ycos(5 + j + y'k..(23). 

90. In the equation (22), put 5 = 0, we have then 
{a^-Vf= n (a?»-2a?cos^^+l), 

and since cos = cos — ^ — , the factors on the right-hand 

n n ° 

side of this equation are equal in pairs, except that when n is even 

there is the single factor a;* + 2a? -|- 1, and whether n is even or odd, 

there is the single factor a?* — 2a?+ 1, hence 

a?"-l=(a?'-l) n (a?«-2a?cos^^+ ij (24), 

when n is even, and 

a;--l = (a;-l) n fa;^-2a?cos^+lj (25), 

when n is odd. 

Again, putting Q = tt/w, in the formula (22), we have 

/« nx« *'"A'M-ji o (2r + l)7r A 
(a?" + 1)' = n V - 2a? cos ^^ '— + 1 r, 

(2r + 1) TT 2 (n - r) - 1 

now cos ^ ^— = cos — ^^ TT, 

n n 

hence the factors are equal in pairs, except that when n is odd we 
have the single factor a? + 2a? + 1, hence 

a?*-H = ''y|a^-^2a?cos ^^^"^^^^ -nl (26), 

when n is even, and 
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-,;- + 1 =(^ + 1) n V- 2a?cos ^^ ^ ^"^ + 1 (27), 

r-0 I ^ J 



when n is odd. 



91. In the equation (22), put a? = 1, we have then 
1-008 71(9 = 2*-' n .l-cosf^ + =^j[; 
changing 6 into 25, this becomes 



or sinn5 = ± 2""' sin sin U + ^) sin U + — ) ...sinf^ 



n — Itt 



)■ 



where the ambiguous sign is as yet undetermined. It has been 
shewn in Art. 51, that the form of the expansion of sinw5 in 
terms of sin 6 and cos is definite ; the sign of the product on the 
right-hand side is therefore always the same ; put then = 7r/2n, 
the sign to be taken is clearly positive as each factor is positive. 
We have therefore 



In (28), change into + 7r/2n, we thus obtain 



37r\ . /^ 2/1 



i^)...(29). 



COS n0^V^ sin (0 + ~\ sin (0 + o^j... sin (0 + 

The theorem (18) can be deduced from (28), by putting ^=0, and taking 
the square root. In a similar manner, the theorem (15) may be deduced from 
(29). 

Examples. 

(1) Prove that ifu he an odd integer ^ dn nO+cosnOis divisible hy 

sin 6+008 Of or else hy sinB-cosB. 

Let ^^ = sin w^ + cos nBy 

then t*^+Wn-4=2cos2d.Wrt«2=2(cos2^-sin2^i*^_2. 

Hence, if t*»-4 is divisible by cos d+sin ^ or by cos ^- sin B, u^ is divisible 
by the same quantity. Now Wi=sin^+cos^, hence ?*-, u^^ w^g,... are all 
divisible by sin^ + cos^; also w_i=cos ^- sin d, hence u^y W7, Wu... are all 
divisible by cos ^ - sin ^. 

(2) Factorise torn. nB- tan na : 

We have tan w^- tan na= -x^ . 

cos nB cos na 
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In the formula (28), write a- tf for ^, we then have 
sinn(^-a)=(-l)»-i2«-i''"n ^sin (O-a-*^) 

=(_ l)»-i2«-icos*^'^~n'^ COS ^a+^Vtan ^- tan (a+^)} 

=(-l)«-icos*dsinw^a+|y'n"^ jtan ^- tan ^a+^^j . 

Again we have from (16) and (17) 

r-KiH-i) , sins^ \ »•='*»/, sin^tf \ 

according as ?i is even or odd. Now 1 — t-^^ =cos*^ f 1 - 7 — fa) > 

hence the expression for cos nS may be written 

r=i(»i-i) . tailed \ .»•==*«/ tan^d 



cos**^ 



S»-i) / tan^^ ^v ^A^'Ur A tan'g \ 

n /I- ^o ik \orcos^^ n /I- Jo T\ \' 



We have therefore 



sin»(a + o) n -^tand-tanf aH — ]\ 

tauw^-tanwa=(-l)'*-i 1_V .r^lJ___ Vr^^ 

cos na _ /, tan*^ 



/, tan'^ \ 

-0 ( - tan^(?!Llll![j 



the product in the denominator being taken uptor=JnorJ(n-l) according 
as n is even or odd. 



EXAMPLES ON CHAPTER VII. 

1. Prove that, if ti be an odd positive integer, and a=ir/7^ 

tan7w/)=(-l)*^'*"^^tan0tan(0+a) tan(0+w^a), 



and ntan7w/)a=tan0+tan(<^+a)+ + tan(<^ + n-la). 

2. Prove that 

sin5^-cos5 ^ -fa (A-.Ur\ l~2sin2^-4sin^2^ 
8in5^+cos5^ -^^V^ 5^^ l + 2sin2^-4sin2 2^* 

3. Prove that 



ncotwa=scota + cot f a+-j + + cot[a + ^^ ^), 

n being an integer. 
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4. If <^ = ir/13, shew that 

cos <^ + cos 3<^ + cos 90 = J (1 + Vis), 
and cos6<^+cos90+cosll<^=J(l- Vl3). 

5. Prove that 

IT 27r Btt 4»r 5»r Gtt Vtt /IN' 

cos-cos j^COS~COSj^COS^C08-COS^=(^2J . 

« -r. 1.1^ J. 2jr . 4jr , 8ir 1 

6. Prove that cos-=- + cosy + cos-=-="2' 

Form the cubic of which the roots are 

27r 47r Stt 

cos y , cos y , cos y . 

7. Prove that the roots of the equation 

^-3V3^-3^+\/3=0 
are tan SQO, tan SO^, tan 1400. 

• 

8. Prove that 

sin*o+sin*3o+sin* 7a + sin* 9a + sin* lla+sin* 13a+sin* 17a+sin* 19a=3i, 
where a=7r/20. 

9. Prove that 

2»-isin0sin (<t>+—) sin ^0+ — j sin ^0+ ^ ^ ^ J 

-cos 71 (0 + ^)' 



TlTT 

= cos^ 



10. Prove that 



to 2n terms, is equal to 2n cosec 27ia. 



11. Prove that 



. 2jr . 47r , n-^n . n-2 

sm ;;- sm^r- sm -^ — sm 



n . riTT / » 



n :^,27r „:^2(!*:illl 



2/1 2n 2n 2/i 

where n is an even positive integer. 

12. Prove that 

sin2^ sin2^' sin ^ 

n 2n 2yt 2/^ 

where n is any positive integer. 

13. Prove that 
sin v^ sin nO 

sin sin ^ 

«2»-i |cos(«^-^)-cos ^0+^+^)1 |cos(0-d)-cos^«^+d+^j| 
the number of factors on the right-hand side being w- 1. 
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14. Prove that mainnB-nsinmB is divisible by sia'd, if m and n are 
positive integers such that m ornis even. 

16. Shew that if m is a positive integer, sec^ ^ + cosec^ ^ can be 
expressed in a series of powers of cosec 2A, 

in -n^ xu i. sin2asin4a Bia(2n-2)a 

16. Prove that n = — r— ^ r-;^ -^ , 

sm a sm 3a sm {2n- 1) a 

where a=7r/2n. 

17. Prove that 

/,v sin^^ sin^g 

sin(a;-a)sin(:r-6)sin(^-c)~ sin (a? -a) sin (a -6) sin (a -c)' 

/Qx sin a? cos (a?-a) sing 

sin(^-a)sin(:r-6)sin(:r-c)'" sin (^r? -a) sin (a -6) sin (a -c)' 

18. Prove that the product of 



-1 

+ 



1+cosa, 1+cos fo+— j 1-f cos faH ^j, 

is 2»-*{(-l)**-cosi7ia}2 or 2^-^ (\-\- cos na), 

according as n is even or odd. 

19. Prove that 
«»= (versing) ' + (versing) ' + (versing) 

n terms being taken on the right-hand side. 

20. Prove that 

(tan Ti** + tan 37 i'* + tan 67^°) (tan 22^° + tan 52^'' + tan 82^**) = 17 + 8 V3. 

21. Shew that, if m is odd 
tan»i0=tan0cot (<f>+ — j tan (0+ 5— J 

22. If 28a = TT, shew that 

^14=213 sin a sin 2a sin I3a, 

and cos 2a + cos 60 + cos 1 8a = JV "7. 



23. Prove that tan r- tan ^r- tan —^ — =1, 

2n 2n 2n ' 

n being any positive integer. 

24. Prove that 



cosec 0? + cosec [x-\ 1 + + cosec [a;-] — ) 

V ^/ \ n J 



= w {cosec wo? + cosec (tw? 4- 3r) + +cosec(/u7-|-»-l7r)}. 



EXAMPLES. CHAPTER VII. 121 

25. Prove that, according as li is even or odd, 

2(1 -fees 7^^) or (H-cos7^^)/(l-fcos^), 
is the square of a rational integral function of 2 cos 0, Shew that 

l+oos9^=(l+cos^)(16cos*d-8cos3^-12cos2^+4cosd+l)3. 

26. Prove that 2*"i cos* ^- cos 7t^ is divisible by 1 +2 cos 20, when n is of 
the form 6m- 1, and by (1 +2 cos 2$)% when w is of the form 6m+l, m being 
a positive integer. 

Prove that 

2i0cos"^-cos 11^=11 cosd(l+2cos 2^){(14-2cos2^)3+(l+2 cos 2^)+l}. 

27. Prove that, if n be an odd positive integer, and 

tan(Jtr+i<^)=tan«(i^+i^), 



»-=l(n-l) 

then sin0=wsin^ U - 



14-sin2^cot2-' 
n 



l+sins^tan^- 



28. Shew that any function of the form /(sin 0, cos $)/<f> (sin 6, cos $\ 
where /and <f) denote rational integral functions of degree w, containing cos* 6, 
can be expressed in the form ilnsin J(^-o)/nsin J(d-a'), where A and the 
quantities a, a', are independent of 6, and there are 2n factors in the numerator 
and 2n in the denominator. 

If the function —, sttt-tt a\ ^ - a\ ^ ^ expressed m this form, 

a'cos2^+6 cos^+c'sm^+cr ^ 

prove that Sa and 2a' are even multiples of w. 



CHAPTER VIII. 

RELATIONS BETWEEN THE CIRCULAR FUNCTIONS AND 
THE CIRCULAR MEASURE OF AN ANGLE. 

92. We shall now investigate theorems which assign certain 
limits between which the sine, cosine and tangent of an angle 
whose circular measure is less than ^tt, must lie. The first 
theorem which we shall prove is that if be the circular measure of 
an angle less than ^tt, then sm 0<0< tan 0. 




Let AOB=^AOB^0 and let TB, TE be the tangents at 
B and E, then we shall assume that BCF < arc BAB' <BT + TB\ 
consequently we have 

BC/OB < arc BA/OB < BT/OB. 

Now ^ = arc BA/OB, sin 5 = BC/OB, and tan = BT/OB ; 
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therefore sin 0<0< tan 0. If had been greater than Jtt, T 
might have been on the other side of 0, and the inequalities which 
we have assumed would not necessarily hold. 

Since sin 5<5 < tan 0, we have 1 < 0/Bm 5 < sec ^ ; now suppose 
to be indefinitely diminished, then in the limit when ^ = 0, we 
have sec ^ = 1, hence also the limit of ^/sin 0, when is indefinitely 
diminished, is unity. Since 

^ = (0 cosec 0)"^, and — g — = sec ^ . (^ cosec 0)"^ 

we have the theorems that the limiting values of —w- and — ^ — 

when is indefinitely diminished, are each unity. 

The theorem may also be proved thus : — The triangle OAB, the sector 
OAB^ and the triangle OBT^ are in ascending order ef magnitude; and 
A OAB^^OA . BC^iOA^ sin $, also sector OAB=\OA^ . d, and 

A OBT=iOB, BT=iOB^. tan 6, 

therefore sin ^ < d < sin S. 

The inequality BCB'<aTcBAB'<BT-\-TB', maybe proved by elementary 
Geometry, if we assume the definition given in Art. 11, of the length of a 
curvilinear arc as the limit of the sum of the lengths of the sides of an 
inscribed polygon when the number of sides is indefinitely increased. 

93. The reason, to which we referred in Art. 5, why the 

circular measure is more convenient in Analytical Trigonometry 

than any other measure of an angle, is that in this measure, the 

sine and tangent of an infinitely small angle are each ultimately 

equal to the angle itself, whereas if we use any other measure, as 

for instance seconds, this is not the case ; we have in the case of 

seconds 

sin n" sin tr 

X 



n" 180x60x60' 

tan n" __ tan ir 

~r^' W^ 180x60x60' 

where is the circular measure of n seconds, hence the limits of 

sin n" tan w" , • • j /? •. i j- • • t_ j i. i j. 

— 77— , — 77 — when n is mdefinitely diminished are each equal to 

IT 

If then we used seconds instead of circular 



180x60x60" 

measure, we should constantly have the quantity zr^jr — ji^ — ^^ 

J ^ J 180 X 60 X 60 



msin 



124 THE CIRCULAR MEASURE. 

occurring, instead of unity, in the large class of formulae which 

1 xu T 'x* 1 i» sm 6 , tan 6 

involve the limiting values of — ^— and — ^ — . 

The limits of m sin — , m tan — are each a, when m is infinitely great, for 

in--=a ( — ^— ) , witan -=o ( —x- ) , where ^=— , and when m is indefi- 
nitely increased, 6 becomes indefinitely small. The limiting values of -^^^ , 
r--^, when 6 is indefinitely diminished, are each equal to pjq, 

94. Since, if 5 < Jtt, tan ^5 > J^, we have sin ^5 > ^5 cos ^5, 
hence 2 sin \6 cos \d>0 cos* \6, 

or sin(9>5(l-sin»i5), now sin»i5<(i(9)», 

hence sin(9> 5(1 -J^) or sin5>5-i^. 

Also cos 5 = 1 — 2 sin' \6y and this is greater than 1 — 2 (^5)*, 
or cos 5 > 1 — 1^. Also since sin \6 >\6 — \ {\0f we have 

cos5<l-2(i5-A57<l-i^ + ^5^-2^, 

hence cos 0<1 — \6^ + -j^5*. We may state the results we have 
obtained thus : 

If 6 he the circular measure of an angle less than Jtt, then sin 6 
lies between and — \0^, and cos lies between 

l-\0^ and l-.ie« + 3^5\ 

95. We shall now shew that if 5 < Jtt, 

sin5>5-J^, cos5>l-|^ + ^ij^. 

This makes the limits for sin and cos closer than in the 
theorems of the last article. 

We have 3 sin J5 — sin 5 = 4 sin'^5, 

C\ ' • A ' A 

3 sm g5 - sm g = 4 sm'* ^^ , 



*^ • • A ' H 

3 Sin g^i - sm ^i = ^ sin' ^„ . 



Multiply these equations by 1, 3,3'* .3** * respectively, and then 

add them, we have 

3~sin|,--sin5==4(sin'|-|-3sin«|i+...+3"-^sin«|i), 



hence 
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Sin ^« ,^8 fA 






3 



n 



^' I •■■ ' qa "r q4 • • • • ' 02n-t J • 



8IB3. 



. 5 

an 
Now let n be increased indefinitely, then the limit of -^ 

3" 

is unity, and of the series 1 + «, + ^ + . . . is ^ = § ; therefore 

3« 
^-sin^<i^, orsin5>^-i^. 
Also cos ^ = 1 - 2 sin'45 ; 

therefore cos (9 < 1 - 2 (J^ - :^^)» < 1 - J^ + ^ ^. 

Hence sin 5 lies between and - ^5', a?id cos ^ lies between 
1 — ^6P and 1 — \0^ + ^^*, ^Ae angle being less than ^tt. 

We have also tan d=sin ^/cos ^, hence 
or tan ^ > ^+5^ + i^- A^, therefore tan d > ^+ J^. 



Euler's prodiict 

96. We have sin 5 = 2 sin ^^ cos ^0, 

.0^.0 
sin2 = 2sm25COS ^, 

e% • 

sin25=2sm23C0S25, 



e% • 



hence 8md = 2"cossCOS55...co8 5JiSin-jr;. 



e e 0.0 
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Now when n is indefinitely increased, the limit of 2* sin ^, is 5; 

hence the limit, when n is infinite^ of the product 

6 e . &m0 

COS2COS|5COS2j...COS2i;, IS —g-' 

In this product, put ^= Jir, we then obtam Vieta's expression for w, viz, : 

2 V2 \/2+V2 V2 + V2+V2 



n 



2 • 



Examples. 

(1) Prove that as 6 increases from to ^, — ^- continAwlly dimirdshes^ 

. tan 6 ^ . 7» . 
OTIC? — ^— contmvmly increases. 

V 

We shall shew that — -r- > — ^ , ^ ; that is 

/>i»v.yi ^/'/i X. ii'i\ tan^_ sin A 

(B-^-h) Bm6>B (sm 6 cos A+cos ^ sm h\ or --^r- > 1—7^ jr-^ . 

^ ' a A+(l — cos«}a 

^, ^tan^ , sinA ,sinA sinA . - , 

Nowweknowthat — ^-> 1 >— 7— iMid-^— >T-r7i rnijSmce 1-cosA 

6 h ^ h A+(l-cosA)d 

is positive, hence the inequality is established ; thus —^ diminishes from 
1 to 2/9r, as 6 increases from to ^. 
We shall next shew that 

^~t ~ ^ ^T^ , or ^ sin (^+A) cos ^ > (^+A) sin B cos (d+A) ; 

this is equivalent to 

^ . 1 I • yi /ii . »\ sin A sin ^ ,. . ,. 
^ sm A > A sm ^ cos (^+A), or — y- > — ^ cos (^4-A), 

now we may suppose h < B, hence by the first theorem 

sin A ^ sin ^ , . , - sin^^sind /a . i\ 
—J— > —z~ > *^^ therefore — ^— > —3— cos {B+h), 

ft U U U 

Thus as B increases from to Jir, ^ increases from 1 to 00 . The theorems 

may be seen to be true, by referring to the graphs of sin B, cos B, given in 
Art. 32 ; it will be seen that in the first case the ratio of the ordinate to 
the abscissa diminishes, and in the second case increases, as B increases from 
to Jir. 

(2) Prove that the eqrtaiion tanx=\x has an infinite number of real roots, 
and find the approximate valties of the lasrge roots. 

In Art. 32, we have drawn the graph of the function tan x ; draw in the 
same figure the graph of X:r, this is a straight line through the point 0. The 
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straight line will obviously intersect each branch of the graph of tan x^ and 
the values of x corresponding to these points of intersection are the solutions 
of the equation. There is therefore a root of the equation between 

*=(at-l)|and (2A+1)|, 

where k is any integer. If it be large, then (2Jt-f 1) ^ is obviously an approxi- 

mate solution ; to find a nearer approximation let ^=(2l:+l) ^+y, where y is 

small, then - cot y =Xy + (2it + 1) -^ ; putting cos y = 1, siny =y, and neglecting 
y\ we have 
-l=(2i+l)?Jy,ory=-p^, therefore ^=(2*+l)|-^-2^j- 

is the approximate solution. To find a still nearer approximation, neglect y^, 

2 
putting y = - /o i , Tvx in the terms which involve y\ we have 
(^* + 1} Air 

hence y (ai+i)^=_l+(j_X) ^ 



or v= — 



(a{r+l)«XV 

y (aMTyw''"^* " ^^ (2it+l)»XV ' *''* ^PP"*^*"*** ^l"e of ^ is there- 

fore4;=(2*+l)|-pj^j-jy^+(i-X)p-j;^^^^^. We have supposedX to 
be neither very large nor very small. 

1 B 3 3 

(3) Prove that ^ = cot d+J fow ^ -f J tan -r + J tow - + . . . ac? m/. 

V 2 4 o 



i cot - - cot ^=i tan ^ 
hence also Jcot~-icot^=Jtan j, 



1 . ^ 1 .3 1 . 3 

hence by addition, we have 

itan2 + 22tanp+...+22;,tan^=22^cot22S-cot^. 

1 ^1 

Now when n is indefinitely increased, the limiting value of ^ cot og;; is ^ , 

hence the sum of the series to infinity is ^ - cot ^. 

V 

If we put ^= Jir, we obtain the theorem 

-=Jtan|+Jtang+iV<»nj^+.... 
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The limiting values of certain eoapressicms. 
97. When n is indefinitely increased, the limiting values of each 

. e 

v n • • 
of the expressions, cos - , — - , is unity, hence the limiting values 

n 

sm-\ 

-^— I, are also unity provided r is any quantity which 

is independent of n ; but if r is a function /(w) of n, which becomes 

infinite when n does so, the expressions (cos -J , | x J are 



n 

undetermined forms of the class 1", and the values of their limits 
depend upon the form of/(n). 

To determine the limiting values of ( cos - J , we have, denoting 
the expression by u, 

loge w = \f(n) log, (l - sin« ^ 



= -J/WUn'-+isin*-+... I, 



hence we can find the limiting value of log, u, and therefore of u, in 
the following cases — 

(1) f{n)^n. 

log.i^ = - \n sin - ^sin - H-J sin'- +...J ; 

now w sin — = 1 in the limit and the other factor becomes zero, 
n 

hence log, i^ = 0, or w = 1 in the limit. 

(2) f{n)^n\ 

log,'M = — in*sin*-f 1 +^sin-+...j 

= — J^ in the limit ; 
thus the limit of ^^ is e~*^. 
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(3) / (n) = < where p>2. 

log^u==— Jn"sin*-(1 +isin -+...).w*^ 

= — X , when n is infinite, 
hence the limit of u is zero. 

sin - \ sin - 

98. To find the limiting value of ( -^— I ; since — y is less 



n / n 

. /. ^\* 

sm - ^ /sm-\ 

than 1 and greater than ^ or cos - , the limit of | — y- I lies 

tan - \ - / 

n \ w / 

between 1" or 1, and (cos -j ; thus from case (1) in the last 

Article, the limiting value of the expression is unity. We see 

. 0\^^ 1.0^^ 

sin-\ /sm- 

also that the limiting values of I -y- ) and of | x I (p > 2) 



n I \ n 

lie between 1 and e"*^, and between 1 and 0, respectively. 

Series for the sine and cosine of an angle in powers of its 

circular measure. 

99. In the formulae (39), (40), of Chapter IV. write for 
A, and let ic = n0, we have then 

n-i/i • /I w(n — l)(n — 2) -.. ^ . 8^ . 

sina? = nco8* *^sin^ ^^ ^ ^ cos* ' 5 sin'5 + ... 

o I 

cosa: = cos"^ ^-^-j — ^C08""'^sin*5+ ... 

We may write these series in the forms 
sin. = .cos-'g(gy)- ^<^-^H-^-^^> co8>^g(gy)'+... 

+ (_ ly ^(^-g-<^-^^ ^) cos— « e («^"' + (- ir ii 

H. T. 9 
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COS 



+ (_ 1). -(^)^^-^i^^l^ COS- ^ (^V (- ir ^, 



where 



^ = (2^^3)1 ^^ ^ 



/ sin ^ ■*'**. 

_ x(x-0)...(x-28 + ie) ..^ - /sin es*-** 
^ = (2^^2)1 ^' ^l-^J -•••• 

Now each term in R will be numerically greater than the 
following one, provided 



(a?~2r + 3g)(a?-2r + 4g) /tan ^' 
(2r + 4)(2r + 5) V 5 / ^ ' 

for the ratio of any tenn to the following one, diminishes as 
r increases ; also each term in S will be less than the next one, 
provided 

(a? - 2 s+20) (x -- 2g+ 3g) /tang\» 
(25+3)(2« + 4) \ e )^ 

Suppose r, s any fixed numbers so great that these conditions 
are satisfied, then the series of terms in 12 and 8 are such that 
each term is less than the preceding one, therefore R and 8 are 
positive and each less than its first term ; we can therefore put 



„ _ x{x-ff)...(x-'iT + 2ff) ^^ „ /sin ^'^ 
^"* (2r + 3)! ^ \T) ' 

, o ,x(x-ff)...(a:-2s+lff) ,-jrt /, /sin ^*^ 

where €, e' are proper fi^actiona Now let n be indefinitely 
increased, x remaining finite, so that 6 becomes indefinitely small, 
and let r and 8 be fixed numbers such that 



J (a?-2r+3g)(a?-2r+4g) /tanj^\* 
^'-' (2r + 4)(2r+5) I .6 J ^ '' 



J- (x-2s+20)(x-2s + S0) /ta^^y - 
^'-^ (2* + 3)(2a + 4) V'^ j^'- 

Now since L -^— = 1, we have Z (—3") ~ 1> where A is any 
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( 



cos ~ 
n) 



fixed finite number; also Zcos**^*^ = Zi ^x , and we know 

J u 



cos' 



from Art. 97, that Z f cos - j =1, and also L cos* ^ = 1, therefore 

L cos*^* ^ = 1. The series for sin a?, cos a?, become therefore, put- 
ting ^ = 0, 

• OCT Qj . y tW *** . f ■• \«i4>1 *^ 

cos.; = l-J + ^-... + (-l)V-g;- + (-ire' ^ 



21 41 ■ V -/ (2s)i ■ V -/ ^^(25 + 2)!' 

where e^^ e^ are the limiting values of €, €'. These equations hold 
for all finite values of a?, provided r, «, are numbers large enough 
to satisfy the inequalities 

Oj - (XT ^ 



(2r + 4) (2r + 5) ^ ' (25 + 3) (2« + 4) 

such values of r and « can be found, for any given value of x. 
Now let r and b become indefinitely great, the finite series then 
become infinite ones, and we have, since the last term of each 
series becomes infinitely small, 

cosaj = l-5- +T-,- ^, + ... + (- 1) To— Tf +•••• 
2 ! 4 1 ! ^ ^ (2m) ! 

The ratio of the absolute value of the m + 1th term to the 

» m X • X 

preceding one, is t: — --=- in the first series, and ^r- in the second 
^ ° 2m + 1 2m 

series, and whatever x is, each of these ratios may be made as 

small as we please by making m large enough; we thus verify what 

has been proved above, that these infinite series are convergent for 

all finite values of x. 

EXAMPLE& 

(1) Expavid coi^ X in powers ofx. 

We have cos^ x=^ (cos 3:r+3 cos a) ; expanding cos 3a', cos x in powers of 

32»+3 
a?, we find for the general term in the expansion of cos^ ^, ( - 1)« . , . ^ a^. 

It will be seen that any integral power of cos x or sin Xy or the product of two 
such powers, may be expanded in powers of x, by putting the expression into 
the sum of cosines or sines of multiples of a:, 

9—2 
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(2) Expand tan x in powers of x a^far cu the term in x^ 

We have ten*=f -'^ + ^-5^}{l-f + ^- ^} \ leaving out 
terms of higher order than ai^. Expanding the second factor, we have 

tana;-l^-^+^-^iri + r^-^+^Ur^-^V + (^^^n- 
tan^-j^ 6^120 5040JL V2 24 + 720; + V2 24/^V2/J' 

multiplying out and collecting the coefficients of the terms up to ai^^ we find 

tan ^=^+ J^+ Aa^+^3^^ 

(3) Find the limiting value of ^^ '—^ ^^ when x=0. 

The numerator of the expression is equal to 
tan x-\ tan3a?+ yJ^ tan^ or- ^^^ tan^ or- sin ^- J sin^^- ^ sin^ x - ^^ sin^ ^, 
using the expansion obtained in the last example. This is equal to 

rejecting all terms of higher order than a^ ; this expression reduces \/o- ^x^. 
The limiting value of the given expression is therefore - 1/30. 

The Relation between Trigonometrical and Algebraical 

Identities. 

100. From any Trigonometrical identity in which the angles 
are homogeneous functions of the letters, a series of Algebraical 
identities may be deduced, by expanding the circular functions 
in powers of the circular measure of the angles, and equating 
the terms of each order. Thus for example, in the formula 
sin a sin ft = ^ {cos (a — 6) — cos (a + b)}, expand each of the sines 
and cosines and equate the terms of the second order, we have 
then a6 = J {(a + by — (a — 6)'}. In Articles 44. and 47 of Chapter 
IV., we have given a number of examples of analogous Trigono- 
metrical and Algebraical identities ; in each case the Algebraical 
identity is obtained, as we have above explained, from the Trigo- 
nometrical one. For example, in example (7), Art. 47, which may 
be written 

S sin' a sin (fc -1- c — a) — 2 sin a sin b sin c 

= sin (6 + c — a) sin (c + a — fc) sin (a -h 6 — c), 

if we equate the terms of the third order, when the sines are 
expanded, we obtain the analogous Algebraical identity 

Sa' (b-\-c-'a)- 2abc = (6 -h c - a) (c + a - fc) (a -h 6 - c). 



EXAMPLES. CHAPTER VIII. 133 



EXAMPLES ON CHAPTER VIII. 

1. Prove geometrically that 

tan^>2tan^d, where B<\n. 

2. Trace the changes in the value of tanS^cot^d, as B increases from 
to ^. 

Shew that 17+12^2 is a minimum and 17-12^2 a maximum value 
of the expression. 

3. Prove that tan Z6 cot 6 cannot lie between 3 and 1/3. 

4. Prove that B> ^r- ^, where 6<hr. 

2+cos^' ^ 

6. Prove that 3 tan 5^>5 tan 3^, if B lies between and ir/10. 

6. Shew that the value of -;— ^-^ - z^ when ^=0, is J. 

sm^ B 6^ ' ^ 

7. Prove that sin (cos B) < cos (sin B), for all values of B, 

8. Prove that the value of the infinite product 



tan^* 



9. If — 7 — 7^ = 1 + w, and n be very small, prove that 

sm <^ • » x- 

sin <^ = (1 - ^) sin ^By approximately. 

10. Find the value of — >-t-^ — ;r^ , when B=hr. 

co8{BsmB) ^ 

11. Find the limiting value, when ^=0, of ^ . 

12. Prove that the limiting value of 

/ cot^ \tell»(iir+i<>) 

VVs^iH^; ,when^=i.,isei 

13. Prove that 

/sina;\2 x „a; . ^x ^x „^ . ^x 

) =l-sm2- -cos2 -sm2-j -cos^ -cos^- sm^ -- 

\ X ) 2 24 248 

14 If in the equation tan ^= — 7 — : — i 1 — i — \ — i — > the angles 

^ cotai+cota2 cota8+cota4 

«!» «2» 03* 04 ^ all nearly equal ; shew that B is very nearly equal to 

i(ai+a2+og+04). 
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15. Sum the series 

coBs + 2 COS 5 COS 5« + 2* COS 3 COS r: COS =*+ to 71 tenus. 

16. Prove that the sum to infinity of the series 

tan 5 sec a? + tan g2 sec 5+ tan =, sec ^ + is tan ^. 

17. Shew that 

B 6 B 6 6 
^- sin ^ cos ^=2 sin 6 sin* ^ +2* sin ssin*7 + 23sin 7sin*o + ad int 

2 2 4 4 8 '' 

18. Prove that tan 6^ — | 1 1— 

COtr- COt^- cots- 
2 4 O 

19. If ^ < IT, shew that 

2|^sin^ + sm-j+ +«^°2i»J L^2"*"'^22 + "*"^2^J 

^[sin^sing sin — ^J.. 

20. If a and h be positive quantities, and if ai=^\{a-\'h\ 6i=(ai6)^ 

ag=J(ai+6i), 62=(^M > ^"^^ ^^ ^^> shew that a^ = 6^ = ^ f . 

—1 ^ 

cos * Y 
O 

Shew that the value of yt may be calculated by means of this formula. 

21. Find the value of the infinite product 

(sin 6 cos \6^ (sin \6 cos \6)^ (sin \6 cos |^)i 

22. If tan ^=4^, the value of 6 between and \tt will be 

2 \2ir 247r3 ■*■ 480ir« "^ / ' 



/ 



23. Prove that -^1^ = | ^ 

l+2cos^ 1 



24. Prove that 



. 6 
2C0S--1 



9 QQg 9n^ _i_ 1 

2008^4-1 =(2cos6?-l)(2cos26?-l) (2cos2»-i^- 1). 

25. Sum to n terms the series 

^ log tan 2^ +^2 log tan 22^ +^3 log tan 23^+ 



4n gjn*^ 
26. Having given that the limiting value, when ^=0, of ^_ . ^^ , is 

neither zero nor infinite, find n. 
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27. Find the limit, when j?=0, of 

1 - cos 2a?+cos 4a?- cos &r+cos 8^- cos IOa'- cos 14a7+cos 16a? 

3- 4 cos 2a? + cos 4a? * 

28. Prove that the sum of the infinite series whose f^ term is 

^-^)'"' 2r-l(2r-2)! « ^«in(l»+l)- 

29. If 6 be very small, and <^=^- 2^ sin ^+|€^ sin 20, shew that 

B=<l>+2eBm<l>+^mn 2^, nearly. 

30. If y=2;+l;sin(;z+Xra), expand z in powers of the small quantity k, 
as £Eur as the term in k^. 

31. From the Trigonometrical identity 

sin {d- b) sin (a- c)+sin (6-c) sin (a-cQ+sin (c- (i) sin (a- 6)==0, 
deduce the Algebraical identity 

(J- 6) (a-c) {(rf- 6)H(a-c)2}+(6-c) (a-cO {(6-c)2+(a-fl0^} 

+(c- cQ (a- 6){(c-<i)H(a- 6)*}=0. 

32. Prove that <^ diflfers from oToT — g^ ^7 A^^ nearly, <^ being a 
small angle. (Snellius' formula.) 

33. Find the circular measure, to five places of decimals, of the smallest 
angle which satisfies the equation sin (a?+ Jtt) = 10 sin a?. 

34. Solve the equation (sin 0)^*^^ = 6, approximately, where a is positive 
and not large, and B is known to be nearly equal to a, which is itself not very 
small. 



CHAPTER IX. 

TRIGONOMETRICAL TABLES. 

101. In order that the formulae of Trigonometry may be of 
practical use in the solution of triangles and in other numerical cal- 
culations, it is necessary that we should possess numerical tables 
giving the circular functions of angles, so that from these tables we 
can find to a sufficient degree of accuracy the functions correspond- 
ing to a given angle, and conversely the angle corresponding to a 
given function. Such tables are of two kinds, (1) tables of natural* 
sines, cosines, tangents, &c., in which the numerical value of the 
sines, cosines, tangents, &c., of angles, are given to a certain number 
of places of decimals, and (2) tables of logarithmic sines, cosines, 
tangents, &c., in which the logarithms to the base 10, of these 
functions, are given to a certain number of places of decimals. 
The latter kind of tables are those which are now used for most 
practical purposes; in nearly all such tables the logarithms are all 
increased by 10, so that the use of negative logarithms is avoided ; 
the logarithms so increased are called tabular logarithms and 
written thus, L sin 30" ; so that L sin 30" = 10 + log sin 30". 

Calculation of tables of natural circtdar functions. 

102. We shall first shew how to calculate tables of the natural 
circular functions, which will give the values of these functions 
accurately to a certain specified number of places of decimals, for 
all angles from 0" to 90", at certain intervals such as 1' or 10". 
We will first calculate the sine and cosine of 1' and of 10". 

* Logarithms were formerly called *• artificial " numbers, thus ordinary numbers 
were called " natural " numbers. 
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(1) To find sin 1', cos 1'. 

Let ^ = ^ ^7i — 7^7, , denote the circular measure of 1', then 
180 X 60 

^ = ''"'''S''^''- = -000290888208665 

to 15 places of decimals, hence 

i^ = J (-0003)' = 000000000004 

to 12 places of decimals. 

Now from the theorem in Art. 95, sin 1' lies between and 
6 — ^G^y and these quantities only differ in the twelfth decimal 
place, therefore to eleven places of decimals 

•00029088820 is the correct value of sin 1'. 

We find also 1 - ^^ = 999999957692025029 

to 18 decimal places, 

and ^^ = -^ (00029. . .)* = '00000000000000029 

to 17 decimal places. 

Now cos 1' lies between 1 — ^^ and 1 — ^^ + ^ff^ ; arid since 
these two quantities differ only in the 16 th decimal place, we have 
cos 1' = -999999957692025 correct to 15 decimal places. 

(2) To find sin 10", cos 10". 

If 6 = Trr^T^ y the circular measure of 10", 

64800 

we find = '000048481368110 to 15 decimal places, 

J^ = -000000000000021 to 15 decimal places, 

hence the two quantities and — ^0^ agree to 12 decimal places, 
therefore sin 10" = '000048481368, to 12 decimal places. 

Also -^0* is zero to 17 decimal places, thus cos 10" = 1 — ^^, 
or cos 10" = -9999999988248, to thirteen decimal places. 

103. The formulae 

sin uA = 2 cos -4 sin (n — 1) J. — sin (n — 2) J., 

cos nA = 2 cos J. cos (n — 1) ^ — cos (n — 2) A, 

enable us to calculate the sines and cosines of multiples of 1', or of 
10". Let A = 10", 2 cos 10" = 2 - 1 where k = -0000000023504, 
then the formulae may be written 

sinn^ —sin (w— 1) J. = {sin (w — 1) J. — sin {n—2)A}'-k sin {n — 1) A, 

cosnJ.— cos (n— l)^ = {cos (n — 1) J. — cos(/i— 2)^4} — A;cos(n — 1) A, 
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if in these formulae we put w. = 2, we can calculate sin 20" 
and cos 20". We can now by letting n = 3, 4, 5,... calculate 
the differences sin nA — sin (n — 1) A, cos nA - cos {n — 1) A, 
when the preceding differences sin (w — 1) -4 — sin (n — 2) A, 
cos (n — 1) J. — cos (n — 2) A, and also sin (n ~ 1) A^ cos (n — 1) A, 
have been found; hence these dijBTerences can be found by a 
continued use of the formulae ; we can then find sin nA, cos nA, 
and thus we can form a table of sines and cosines of angles at 
intervals of 10". We have k = 000000002354, thus in calculat- 
ing A;sin(w — 1)^, A; cos (n — 1) -4, we need only use the first few 
figures of the value of sin (w — 1) A, cos (n — 1) A. 

104. When sin nA, cos nA, are thus calculated by successive applications 
of the formulae, the errors arising from the use of approximate values of 
sin A, cos A, will accumulate during the process ; it is therefore necessary to 
consider how many places of decimals must be used during the process, in 
order that with assumed values of sin A, cos A, correct to a certain number of 
places of decimals, we may obtain values of sin nA, cos nA, which will be 
correct to a prescribed number of places of decimals. 

Suppose m the number of places of decimals to which sin A, cos A, have 
been calculated, and suppose that r is the number of places of decimals that is 
retained in the calculation of the sines and cosines of successive multiples ; 
let u,^ be the value of sin nA or cos nA, obtained by this process, and t^^+^H 
the corresponding correct value, we have then 

w»+^»=(2-l?)(t*«_i + a:H_i)-K-i+^»-2)i 
also Un={^-^^n-i-'^n-2) whcre iif is the approximate value of k tor places 
of decimals, let {k — k^ ^-i=yn we have then 

hence ^» = (2 - k) ^r^-i - ^n-2 ^I/n 

or ^,»=2a?«_i-a:H-2-^H> where z^^^^+ka;,,-^; 

this may be written {x^ -x,^-{) = {x^-i — ^» - 2) ~ ^n> 

whence (•^n-l""^n-2)~(''^n-2"~'^n-3) "^n-l 



^2 "~ "^l — ^1 ~~ ^2 » 



therefore ^H-'^»-i=^i-(^2+%+"*+^n); 

the quantity ka;^-i is very small compared with ar^-i, hence y»+^^w-i differs 
insensibly from y^, hence each of the quantities Z2, z^...z^ is less than 1/10^, 
therefore their arithmetic mean 6^ is less than 1/10**, thus 

^w ~ ^H - 1 = ^1 "~ (^ "" 1 ) ^l» > 
^n-l"~^n-2~^l~(^""2) 6^-1, 



^2 "" "^l — '^\~ ^2> 



or ^H=w^i-(^2+2^3+... + »-l^*); 
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now $29 ^s'-^ni £^^ ^^^^ numerically less than 1/10^, hence 

-(^2 + 2^3+...) 

is less than ^{n- 1)/10»", or 

n . n(n-l) 

**n jQm-t- 2.10r ' 

- .. . n , v^ / V 

a fortiori x^< j^ + ^-^^ (a). 

If in this formula m = 1 2, w = 10800, 

108 5832 

< -0000000108 + -00 5832, 

where there are r - 8 zeros in the last decimal, hence if r = 15, a;,j< <XXXXX)07, or 
u^ is correct to seven places of decimals; now 10800 x 10'^ =» 30'', hence the 
sine or cosine of 30** will be found correct to seven places of decimals if when 
calculating the sines or cosines of the multiples of lO'' up to 30° we retain 
15 places of decimals throughout the calculation. The formula (a) may be 
applied in all such cases to determine the number r, so that x^ may be zero to 
a certain number of decimal places*. 

Example. 

Prove that in order to calculate the sines and cosines of multiples of 10" 
up to 45°, correct to 8 places of decimals, the values of sin 10", cos 10" being 
known to 12 decimal places, it is necessary to retain 17 decimal places in the 
calculation. 

105. When a table of sines and cosines of angles at intervals 
of 10", or of 1', is required, it is only necessary to calculate the 
values for angles up to 30®, we can then obtain the values of the 
sines and cosines of angles from 30' to 60^ by means of the formulae 

sin (30' + ^) + sin (30* - ^1) = cos il, 
cos (30«- il) -cos (30* + ^) = sin^, 

by giving A all values up to 30°. When the sines and cosines of 
the angles up to 45° have been obtained, those of angles between 
45° and 90°, are- obtained from the fact that the sine of an angle is 
equal to the cosine of its complement, so that it is unnecessary to 
proceed in the calculation further than 45°. 

The method of calculating Tables of circular functions, which we have 
explained, is substantially that of Bheticus (1514 — 1576) ; his tables of sines, 
tangents, and secants was published in 1596, after his death. The earliest 

* This article has been taken substantially from Serret's Trigonometry. 
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table is the Table of chords in Ptolemy's " Almagest," for angles at intervals 
of half a degree. Historical information on the subject of Tables will be found 
in Button's " History of Mathematical Tables ;" see also De Morgan's Article 
on Tables in the "English Encyclopaedia." 

The verification of nwmerical values. 

lOG. It is necessary to have methods of verifying the correct- 
ness of the values of the sines and cosines of angles calculated by 
the preceding method; this may be done by the following means: 

(1) We have formed in Art. 66 a table of the surd values of 
the sines and cosines of the angles 3^ 6**, 9**. . .diflfering by 3*^ ; we can 
therefore calculate the sines and cosines of these angles to any 
required number of places of decimals, then the values of the 
functions obtained by the method of calculation above explained, 
may be compared with the values thus obtained. If necessary, 
the values of the sines and cosines of angles differing by V 30', 
may be obtained by means of the dimidiary formulae, and we have 
thus a still closer check upon the calculations. 

(2) There are certain well-known formulae called formulae 
of verification, these are 

cos (36' + 4) + cos (36' - ^) = cos ^ + sin (18' + ^) + sin (18' - ^1) 

sin ^ = sin (36' + il) - sin (36' - 4) + sin (72' - 4) - sin (72' + ^), 

(Euler's formulae). 

cosil=sin(54' + ^) + sin(54!'-^)-sin(18' + il)-sin(18'-u4), 

(Legendre's formula). 

The verification consists in the substitution of the values obtained 
of the functions, in these identities. 

Tables of tangents and secants. 

107. To form a table of tangents, we find the tangents of 
angles up to 45', firom the tables of sines and cosines by means of 
the formula tan A = sin J. /cos A ; the tangents of angles from 45' 
to 90' may then be obtained by means of Cagnoli's formula 

tan (45' + ^) = 2 tan 2^1 + tan (45' - A). 

A table of cosecants can be formed by means of the formula 
cosec A = tan \A + cot A, and a table of secants by means of the 
formula sec A = tan A 4- tan (45' — \A). 
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Calculation by series. 

108. A more modem method of calculating the sines and 
cosines of angles is to use the series in Art. 99 ; if we put 

a?= — .^ we 'have 
n 2 



\n 1 \i 


n-2; 


3!Vw* 


2; ' , 


5!\l 


^1*2; 


cos (*" DO") = 1 


1 (m Try 1 fm 
2!U*2>' ■*"4!U 


■f) 


i 


We thus obtain the formulae 








sin (w/w 90°) = 1-57079 


63267 


94896 


61923 


13 


m\n 


- 0-64596 


40975 


06246 


25365 


58 


m^jn^ 


+007969 


26262 


46167 


04512 


05 


m^jn^ 


-0-00468 


17541 


35318 


68810 


07 


m^ln^ 


+ 0*00016 


04411 


84787 


35982 


19 


m^/n^ 


-0-00000 


35988 


43235 


21208 


53 


m^^n}^ 


+0-00000 


00569 


21729 


21967 


93 


mPjn^^ 


-0-00000 


00006 


68803 


51098 


11 


rn^^/n}^ 


+0-00000 


00000 


06066 


93573 


11 


mS^lnS^ 


-0-00000 


00000 


00043 


77065 


47 


m^Vnio 


+0-00000 


00000 


00000 


25714 


23 


w2i/w2i 


-0-00000 


00000 


00000 


00125 


39 


TnPjn^ 


+0-00000 


00000 


00000 


00000 


52 


rn^/n^ 


COS (m/w 90°) = 1-00000 


00000 


00000 


00000 


00 




- 1-23370 


06501 


36169 


82735 


43 


m^/n^ 


+0-25366 


95079 


01048 


01363 


66 


m^n* 


-0-02086 


34807 


63352 


96087 


31 


m^/n^ 


+0-00091 


92602 


74839 


42658 


02 


m^/n^ 


-0-00002 


52020 


42373 


06060 


55 


m^^/n^^ 


+ 0-00000 


04710 


87477 


88181 


72 


m}yn^^ 


-0-00000 


00063 


86603 


08379 


19 


m^^jn^^ 


+0-00000 


00000 


65659 


63114 


98 


m^^ln^ 


-0-00000 


00000 


00529 


44002 


01 


^IBJjflS 


+0-00000 


00000 


00003 


43773 


92 


m^/n^ 


-0-00000 


00000 


00000 


01835 


99 


m^/n^ 


+ 0-00000 


00000 


00000 


00008 


21 


m^/n^* 


-000000 


00000 


00000 


00000 


03 


rn^/n^ 
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Since we need only calculate the sines and cosines of angles up 
to 45®, the fraction mjn is alwap taken less than J, so that very few 
terms of the series suffice for the calculation to a small number 
of decimal places. These series are taken from Eider's " Analysis 
of the Infinite," where they are given to six more decimal placea 



Logarithmic Tables, 

109. When tables of natural sines and cosines have been 
constructed, tables of logarithmic sines and cosmes may be made 
by means of tables of ordinary logarithms which will give the 
logarithm of the calculated numerical value of the sine or cosine 
of any angle ; adding 10 to the logarithm so found, we have the 
corresponding tabular logarithm. The logarithmic tangents may be 
found by means of the relation Ztan-4 = 10 +isin J.-Zcos J., 
and thus a table of logarithmic tangents may be constructed. We 
shall in a later chapter give a direct method by which tables of 
logarithmic sines, cosines, and tangents, may be constructed. 



Description and use of Trigonometrical Tables, 

110. Trigonometrical tables, either natural or logarithmic, 
are constructed as follows: 

(1) They give directly the functions for angles between 0° 
and 90° only ; the values of the functions for angles of magnitudes 
beyond these limits may be at once deduced. 

(2) The tables give the values of the ftmctions of angles from 
0*" to 45°, and from 45° to 90°, by means of a double reading of 
the same figures j the names of the functions, sine, cosine, tangent, 
and also the degrees (<45°), are printed at the top of the page, 
and the corresponding minutes and seconds are printed on the 
left-hand column, the angles increasing as we go down the page ; 
again the names cosine, sine, cotangent, &c. and the degrees 
(>45°), are printed at the bottom of the page, in the same 
columns in which sine, cosine, tangent, respectively are printed 
at the top ; in the right-hand column are printed the minutes 
and seconds for the angles which are complementary to the 
former ones, these latter angles of course increasing as we go 
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up the page. We give as a specimen a portion of a page of 
Callet's seven figure logarithmic tables for angles at intervals 
of 10^ 

17 deg. 



50 
51 
52 


1* 



10 
20 
30 

40 
50 


10 
20 
30 

40 
50 


// 


fline 


dif. 

655 

654 
654 

654 

654 
654 

654 

654 
653 

654 

653 
653 

dif. 


ooRine 


dif. 

68 

68 

68 

67 
68 
68 

68 

68 
67 

68 

68 
68 


tangent 


dif. 

722 

722 
722 

722 

722 
721 

722 

721 
722 

721 

721 
721 

dif. 


cotangent 




50 
40 
30 

20 
10 


50 
40 
30 

20 
10 


n 


t 

10 
9 


9-4860749 


9-9786148 


9-5074602 


0*4925398 


9-4861404 
9-4862058 
9-4862712 


9-9786080 
9*9786012 
9-9785944 


9-5075324 
9-5076046 
9-5076768 


0*4924676 
0*4923954 
0*4923232 


9*4863366 
9-4864020 
9-4864674 


9-9785877 
9-9786809 
9-9785741 


9-5077490 
9-5078212 
9-5078933 


0*4922510 
0-4921788 
0*4921067 


9-4865326 
9-4865982 
9-4866635 


9-9785673 
9-9785605 
9-9785538 


9*5079655 
9-5080376 
9-5081098 


0*4920345 
4919624 
0-4918902 


9-4867289 
9-4867942 
9-4868595 


9-9785470 
9-9785402 
9-9785334 


9*5081819 
9-5082540 
9*5083261 


0-4918181 
0-4917460 
0-4916739 


cosine 


nine 


cotangent 


tangent 



72 deg. 



For example, in the third line of the column headed cosine, 
we find that 9'9786012 is the tabular logarithmic cosine of the 
angle 17° 50' 20", and reading the minutes and seconds in the 
right-hand column we see that the same number is the loga- 
rithmic sine of the complementary angle 72° 9' 40". It should 
be observed that the logarithmic sines and tangents increase 
with the angle, whereas the logarithmic cosines and cotangents 
diminish with the angle. 

111. In order to find the functions corresponding to an angle 
whose magnitude lies between two of the angles for which the 
functions are tabulated, we use the principle which we shall 
presently investigate that, except for angles which are either 
very small or very nearly equal to a right angle, small changes 
in the natural or in the logarithmic function of an angle are 
proportional to the change in the angle itself 

For example, if the difiFerence between two consecutive tabu- 
lated values corresponding to a difference of 10" in the angle is a, 
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the diflference between the values of the fiinction for the smaller 

tabular angle and an angle greater than this angle by y", is :^ a ; 

the increase of the function for an increase IC of the angle is 
a, and that for an increase y" (< 10'') is that fraction of a which 
y'^ is of 10". In the specimen of Callet's tables which we have 
given, the differences between consecutive logarithms is given 
without the decimal points, in the columns headed dif. 

For example, suppose we wish to find Z sin 17** 61' 13", we find from the 

table 

L sin 17° 51' 10" =9*4866326, 

L sin 17** 51' 20" =9-4866982, 

rfi/. = 654; 

we have ^^x 664= 196*2, hence we must add '0000196 to the first logarithm 
and we obtain L sin 17** 51' 13" =9-4865522. 

Again suppose we require the angle whose tabular logarithmic tangent is 

9-5082032. We find from the table that the given logarithm lies between the 

two 

L tan 17^* 51' 40" = 9-5081819, 

L tan 17° 61' 50" = 9-5082540, 

dif. = 721 ; 

the difference between the given logarithmic tangent and the first obtained 
from the table, is 213, hence the angle to be added to IT 51' 40" is 
^ X 10" = 2"-9 approximately, hence the required angle is 17° 61' 43" 
approximately. 



The Principle of Proportional Parts, 

112. We shall now investigate how far and with what excep- 
tions the principle of proportional increase, which we have assumed 
in the last article, is true. 

Suppose X to denote any angle, and f(ai) to denote a natural 

or logarithmic function of cc, we shall shew in the various cases, 

that if h be any small angle measured in circular measure, added 

to X 

f(x + h)-fia>) = hf'(x) + h'R, 

when f (x) is another function of x, and ii is a finite quantity 
which remains finite when h = 0. From this we see that provided 
h be sufficiently small, f(x + h) —f{x) is for a given value of x 
proportional to the quantity A, and it will appear that in general 
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the quantity A'JS will be so small that it will not affect the values 

of the functions to the number of decimal places to which they are 

f(x + h)-'f(x) . 
tabulated ; hence ^^-^^ j^ — ^— is constant to the requisite number 

of decimal places for a given value of x. However, two exceptional 
cases will arise, 

(1) If a; be such that f {x) is very small then the difference 
f{x + h) —f{x) may vanish, to the order in the tables; the difiFerence 
f{x-\rh)—f{x) is then said to be insensible, and in that case two 
or more consecutive tabulated values of/ (a?) may be the same. 

(2) If X is such that B is large compared with/ (a?), the term 
A'jB may not be small compared with hj^ (x), in this case the diflerence 
f(x + h) —/(x) is not proportional to h, and is said to be irregular. 

In either of these cases (1) and (2), the method of proportions 
fails, but we shall shew how by special devices the difficulties are 
obviated. 

The student who is acquainted with Taylor's theorem, will see that the 
formula given above is really the special case of Taylor's theorem 

where ^ is a proper fraction, thus R=^\f'(x-^6h\ and the error made in 
ass\miing/(a?+A)-/(a?)=A/'(a?), lies between the greatest and least values 
which i^y {z) assimies between the limits z=x and z=x-{-h, 

113. First let f{x) = sin a?, 
then sin (a? + A) = sin x cos h + cos a; sin A, 

or sin (a? + /i) — sin a? = cos a? (A — JA' + ...) — sin x {\h^ — ^A* + . . .) 

= AcosiP — ^A*sina? + higher powers of A; 
in this case/ {x) = cos a?, and the approximate value of iJ is — ^ sin a? 

thus sin(a? + A) — sina? = Acosa? — ^A'sina? (1), 

is the approximate difference equation. 

Similarly it may be shewn that, approximately 

cos(a? + A) — cosa: = — Asina? — ^A'cosa? (2). 

Afifain tan (a? + A) — tan x = ; r^ 

° ^ ^ cosajcos(a?+A) 

A 



cos* a? — A sin a? cos a? ' 
or, approximately, 

tan (a? + A) — tan a? = A sec" a? + A' sec* a? tan x (3). 

H. T. 10 
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Also Lsm(x + h) — Lsmx = losf — i 

^ ° sina? 

= Ibg (1 - iA' + A cot x\ 

or L sin (x + h) — L&mx = h cot x — ^ A' cosec' a? (4). 

Similarly L cos {x + h) — L cos a? = — A tan a? — ^ A' sec' a? (5 ), 

itan(a? + A) — itana? = -: 2A' . o^ (6). 

^ ^ sin a? cos a? sin 2a? 

In each case we have found only the approximate value of 
JB, that is to say we have left out the terms involving cubes and 
higher powers of h. It appears from these six equations that 
if A is small enough, the differences are, for values of x which 
are neither small nor nearly equal to a right angle, proportional 
to h. The following exceptional cases arise. 

(1) The difference sin (a? + A) — sin a? is insensible when x 
is nearly a right angle, for in that case A cos a? is very small ; it 

^ is then also irregular, for ^ A' sin a? may become comparable with 
h cos X. 

(2) The diflference cos (a? + A) — cos x is insensible when x 
is small ; it is then also irregular. 

(3) The difference tan (a? + A) — tan x is irregular when x 
is nearly a right angle, for A' sec' a? tan a? may then become 
comparable with A sec' a?. 

(4) The difference L sin (x + Kj — L sin x is irregular when 
X is small, and both insensible and irregular when x is nearly a 
right angle. 

(6) The difference L cos (x + h) —L cos x is insensible and 
irregular when x is small, and irregular when x is nearly a 
right angle. 

(6) The difference L tan (x'^h) — L tan x is irregular when 
X is either small or nearly a right angle. 

It should be noticed that a difference which is insensible 
is also irregular, but that the converse does not hold. 

In order to investigate the degree of approximation to which the principle 

of proportional parts is in any case true, it is the simplest way to consider the 

true value of R; in the case of sin (a?+^) -sin a; the true value of the second 

term is -ih^ain{x+0h)y where ^ is a proper fraction; if the table is for 

/ lOw \2 
intervals of 10", the greatest value of ^h^ is i I ^ ^^A or J (-00005)2, 
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this gives no error in the first eight places of decimals; in the case of 
tan (a? + A) -tan 07 the error is (•00005)2 sec2(^+^A) tan (a? +^A), hence when 
tana7 + tan3.'r=40, the error will begin to appear in the seventh place of 
decimals. In the case of Z sin or there is no error in the seventh place of 
decimals if ^ > 5®. 

114. When the differences for a function are insensible to the 
number of decimal places of the tables, the tables will give the 
function when the angle is kno^vn, but we cannot employ the 
tables to find any intermediate angle by means of this function ; 
thus we cannot determine x from the value of Lcosx, for small 
angles, or from the value of L sin x, for angles nearly equal to a 
right angle. When the differences for a function are irregular 
without being insensible, the approximate method of proportional 
parts is not suflScient for the determination of the angle by means 
of the function, nor the function by means of the angle ; thus the 
approximation is inadmissible for L sin x, when x is small, for 
L cos X, when x is nearly a right angle, and for L tan x in either 
case. 

In these cases of irregularity without insensibility, the following 
means may be used to effect the purpose of finding the angle 
corresponding to a given value of the function, or of the function 
corresponding to a given angle. 

(1) We may use tables of L&mx, L tan x, for the first few 
degrees calculated for angles at intervals of one second, and for 
L cos Xy L tan x, for the few degrees near 90°, calculated for each 
second ; Callet gives such a table in his trigonometrical tables ; we 
can then use the principle of proportional parts for all angles which 
are not extremely near zero or a right angle. 

(2) Delambre*8 method. 

This method consists of splitting L sin x or L tan x into the 
sum of two terms, the diflferences for one of which are insensible 
for values of x near those at which the irregularity takes place, 
and the differences for the other one are regular; the difiference 
for the first of these terms is irregular, but this is of no con- 
sequence, owing to its being also insensible. Thus if x be the 
circular measure of ri!^ a small angle. 



r • // / 1 sin X T \ ^ 
Lsmn = ( log h Xra 1 + logn. 



10—2 
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L tan n" = f log h La\ +logw, 

where a is the circular measure of 1". 

Now log (w + A) — log n = log f 1 + - ) 

hence the diiferences for log n are regular, if h be small compared 

sin on tan oc 
with n. Also the differences for log , log , are insensible, 

for 

x-\-h 



, 8in(a? + A) , sma? , sin(iB + A) , 
log r— ^ — losf = lofif — ^ ^ — lOfif 



X 



= h cot x — -^ cosec a? f- ^-^ 

= A(cota;-i)+2(l-co8ec»<r) 
J , tan (x-vh) , tan x 

^^^i^^^n — ^"^-^ 

^, / 1 _1\ ^'/ 4 cos 2a? 1\ 
" \sin a? cos x x) 2 \ sin* 2a? a;*/ ' 

each of these differences is insensible since the coeflBcient of h is 

small when x is small. 

sin X tan x 
If tables of the values of log h ia, log h ia, are 

X X 

constructed for the first few degrees of the quadrant, we may 
use these tables in conjunction with the tables of natural 
logarithms of numbers, to find n accurately when L sin n" or 
L tan n' is given, and conversely. 

If L sin w" or L tan n ' is given, find the approximate value of 

sin X 
n, then from the table we get the value of log + La or 

X 

tan X 
log h La, either of which changes very slowly, then log n is 

X 

given by the value 

(sin X \ 

log \- Laj, 

or X tan w" — flog h-taj, 
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and we find n accurately from the table of natural logarithms. If 

n is given, the table gives the value of log h Xa, and sin n" is 

then found by the formula. 

(3) Maskelyne's method. 

The principle of this method is the same as that of Delambre's. 
If ^ is a small angle, we have 



sm^ 



= 1 — ^ = fl— ^j = cos* a;, approximately, 



X 

hence log sin a; = log x-\-\ log cos on ; 

when a? is a small angle, the diflferences of log cos x are insensible, 
hence it is Sufficient to use an approximate value of cos x. If 
log sin X is given we find an approximate value of Xy and use that 
for finding log cos x\ x\& then obtained from the above equation. 
If a? is given we can find log x accurately from the table of natural 
logarithms, and also an approximate value of log cos a?, the formula 
then gives log sin x. We can shew in a similar manner, that 
log tan X is given by the formula log tan x = log a? — § log cos x. 

Example. 

Shew that the following formula is more nearly true than Maskelyne's : — 
log sin ^=log ^ - ^ log cos ^+f i log cos \6, 



Adaptation of Formulae to Logarithmic GalculMion, 

115. In order to reduce an expression to a form in which 
the numerical values can be calculated from tables of loga- 
rithms, we must make such substitutions as will reduce the given 
expression to the product of simple expressions; this may be 
frequently done by means of one or more subsidiary angles, as 
the following examples will shew. 

(1) \/a^ + 6« = a' sec' ^, where tan <f> = Vjvfy hence 

log v^SM^ = 2 log a + § (i sec <^ - 10), 
where L tan <^ = 10 + 3 (log h — log a), 

thus \/a^ + If can be calculated by means of logarithmic tables, 
^ having first been found from the tables. 
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(2) a COB a + 6 sin a = a COB (a — ^) sec ^, where tan ^ = 6/a, 
hence 

log (a cos a + 6 sin a) = log a + i cos (a — ) — i cos <f>, 
where <f) is found from 

L tan <^ = 10 + log b — log a, 

116. To calculate numerically the roots of a quadratic 
equation supposing the roots to be real. 

Let aa^ + 6a? + c = be the equation, and first suppose a and c 
to be both positive. We have tan' — 2 cosec 20 tan tf + 1 = ; 
now let X = yjc/a, the equation becomes y* + byjjac + 1 = 0; 

hence if sin 20 = 2 >/ac/6, the quadratic in y will be the same as 
that in — tan 0, the roots of which are — tan tf, — cot 0, thus the 

roots of the given quadratic are — Jcja tan 0, — Jcja cot tf, where 

sin 20 = 2 Jacjh, and hence the roots may be calculated by means 
of logarithmic tables. 

If a and c are of opposite signs, we may take the quadratic 
to be Gwc* + 6a? — c = ; in this case put a? = y Jcja and it reduces 
to y' + byjjdc —1=0; comparing this with the equation 

tan' + 2 cot 20 tan - 1 = 

we see that if tan 20 = 2 Jacjhy the roots of the quadratic in x 
are Jcja tan and — Jcfa cot 0. 

117. To calculate the roots of the cubic aj'H-g'a? + r = 
supposing them all to be real. We shall suppose 5 to be negative. 

Consider the equation 

sin' - 1 sin + J sin 3 = ; 

let a? = y >/ — 4^/3, then the equation in a? becomes 

this will be the same as the cubic in sin 0, if 

sin 3 = 4r (- 3/4^)* = (- 27r^/4gr»)^ 
hence the values of x are 

J -4g/3 sin 0, J - 43^/3 sin (0 + f tt), ^/ - 4^/3 sin (0 4- Jtt), 

the condition that sin 3 It> 1, is the condition that the roots of the 
cubic are all real. 
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We shall shew in a later Chapter, how to calculate the roots of 
a cubic when two of them are imaginary. 

The processes by which we have solved the quadratic and 
cubic equations, shew that the two algebraical problems are really 
equivalent to the geometrical problems of bisecting and trisecting 
an angle respectively. It follows that a quadratic equation can 
be solved graphically by means of the ruler and compasses only, 
whereas the cubic can not in general be solved graphically by 
these means, since they are inadequate for solving generally the 
geometrical problem of trisecting an angle. 



CHAPTER X. 

RELATIONS BETWEEN THE SIDES AND ANGLES 

OF A TRIANGLE. 



118. If ABC be any triangle, we shall denote the angles 
BAG, ABC, ACB, by -4, B, C, respectively, and the lengths of the 
sides BC, CA, AB, by a, 6, c respectively. We shall, in this 
Chapter, investigate various important formulae connecting the 
sides a, 6, c, of a triangle with the circular functions of the angles. 
These formulae will afford the basis of the methods by which we 
shall solve a triangle in the various cases in which three parts of 
the triangle are given. 

119. From the fundamental theorem in projections, we see 
that the sum of the projections of BA, AC, on BC, is equal to BC, 
and that the sum of their projections on a perpendicular to BC 
is zero. Expressing these facts we have 





or 
and 



BA cos B + -4f7cos C =a, 
c cos B + b cos C=a, 
BA sin B - AC sin (7 = or c sin 5 - 6 sin (7 



= 0, 
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which may be written 6/sin B = c/sin C. These relations and the 
corresponding ones obtained by projecting on and perpendicular to 
each of the other sides, in turn, may be written 

a = 6 cosO + ccos^' 

b^ccosA + acosC' (1), 

c = acos-B + 6cosil- 

a/sin A = 6/sin 5 = c/sin (7 (2). 

The equations (2) express the fact that, in any triangle, the 
sides are proportional to the sines of the opposite angles. 

120. The relations (2) may also be proved thus: — Draw the 
circle circumscribing the triangle ABC, and let R be the length 
of its radius, then the side BC is equal to twice the radius multi- 
plied by the sine of half the angle BC subtends at the centre 
of the circle, that is 

BG=2R8mA, or 2iJsin(180'-il), 

hence a = 2R sin A ; similarly 

b = 2R8mB, and c = 2iJsin(7; 
hence a/sin A = 6/sin B = c/sin G = 2jR. 

These relations (2) may also be deduced from (I) ; writing the first two 

equations (1) in the form 

a - 6 cos (7- c cos jB=0, 

- a cos (7+ 6 - c cos il =0, 

we can determine the ratios of a, 6, c ; we obtain 

a be 



co&C coqA+cosB cos jB cos (7+ cos -4 l-cos^C" 

hence -. — 3 — r—^ = -: — 5—: — -^ = - -^rrt j or a/sin A = 5/sin B = c/sin C. 
smilsmC7 smjSsmc7 sm^C/ ' 

To deduce (1) from (2) we have 

a=i-. — 5 sin (jB+ 0)=^- — j (sin B cos C+oosB sin (7), 
sm xL sm ii 

b c 

hence a= -; — « sin B cos C+ -7— 7: cos B sin C=6 cos C+ c cos B. 
sm B amC ' 

which is the first of the relations (1). 

If we eliminate a, 6, c, from the three equations in (1), we obtain the 
relation oos,^A+co&^B+cos!^C+2coBAcosBcosC=lf which holds between 
the cosines of the angles of a triangle. 
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121. If we multiply the equations in (1) by —a,b,c respec- 
tively, and then add, we have 

6»4-c'-a' = 26ccos^, 

which gives an expression for the cosine of an angle, in terms of 
the sides ; we may write this relation and the two similar ones for 
cos B, cos C, thus 

a« = 6« + c'-26ccos^] 

6« = c' + a'-2cacos5[ (3). 

c« = a* + 6'-2a6cosd 

122. We may obtain these relations (3) directly by means of 
Euclid, Bk. II. Props. 12 and 13. 1{ AL be perpendicular to BC, 
we have, when (7 is an acute angle, 

AB' = ACI' + BC'-2BC.CL, 

and when C is obtuse 

AB'^AC + BC + ZBCCL] 
in the first case CL =^AG cos C, and in the second case 

GL ^ AC cos (180' - 0) = - ^Ocos (7, 
therefore in either case 

c' = a* + 6* - 2ab cos C. 

To deduce the relations (2) from (3) we have 

therefore 

. 2 , 46^-(62+c^-a^)^ _ (26c-h6Hcg-a g)(2 6c+a2-62-cg ) 
^^^ "*"■ 46«c2 - 462c2 

. 2 ^ _ {a+b-\-c) (b+c- a) (c+a-b) {a-^-b - c) 
or sin A— ^2^ , 

sin -4 
thus — 2 - is equal to the symmetrical quantity 

{a-\'b + c){b+c-a)(c+a-b){a + b-c) 

4a^b^c^ ' 

sin^^ sin*^ sin^C 
hence -^- = — ^=— ^> 

from which (2) follows. 

To deduce (1) from (3), divide the first two equations of (3) by c, and then 
add them, we get 

— — =2cH — — 2 (6 cos ^ + a cos 5), or c = 6cos^+acos5. 
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123. We have 

sin' Jil = J (1 - cos A\ cos* Jil = J (1 + cos A\ 



hence 
sin 
or 



mH^=4(l--^j^j, cos'i4=i(l+— ^g—j; 



sinH^= ^^'~^""i^^'"^''^\ cos«i^ = <^±A±^^6±C:i^. 
^ 46c ^ 46c 

Now let 2s = a + 6 + c, then 2 (s — a) = 6 + c — a, and we have 

' %^ A (s — b)(s — c) a , . 8(8 — a) 

therefore 

-i^'f-^f^T •■■•<*) ^ 

these formulae are more convenient than (3) as a means of 
determining functions of the angles when the sides are given, 
because they are more easily capable of being adapted to 
logarithmic calculation. 

124. Since — v — = , we have 

6 c 

sin.iB±sin(7 _6±c 2sin^(^ ± (7)cos^(^ + (7 ) _6 ± c 

sinil a ' ^^ 2 8mi{B+G)cosl(B + G)'' a ' 

6 + c_ co8^(.iB-0) , b-c_ %m^{B-G) 

^^"^^^ a ~cosi(£ + a)' ^""^ a ■~sini(5 + C)' 

(6 + c)sini^ (6-c)cosi^ 
"""^ ""- cosi(£-C)' """"siniC^-CO ^*^' 

we obtain by division the formula 

tani(5-C7) = |^coti^ (6). 

To prove these formulae geometrically, with centre A and radius AB 
describe a circle cutting AC in D and E\ draw DF parallel to BE^ then 
CE=h+Cy /)(7=c-6, DEB=-\A, DBF=C-\-^A-^''=-\C-\B. We have 

CD _ sin DBF h-c ^\n^{B-C) 

CB' Bin CDB' ^^ a " (^^A ' 
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also 
hence 




b+c_CE _EB BDcotjA _ cot^J^ 



c-b 



CD" DF~ BD\&n\(C-^B)^\An^{C-By 



The area of a triangle, 

125. The area of a triangle is half that of a parallelogram on 
the same base and with the same altitude; if the side a is the 
base, the altitude is 6 sin (7 or c sin B, we have thus the expressions 

^ahsmC, and Joe sin 5, 
for the area of the triangle ; the. area of a triangle is therefore 
half the product of any two sides multiplied by the sine of the 
included angle. 

Using the expression for sin -4, found in Art. 122, 

gT- J (a + 6 + c) (6 + c - a) (c + a - 6) (a + 6 - c), 

we have for the area of a triangle the expression 

iN/(a + 6 + c)(6 + c-a)(c + a-6)(a + 6-c), 

or Js(s - a) (5 - b)(s - c) (6) ; 

this formula was obtained by Hero of Alexandria* (about 125 B.C.). 
The formula (6) may also be written 

i 726V + 2cV + 2a*6' - a* - 6* - c\ 

^ See BaU's History of Mathematics^ p. 82, where the original geometrical proof 
of the formnla is given. 
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Variations in the sides and angles of a triangle. 

126. We shall now investigate the relations which hold 
between small positive or negative increments in the values of 
the sides and angles of a triangle. Suppose three of the parts of 
a triangle to have been measured, of which one at least is a side, 
the other three parts will be determined by means of the formulae 
of this Chapter ; the relations between the increments of the parts 
will enable us to find the eflfect in producing errors in the values 
of the latter three parts, of small inaccuiucies in the measurement 
of the former parts. We shall suppose that the increments are so 
small that their squares and products may be neglected. 

Suppose -4, B, C, a, b, c, to be the values of the angles and 
sides of a triangle, as ascertained by the measurement of one side 
and two angles, two sides and one angle, or the three sides, the 
other three values being connected with the three measured ones 
by means of the formulae given above. If the three parts have 
been measured inaccurately, there will be consequent inaccuracies 
in the values of the other three parts as found by the formulae ; let 
A + SA, £ + SJB, C + SC, a + Sa, b + Sb, c + Sc be the accurate 
values of the angles and sides ; we shall obtain relations between 
the six errors SA, SB, BG, Sa, Si, Sc. It will be convenient to 
suppose the increments of the angles to be measured in circular 
measure; they can however of course be at once reduced to 
seconds. 

We have c sin 5 — 6 sin (7 = 0, 

(c + Sc) sin (JB + SB) - (6 + Sb)sm{G+SC) = 0; 

since when the squares of SB, SO, are neglected, 

sm(B + SB) = ^B + SB cos B, sin ( (7 + SO) = sin (7 + SC cos C, 

we have, (c + Sc) (sin B + SB cos £)-(& + Sb) (siaC+SCcoB (7) = 0; 

hence if we neglect the products Sc, SB, Sb, SO, we have 

c cos £ . S5 + sin £ . 8c — 6 cos (7 . S(7— sin C S6 = 0. 

This, with the two corresponding equations, may be written 

sin (7. S6 — sin £ . Sc = c cos jB . S£ — 6 cos (7. SO 

sinil.Sc —sin C7.Sa = acosC7.S(7 — ccosil.Sil \ ('')• 

sin 5 . Sa — sin -4 . S6 = 6 cos -4 . S-4 — a cos B . SJS 
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Also SA+SB + BC=0 (8), 

in virtue of the relations 

The equations (7) are not independent, as may be seen by 
writing them in the form 

^ _ ?? = cot 5.S5-cot 0. SC 
c 

= cot C . so — cot A , SA 

c a 

00/ OO A tk A •n «^ •n 

-T- = cot il . 0-4 — cot B . oB 

a 

which shews that any one of the equations may be deduced from 
the other two. 

The system consisting of two of the equations (7) and the 
equation (8), is suflBcient to determine any three of the six errors 
when the other three are given, except that one at least of the 
three given errors must belong to a side. 

By eliminating SB, SO, between (7) and (8), we obtain an 
equation giving Sa in terms of 86, Sc, and 8^ ; this may however be 
found directly from the formula a' = 6' + c' — 26c cos A ; we obtain 

aSa = (6 — c cos J.) S6 + (c — 6 cos -4) Sc + 6c sin -4 S-4, 

which, with the two corresponding formulae, becomes in virtue 
of(l) 

dSa = a cos C.Sb + q, cos B.Sc-\-bcsiaA.SA 

bSb = bcosA 8c + 6cos(7 Ba + casmB.BB } (9). 

cSc = c cos JB Ba + c cos A Bb + ab BiaC.BC 



Relations between the sides and angles of polygons. 

127. Let ttj, a,, a^.,.a^ denote the lengths of the sides, taken 
in order, of any plane closed polygon, and let a^, a,...a^ denote the 
angles measured positively all in the same direction, which these 
sides make with any fixed straight line in the plane of the 
polygon; then from the fundamental theorem in projections in 
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Art. 17, we have, projecting on the fixed straight line and 
perpendicular to it, the two relations 

ajC08aj + ajCosaj+ + a^cosa^ = 0, 

ttjSin a^ + a^sma^+ +a^sin a^ = 0. 

Now let the line on which the projection is made, be the side a, , 
if we denote by ^^ the external angle between a^ and a^, by ^^ the 
external angle between a^ and a^, &c. then 

cq = )8j, a, = )8i+)8^, a3 = /3j+^3 + /33,&c., a^ = 27r, 

we have then 

a^ cos /3, + a, cos ()8j + )8,) + ttg cos (/3, + ^S.+^Sg) 4- . . . + a^ = ^ 

a,sin/3, + a,sin(/8, + )8,) + a3sin(/8, + )8,+ /83)+... [ (lOX 

the two fundamental relations between the sides and angles of a 
polygon. If there are only three sides, these relations reduce to 
(1) and (2) respectively, remembering that ^^ = tt — A^, /S, = tt — A^ 

128. In the first equation in (10), take a^ over to the other 
side of the equation, then square both sides of each equation and 
add ; in the result the coefiBcient of 2a^a, is 

cos(/3, + y33 + ... + /S,)cos(y3, + /33 + ... + /3.) 

+ sin(/3j + /3, +... + /3^) sin (/3, + i9, + ... + A), 

or cos ifi^^ + ^^ + ... 4 ^J ; 

this is the cosine of the angle 0^^ between the positive directions 
of the sides a^ and a/, we thus obtain the formula 

a^' = aj* + aj' + ... + a^j' + 2aja,costfjg+ ... + 2a^a,cos5„+...(ll), 

which is analogous to the formulae (3X to which it reduces when 
w = 3. 

The area of a polygon. 

129. The area of a polygon is given by the expression . 

^ {a^a^sia 0^^ + ... + a^a, sin 5„+...) (12), 

or l^^a^a^ sin 5„, the summation being taken for all different values 
of r and «; if we suppose 8 is always the greater of the two 
quantities r and s, the angle 0^^ is, as in the last Article, the 
sum of the external angles /8^+i + /8^+9+ ... +/8,. To prove this 
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formula, we shall first shew that in the case of a triangle it 
reduces to the expression ^a^agSin^^, and shall then shew that 
if it holds for a polygon of n — 1 sides, it also holds for one of 
n sides. 

We have in the case of the triangle A^A^A^^y in which 
A^A^ = a^, 

hence in this case ^Sa^a, sin 0^^ is equal to 

i (a^a, sin A^ + a^a^ sin A^^ — a^a^ sin A^) or ia^ag sin A^, 
thus the formula holds when n = 3. 

Now suppose the formula true for a polygon of sides 

so that the area of the polygon is 

^ta^a, sin ^„ + ^a^./ ta^ sin 0^^^ ^, 

where r and 8 are each less than w — 1, now replace the side a'^.^ 
by two sides «,,_,, a„, thus making a polygon of n sides; we have 

to add ^cLn-i^n^^^^n-i^ni *^^ ^®* ^^ ^^^ polygou of 71 sidcs is 
then 

iX a cu sin + iof . Xa, sin ^ , 4- Aa , a sin tf . . 

Now we have, by projecting the side a\_^ on a^ 

a' , sin 0' , = a , sin tf . + a« sin 5 

n-l '^ n n-l *^ii-l n n-1 • « *^ri n » 

hence the above expression becomes 

i^»A siii ^r. + iSa, (a^, sin 5^, ^^ + a^ sin 5^, J + ia«.,a^ sin 5^,, ^, 
or iSa^a, sin tf^„ 

where r and 5 have all different values from 1 up to n, such that 
r<8. 

The formula (12) has been shewn to be true when n = 3, and 
is therefore true for w = 4 &c , and therefore holds generally. 

It should be observed that in the fonnula (12), the coefiBcient 
of ttj vanishes, in virtue of the second equation in (10); the 
formula therefore becomes ^Xa^a, sin 0^^ „ where r and s have all 
values from 2 up to w, 8 being always greater than r. 
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EXAMPLES ON CHAPTER X. 

Prove the following relations in Examples 1 — 11, for a triangle ABC, 

1. asin(5-C)+6sin((7-^)+csin(^-5)=0. 

2. a^ cos -4 +6^ cos ^H-c^ cos C—ahc (1+4 cos A cos B cos C\ 

3. a2cosC7+c«cos^ = ^{62+(c-.a)2}. 

4. a cos j4 cos 2-4 + 6 cos 5 cos 2 5 +c cos (7 cos 2C 

+4 cos A cos B cos C(a cos -4+6 cos B-^c cos (7) =0. 

6. a2cos2(5-C)=62cos2i?+c2oos2C+26ccos(5-C). 

6. a5cos(5-(?)+63cos(C--4)+c3cos(-4-.S)=3a6c. 

7. c8=a8cos35+3a26cos(2-S-ii)+3a62cos(5-2ii)+63cos3ii. 

8. (cotiii-tani5-taniC)*+(coti5-taniC7-taniii)* 

+(coti(7-tani-4-tani5)*=(cotiii+coti5+cotiC)*. 

9. 62 + c«-26ccos(^ + 600)=c«+a2_2cacos(5+6(y>) 

= a2 + 6* - 2a6 cos ((7+ 60>) ; 

interpret this result geometrically. 

10. cosi-5sin(i-5+(7) : cos ^(7 sin (^(7+ -5) :: a+c : a+6. 

11. (a+6) sin5=26sin (5+^(7) cos^C. 

12. Prove that, if the sides of a triangle be in A.P., the cotangents of its 
semi-angles are in a.p. 

13. If the squares of the sides of a triangle are in a.p., shew that the 
tangents of its angles are in h.p. 

14. If l-cos-4, 1-cos-S, l-cosC, are in h.p., shew that sin -4, sin-B, 
sin (7, are in h.p. 

15. If 6 - a = mc^ prove that A — cos ~ ^ (m cos JC) - ^, 

J 4,1/n A\ 1+wcos-B 

and cot * (-B - -4) = -. — „- . 

^ ^ ' m sin -B 

16. Prove that, in a triangle, cos A +cos jS+cos C7> 1 and :f> ^. 

17. Prove that, in a triangle, tan^i^ tan^^C + tan^^C? tan^Jii +tan2i^ 
tan*i-B < 1, and that if one angle approaches indefinitely near to two right 
angles, the least value of the expression is ^. 

1 8. Prove that a triangle is equilateral if cot A + cot -B + cot C= yy/3. 
H. T. 11 
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19. If in a triangle, 

coaec -4 coaec 5 cosec C+ 4 cot ii cot ^ cot (7 

=sec Jil sec i^ sec J(7+4 tan ^A tan j^B tan ^(7, 

prove that one angle is 60*^. 

20. If in a triangle, cos ^1 = cos 5 cos C, prove that cot B cot C= J. 

21. If ^ be an angle determined from cos ^= - — , prove that 

c 

22. If is a point inside an equilateral triangle, prove that 

23. If c=6+ia, and BC is divided in so that BO : OC :: I : 3, prove 
th&t I AGO =2 1 AOa 

24. If CD, CE make equal angles a, with the base of a triangle ABC, 
shew that area ABC : area CED : : c : 26 sin ^1 cot ou 

25. If AB be divided in C7, 2), so that AC^CD^DB, and if P be any 
other point, prove that sin APD sin BPC^A: sin APC sin 5P/>. 

26. If the sides of a parallelogram be a, 6, and the angle between them be 
0), prove that the product of the diagonals is {(a^+6^)^ - ^^l^ cos*w} . 

27. If /> is the middle point of the side BC of a triangle, and l BAD^B, 
I CAD=(l>, shew that cot ^-cot 0=cot j6-cot C 

28. A straight line divides the angle C of a triangle into segments a, 0, 
and the side c into segments ^, y, and is inclined to this side at an angle 6 ; 
prove that ^cot a-y cot )3=y cot -4 - a; cot B={x-\-y) cot B. 

29. If the sides of a triangle are in A.P., and if the greatest angle 
exceeds the least by 90^, prove that the sides are as V7+ 1, : ijl : V? - 1. 

30. Plrove geometrically, that in any triangle 

a cos ^= & cos (C- B) +c cos {B + B), B being any angle. 

If a, 6, denote the sides AB, BC, CD, of any plane quadrilateral, shew that 

gsinii-6sin(ii-^)+csin(^-^ -C7) . 

a cos -4 - 6 cos (-4 - -fl) + c cos (-4 - -5 — (7) ~" 

31. If a triangle ABC be such that it is possible to draw a straight line 
AD meeting BC in D, so that l BAD is one third of z BAC, and also BD is 
one third oi BC, prove that aW={b^-c^) (6«+8c2). 

32. BC is a side of a square ; on the perpendicular bisector of BC, two 
points P, Q, are taken, equidistant from the centre of the square ; BP, CQ, are 
joined and cut in A ; prove that in the triangle ABC, 

tan il (tan ^- tan C)2-h8=0. 
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33. If y2+«2-2y2 cos a=a2| 

o^-Vy^ — 2^ cos y =c2 ) 
prove that 

(y« sin a+za; sin i3+^ sin y)2= J (262c2+2c2a2+2a262- a*- 6*- c*). 

34. If A, B, C 8j^ angles of a triangle, and a;, y, z are real quantities 
satisfying the equation 

y sin C— z sin B __ 2 sin -4 - x sin C 
^— ^ cos (7- 2 cos B^ y — z cos ii — .a: cos C 

then wiU —, — 7 = .^ ^ = 



;3 



sin -4 sin 5 sin C 

35. Prove that the area of the greatest rectangle that can be inscribed in 
a sector of a circle of radius Ry is B^ tan \a^ where 2a is the angle of the 
sector. 

36. Shew how to construct the right-angled triangle of minimum area, 
which has its vertices on three given parallel straight lines ; and if a, 6, are the 
distances of the middle line from the other two, shew that the hypothenuse 

makes with the parallel lines an angle cot~i . . 

37. If the angles of a triangle computed from slightly erroneous 
measurements of the lengths of the sides be J, ^, (7, prove that if a, 0, y be 
the approximate errors of lengths, the consequent errors of the cotangents of 
the angles are proportional to 

cosec -4 O cos C-f y cos B- o), cosec ^ (y cos -4 H-a cos C- ff), 

cosec C (a cos 5 + ^ cos -4 — y ). 

38. Prove that, if in measuring the three sides of a triangle, small errors 
07, y be made in two of them a, 6, the error in the angle C is 

-^-cot5+|cotilV 

and find the errors in the other angles. 

39. The area of a triangle is determined by measuring the lengths of the 
sides, and the limit of error possible either in excess or defect in measuring 
any length is n times the length, where ti is a small quantity. Prove that in 
the case of a triangle of sides 110, 81, 59, the limit of error possible in its area, 
is about 3*1433 n times the area. 

40. Prove that the cosines ^1,02)^3, C4, of the four angles of a quadri- 
lateral, satisfy the relation 

(CiHCa* + C3HC4*) - 2 (CiV + C2V + C3V + C4V + C4V + C4V) 

4- 4 {C2\W + ^3 V^x' + ^4% V + OiW") + 4C1C2C3C4 (2 - c^a - Cg^ - Cg^ - c^^) = 0. 
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CHAPTER XI. 

THE SOLUTION OF TRIANGLES. 

130. We shall now proceed to apply the formulae obtained 
in the preceding Chapter, to the solution of triangles, that is, when 
the magnitudes of three of the six parts are given, to find the 
magnitude of the remaining three parts ; one at least of the three 
given parts must be a side. We shall generally select such 
formulae as can be used for numerical computation by means of 
logarithms, as these formulae only are of use in practice. 

The solution of triangles is made to depend upon a knowledge 
of the numerical values of circular functions of the angles, hence 
since such circular functions are the ratios of the sides of right- 
angled triangles, it is seen that the solution of all triangles is 
really performed by dividing up the triangles into right-angled 
ones. 

The solution of right-angled triangles. 

131. Suppose the angle (7 of a triangle to be 90°, then this 
is one of the given parts, and we can solve the triangle in the 
various cases in which there are two other parts given, one at 
least being a side. 

(1) Suppose the two sides a, 6, to be given ; then the angle 
A can be determined from the formula tan A = a/6, and B is then 
found as the complement of -4; also c^acosecil, which deter- 
mines c, when A ha^ been found ; the logarithmic formulae for 
solving the triangle are then 

L tan J. = 10 + log a — log 6, 

J? = 90°-^, 

log c = log a — X sin J. + 10. 
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(2) Suppose the hypothenuse c and one side a to be given ; 
then the angle A is determined by means of the formula 
8mA = a/c, B is found as the complement of A, and b is found 
from the formula 5 = ccos-4, or from b^ = c^ — a\ 

The logarithmic formulae are 

Z sin -4 = 10 + log a — log c, 
J5=90°-ul, 
and log b = log c + i cos -4 — 10 

or logb = ^log(c + a) + ^log(c-a), 

(3) Suppose the hypothenuse c and one angle A are given, 
then B is found at once as the complement of A; a is found 
from a = c&mAy and 6 as in the last case. 

The formulae are 

log a = log c + X sin -4 — 10 

J5 = 90°-^ 
log b = log c + i cos -4 — 10 
or log 6 = J log (c + a) + ^ log (c - a), 

(4) Suppose one side a and one angle A to be given, then B 
is 90° — -4, c is acosec-4, and b is found as in the last two cases ; 
the formulae are 

log c = log a — i sin -4 + 10, 

5 = 90°-^, 

log b = log c + L cos -4 — 10 

or log6 = ilog(c + a) +ilog(c-a). 

132. In certain cases, the formulae of the last article are 
inconvenient, for example in case (2) if the angle A is nearly 90°, 
it cannot be conveniently determined from the equation sin A = a/c, 
since the dififerences for consecutive series are in this case in- 
sensible, we therefore use another formula ; from the theorem (4) 
of Chap. X. we obtain b tan ^B=^c — a, b cot ^B = c + a, hence 

tan'^ AJ5 = — - — , thus we have tan (45° — A-4) = ( ) , and this 

formula, being free from the objection, may be used to determine A. 

Again in cases (3) and (4), the formula 6 = c cos -4 is in- 
convenient if -4 is very small; we may then use the formula 
6 = c — c sin il tan J-4. 
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133. Various approximate formulae may be found for the solution of 
right-angled triangles. Let us denote by a, )3, the circular measures of the 
angles Aj B respectively. 

(1) An approximate form of the formula a— c cos B^ is 

winch is obtained by taking the first three terms of the expansion of cos ^ in 
powers of the circular measure of B\ this formula may then be used for 
approximate calculation of a, when c and B are given, provided )3 is less than 
unity. 

(2) Since sinil=a/<;, we have a-Ja'+jJ^a*=sa/<?, approximately; to 
obtain a in terms of a/c, we have as a first approximation a=a/c, and as a 

second approximation a = — HM~) > the third approximation is 






or 

which may be used to calculate a. 

(3) From the equation tan i^=( "x") » ^® ^^^ obtain the approximate 

(4) Using Snellius' formula (b=^r7^r-. ^jt » for the circular measure of 

^ ' ^^ ^ 2(2-hcos2<^) 

an angle (see Ex. 32, p. 135), in which the approximate error is -^<p^y put 

or 

2<^=)3, we then obtain the formula ^=^— —, and the error is approximately 
ihs^l *^^ ^ is given in degrees by the approximate equation 

B=^r^xbr '2967. 



The solution of oblique-angled triangles. 

134. To solve a triangle when the three sides are given; 
any one of the fonnulae 



-i-f-^i^T 



with the corresponding formulae for the other angles, may be 
used ; these formulae are adapted for logarithmic calculation. 
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Example. 

The ddes of a triangle a/re proportional to 4, 7, 9 ; find the angteSf having 

given 

% 2= -301030. 

L tan 12°36'=9-349329, dif.for 1'= -000593 

L tan 24'' 5' = 9*650281, rfij. /or 1'= -000339. 

We find s=lO, s-a=6, a-6=3, «-c=l, and hence tan J^=sV 1/20, 
tan J^ = \/27lO, thus ZtanJ^ = 10-J(H- -301030) = 9*349485 

and Z tan i5= 10-f J (-301030 - 1)=9-650515. 

To find Ay we have 9349485 -9349329 =-000156, and J5§.60"=15"-8 
approximately, hence ^^ = 12" 36' 15"-8, or ^1=25'* 12' 31"-6. 

To find B, we have 9-660615 - 9*650281 = -000234 and §|t.60"=41"-4 
approximately, hence ^^=24* 5' 41"-4, or ^=48* 11' 22"-8 ; also 

C=180''--4-5=106°36'5"-6; . 

thus we have found the approximate values of the angles. 

135. To solve a triangle when two sides and ths included 
angle are given. 

Suppose b, c, and -4, are the given parts, then B and C may 
be determined from the formula 

b — r 
tan i (J5 - C) = T — - cot i^, 

"T" c 

together with B + C= ISC' — A ; the logarithmic formula is 
itani(J5-C) = log(&-c)-log(5 + c)+icotiA 

Having found B and C, the side a may be found from any one 
of the three formulae 

log a = log c + i sin J. — i sin (7, 
log a + i cos^ (5 — C) = log {b + c)+L sm^A, 
log a + i sin i (J5 — (7) = log (b'-c) + L cos ^A, 

We may also determine a thus : — Since a' = 6" + c' — 2bc cos A 

we have 

a» = (5 + c)*-45ccos*i^ 

hence a = {b -^-c) cos <^, where ^ is given by 

. , 2jbcco8iA 
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thus we may first find (f> by the logarithmic formulae 

Z sin <^ = log 2 + J log 5 + J log c + i cos ^A - log (6 + c), 
and then determine a by the formula 

log a = log (6 + c) + i cos <l> - 10. 

Example. 

If a=123, c=321, B=29° 16', find A, C, b, having given 
log 99=1-9956352, Z sin ^"16'= 9-6891978, 
log 123=2-0899051, Z sin 16° 42'= 9-4323285, c^^y. /or r= 74-87, 
log 2220=3-3463530, Z cot 14* 38'=10-5831901, 
log 2221 = 3-3465486, Z tan 59° 39' = 10-2324552, diff. for V = 48-27. 

We have Z tan J (C- A)=Z cot 14" 38'+log 99- log 222 

= 10-5831901 + 1 -9956352 - 23463530 
= 10-2324723. 

171 
Now 10-2324723- 10-2324552 =-0000171, and 4QW =3*5 approximately, 

hence J (C- -4) =59° 39'3"-5, also J (0+ -4) =75° 22', therefore ^1 = 15° 42' 56"-5, 
(7=135° l'3"-5. 

Again log b = 9-6891978 4- 2-0899051 - Z sin 1 5° 42' 56"-5, 
and 56-5 x 74-87=4230-155, hence Zsin 15° 42' 56"-5= 9-4327515, 

therefore log 6=2-3463514, so that 6=222-^^^^=221-992. 

136. To solve a triangle when two sides and the angle opposite 
one of them are given. 

This is usually known as the ambiguous case. 

Suppose a, c, and A, are the given parts, then sin G is deter- 

Cam 

mined from the equation sin = - sin A ; when sin is thus found, 

there are in general, if c sin-4 :^ a, two values of G less than 180°, 
the one acute and the other obtuse, whose sine has the value 
determined ; we must consider three different cases : 

(1) if c sin -4 > a, we have sinO>l, which is impossible, and 
indicates that there is no triangle with the given parts. 

(2) if c sin J. = a, then sin (7= 1, and the only value of G is 90°, 
thus there is one triangle with the given parts, and that one is a 
right-angled triangle. 



THE SOLUTION OF TRIANGLES. 



169 



(3) if csmA<a, then sin (7 < 1, and there are two vakies of C, 
one acute, the other obtuse ; 

(a) if c < a, we must have C<Ay hence C must be acute, 
thus there is only one triangle with the given parts ; 

()8) if c > a, the angle G is not restricted to being acute, and 
both values are admissible, in this case then there are two 
triangles with the given parts ; 

(7) if c = a, then C = A or 180° — -4 ; for the latter value of C 
two sides of the triangle are coincident, the first then gives the 
only value of C for which there is a triangle of finite area. 

We may state the above results thus : 

csmA>a no solution 

c sin J. = a one solution 

one solution 
two solutions, 



csin-4 < 



{c<a 
c>a 



When C is nearly 90°, it caDnot be conveniently determined by means of 
its sine ; in that case we may use one of the formulae 

cmnA 



tanC= + 



\/(a + c sin A){a-c sin A) 



,tan(45°+JC)=±./^^ 

V a-csi 



sm^ 
sin^* 



137. It is instructive to investigate geometrically, the diflferent 
cases considered in the last article. 

From B draw BD perpendicular to the side 6, then 
BD = c^mA\ with centre B and radius a, describe a circle; 
then if a is less than csin-4, this circle will not cut the side AC 
and no triangle with the given parts can be drawn, but if 
a>CBmAy the circle will cut AC m two points, C^ and C^, In 
the case a<Cy both C^ and C^ are, as in Fig. (1), on the same side 
of -4, and the two triangles ABC^ and ABG^ have each the given 
parts, the angles AG^B, AGJS being supplementary; if however 




170 



THE SOLUTION OF TRIANGLES. 





a>Cy then C^ and (7, are on opposite sides of A, and only the 
triangle ABG^ has the given parts. The triangle ABC^, in this 
latter case, has. the angle at A not equal to A, but to 180° — -4., 
and therefore does not satisfy the given conditions. 

If a = c sin A, the circle touches -40 at D, and the right-angled 
triangle ADB is the one triangle with the given parts. 

We remark that since, in Fig. (1), 

AD = ccosA, and G^D = C^ = ^a' - c^ sin' A 

the two values of b are 

ccosul + Va' — c*sin* J. and ccos J. — ^/a* — c*sin*-4, 

these values being both positive when there are two solutions; 

we may also obtain these values of 6 as the roots of the quadratic 

equation in b, 

a»=:6^ + c*-26ccosA 

138. To solve a triangle when one side and two angles are given. 

Suppose a the given side, and A, (7, the given angles, then B is 
determined from the equation B = 180° — A—C, and the sides 6, c 
will be determined by means of the formulae 

log b = log a + Z sin -B — i sin A, 
log c = log a + Z sin C — i sin -4. 
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Example. 



ijra=10, A=51° 3(y 40", B=76%>w; b, having given 

log 12396 = 4-0932816, L dn 76° = 9*9869041, 
log 12397=4-0933166, L dn 51" 30^ =9-8935444, 

L dn 51° 31' =9-8936448. 
We have log h = 9-9869041 + 1 - Z sin 51° 30^ 40" 

and L sin 51° 30^ 40" = 9-8935444 +^ x -0001004 

=9-8936113, 
hence log 6=1-0932928, therefore 6=12-396+JJ^ x -001, 

or 6=12-3963 approximately. 

139. The expression ccosil + Va^- c^ sin^ A for 6, may be adapted to 

logarithmic calculation; let sin0=-sinil, then 6= .T' — -, thus 

' having been determined from the equation Z sin <^=Z sin A + log c- log a, we 
can determine 6 from log 6= log a-\'L sin (<^ +-4) - Z sin J. 

Denoting by a, ft y, the circular measures of the angles AyB^G, respectively, 
and by a', /3', y, the complements of a, ft y, we obtain the following approxi- 
mate formulae for the solution of triangles. 

(1) Suppose Ay Cy a, are given, C not being large; then from the formula 
c==— — ^ , we get the approximate formula 

c=a cosec (A + C) {y- ^T^+Tky^l- 
Also if A and C are both not large, we have 



c= 



(a-fy)-*(«-fy)3-frk(«+y)*-... ' 
hence c is given approximately by 

which may be used for calculating c. 

(2) Suppose, as in the last case, that Ay Gy a, are given ; also suppose C is 

nearly 90°, then ^= sin (T-H7) > ^^^^"^^^ ^== sin (1-f (7) ^^ " ^^ '"*" A/') ^^7 
be used to determine c approximately. 
If both A and G are nearly 90°, we have 

— <^QQsy __ a(l-^y^+...) 

^^-sinCa'+yO' '''* '"(a'+y)-Ha+y)'+... ' 

therefore "^^^^ {1- jy (y -a)+K'K 

gives c approximately. 
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140. We shall give a few examples of the solution of triangles, 
when instead of sides and angles there are other data. 

(1) Suppose the three perpendiculars from the angles on the opposite 
sides given ; denote them hj p^, /?2> Pt> ^® h&ve then 0^1=6^2=^3=2 area 
of triangle. Now since 

we have cos ^A = J(BPs+PsPi+Pi_^^ ( -P^Ps+P^i+Ml , 

which determines A ; also p2=cam A, hence c is determined when A is known. 

(2) Suppose the perimeter and the angles of the triangle given. We have 

s= R {sin A +sm B +&m C), 
hence R is determined, and the sides are then 

ZRemA. 2RainB. 2R8inC, or a=-. — j——. — „ . . — 7-, 

with similar values for b and c: this value of a reduces to — f-«-^ — rT#> 
which is adapted to logarithmic calculation. 

(3) Suppose the base, height, and difference of the angles at the base 
given. Let a be the base, jo the height and B-C=2a, the given difference ; 
then since B+C=180''-A, we have B=90°+a-j^A, C=90°-o-i^, also 

a=^(cot^+cot(7)=jt?{tan(iii-a)+tan(i-4+a)}, 

fi, 2 siTi >4 

therefore - = — ^ ^r-, hence cos A is given by the quadratic 

p co8^+cos2a o J ^ 

a^ (cos A + cos 2a)2 = 4p^ (1 - cos* -4) 

or cos* A (a* + 4p^) + 2a* cos 2a . cos A = 4p* - a* cos* 2a, 

the solution of which is 

. g* cos 2a 2p(4 p*+a* sin* 2a)^ 

^®'^~ a2+4p2* a2 + ^* ' 

these are two values of cos A corresponding to two solutions of the problem. 
Solve the triangle with the following data: 

(4) C, c, a+b. 

(5) B, a, b+c. 

(6) The area and the angles, 

(7) C, c+a, c+b. 

(8) The angles and the height 
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The solution of polygons, 

141. The relations between the sides and angles of polygons, 
and the methods of solving a polygon when a certain number of 
sides and angles are given, have been considered by Oamot*, 
L'Huilier', Lexell', and others. The two fundamental equations 
in this so-called Polygonometry, have been given in Art. 127. 

In order that a polygon of n sides may be determinate, 2n — 3 
of its 2n parts must be given, and of these at least n — 2 must 
be sides. To prove this, suppose the polygon divided by means of 
a diagonal, into a triangle and a polygon of w — 1 sides; if the sides 
and angles of the latter polygon were determined, we should only 
require to know two parts of the triangle in order to determine 
the figure completely, since one side of the triangle is already 
determined as a side of the polygon, hence to determine a polygon 
of n sides we require to know two more parts than for a polygon 
of n — 1 sides ; since therefore for a triangle three parts must be 
given, one of which is a side, for a polygon of n sides we must 
have 3 + 2 (w — 3), that is 2n — 3 parts given. If of these 2n - 3 
parts, only w — 3 were sides, we should have n angles given ; but if 
71 — 1 angles are given, the nth is also given, so that only 2n — 4 
independent parts would be given, thus at least n — 2 of the given 
parts must be sides. 

In some cases, a polygon can be conveniently solved by dividing 
it by means of diagonals into triangles, taking the diagonals for 
parts to be determined ; this method is however not always con- 
venient, as may be seen, for example, by considering the case of a 
quadrilateral when two opposite sides and three angles are given. 

142. To solve a polygon of n sides, when n — 1 sides and n — 2 
angles are given, 

(1) Suppose the angles to be found are adjacent to the side 
to be found. We shall, as in Art. 127, use the external angles 
)8j, i8j...)8^ between the sides, instead of the internal angles; 

^ Camot, Oeometrie der Stellung, 

" L'Hoilier, PolygonomStrie, Geneva, 1789. 

* Lexell, Nov, Comm, Petrop,^ vols. xix. xx. 
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suppose a« the side to be found, then from the second equation 
(10) of Art. 127, we have 

sin )8j {a^ + a, cos )8, + ^8 cos ()8, + /Sj) + ... + a^_i cos (i8, + . . . + ^^J} 
= -cos)8j (a^sin ^3 + agSin (iSj + iSj) + ... +a._j sin (^g + ... + ^^j)}, 

hence 

^^ o,sinff, + a3 8in(/3,>f /3,)+...+a^.>sin(/3, + ...-fff,J 

^' a, + a,cosi8,+a,cos (^^+fi^) + . .. + a^^ cos ()8a+ ... +^„_i) ' 

this determines fi^ in terms of the given angles )8j, ySa'-'^^n-i ^^^ 
the given sides a,, a8-«-^«-r> i^ should be noticed that this equation 
is found by projecting the sides on a perpendicular to the unknown 
side ; the remaining angle ^^ is then determined from the rela- 
tion )8j + )8, + ... + )8« = 27r. 

Having found /S^ and )8^, we can determine a^ from the 
equation obtained by projecting the sides on a^, 

an = - {«! cos )8j + ttj cos ()8j + /S,) +...}, 

or by means of the equation (11) of Art. 128, which gives a^ in 
terms of the squares and products of the other sides and of the 
cosines of the angles between the sides. 

(2) Suppose the angles to be found are adjacent to one 
another but not to the side which is to be found. We shall take 
a^ as the side to be found, and )8^, fi^^ the angles to be found, 

then /3, + )8,^, = 27r-(i8, + /3, + ...+/S,., + )8,^, + ...+/3J, 
thus ^r + ^r+i is known ; also from the second equation (10) 
a^ sin (^^ + iSj + ... + )8^) = - ttj sin ^^ - a, sin (^^ + 0^- ... 

- a^.j sin (/S, + )8a + ... + ^^.J - a^^^ sin (^^+ ... +/3,+i)- ... 

-a«-iSin(^i + ...+/SJ, 

hence ^8^ + )8j + ... + /S^ can be determined, and therefore 0^ 
The side a^ is then determined as in the last case. 

(3) In the case in which the two unknown angles are not 
adjacent to one another, let H, K, be the angular points at which 
the angles are unknown ; join HK, then the polygon is divided 
into two polygons, in one of which all the sides except one, are 
known, and all the angles except the two which are adjacent to the 
unknown side. We can solve this polygon as in (1), determining 
HK and the angles at H and K, 
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In the other polygon we now have all the sides except one 
given, and all the angles except two adjacent ones ; this polygon 
can therefore be solved as in (2) ; we have then all the sides of 
the given polygon determined, and the angles at H and K are 
determined by adding the two parts into which they were divided 
by HK, and which have been separately found. 

143. To solve a polygon ofn sides, when n — 2 sides and n — 1 
angles are given. 

We determine the remaining angle at once from the condition 

/3j + )8j+... + /3^ = 27r. 

To determine an unknown side a^ use the equation 

a, sinySj + a, sin (/S^ + /3J + ... + a._, sin (iS^ + /3, + ... + yS^.J - 0, 

obtained by projecting perpendicularly to the other unknown side 
a . We can then determine a in a similar manner, or use the 
other fundamental equation. 

144. To solve a polygon of n sides, when the n sides and n — 3 
angles are given. 

Let P, Q, R, be the angular points at which the angles are not 
given ; join PQ, QR, RP, then the polygon is divided into four 
parts, one of which is a triangle. In each of the parts except 
PQR, all the sides except one are given, and all the angles except 
those adjacent to those sides, we can therefore determine PQ, QR, 
RP, and the angles at P, Q, R. We can then find the angles of 
the triangle PQR, of which the sides have been determined. We 
obtain now by addition the angles at P, Q, R, of the given 
polygon. 

Heights and distances. 

145. We shall now give some examples of the application 
of the solution of triangles to the determination of heights and 
distances. For fuller information on this subject, as for the de- 
scription of instruments for measuring angles, we must refer to 
treatises on surveying. The angle which the distance from any 
point of observation to an object, makes with the horizon, is 
called the elevation or the depression of that object, according 
as the object is above or below the horizontal plane through 
the point of observation. 
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146. To jmd the height of an inaccessible point above a hori- 
zontal plane. 

Let P be the inaccessible point and G its projection on the 
horizontal plane, let PC = h, and suppose any line AB=^a, measured 





on the horizontal plane, if possible so that ABG is a straight line; 
let the elevations of P at -4 and B be measured, denote them by 
a and ^ ; then a = AG — BG = h (cot a — cot )8), therefore, 

, _ a sin a sin j3 

sin (j3 — a) 

which determines h. If it is impracticable to measure the base 
line directly towards (7, let it be measured in any other direction; 
let the elevations a of P, be measured at A, and also the angles 



PAB = y,2indPBA = B,theuPA = AB-^-^^^^ 

sm (7 + S) 

therefore h = a -r-7 ^r , thus h is determined. 

sm(7+o) 



, and A=-4Psina, 



147. To find the distance between two inaccessible points. 

Let P and Q be the two objects, and let any base line AB = a, 
be measured, the points A, B, being so chosen that P and Q are 
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both visible from each of them. At A measure the three angles 
PAQ = a, QAB = j3, PAB = y; it should be observed that the 
angles PAQ, QAB, are in general not in the same plane. At B 
measure the angles PBA = S, and QBA = e. 

From the two triangles ABP, ABQ, we have, 

sin S 



AP^a 



sin (7 + S) ' 



sm € 
and AQ=a . .^ r. Thus AP, -40 are determined by the 

formulae 

log AP = log a + Z sin S — Z sin (7 4- B) 

log J.Q = log a + Z sin 6 — i sin (13 + e). 

In the triangle PAQ, we now know AP, AQ, and the angle 
PAQ = a, we find then the angles APQ, AQP, by means of the 
fonnulae 

Lta,ii^{APQ'-AQP) = Lcot^a + log(AQ-AP)''log{AQ+APX 

APQ + AQP=lSO''-cL 

We then find PQ, by means of the formula 

log jPQ = log-4P + isina — isin AQP, 

148. Pothenofs Problem, To determine a point in the plane 
of a triangle at which the sides of the triangle subtend given 
angles. 




Let a, 13, be the angles subtended by the sides A C, CB, of a 
triangle ABC at the point P, and let w, y, denote the angles 
PAC, PBC respectively; the position of P is found when the 
angles x and y are determined, for the distances PA and PB 
can be found by solving the triangles PAC, PBC, 

H. T. 12 
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We have a?+ y= 27r- a-)8-0. 

Also ftsin^^osin^ 

sm a sin p 

Assume <^ to be an auxiliary angle such that 

, a sin a 

• • • 

sm OD sm Oj '"' sm t/ 

therefore -; — = tan 6, hence -; ; — - = tan (d> — 45^), 

siny ^ sina? + smy ^ ^ 

or tan ^ (a? - y) = tan ^ (a? + y) tan (<^ — 45^) 

= tan (46*- <^) tan J (a + )8 + 0), 

thus a?— y can be found, and since a? + y is known, we can find 
OS and y. 

149. Examples. 

(1) It is observed that the devatiati of the top of a mountain at each of the 
three angtUar points A, B, C, of a plane horizontal triangle ABC, is a; shew that 
the height is J a tan a cosec A. Shew also, that if there be a small error n" in the 

elevation at C, the true height is very nearly J ^ \\-\- — — r — r— ^ . ~^~a' I • 

sin .A. \ sm A. stn n sm Jtsxj 

Let be the projection of the top of the mountain on the plane ABC, we 
have then, if h is the height of the mountain, h = OA tana = 0J5tana = OCtana, 




thus is the centre of the circle round ABC, hence 0^=}a cosec ^, or 
A= Ja tan a cosec A, When the measurement of the elevation at C is a-\-n"y 
let (y be the projection of the top of the mountain, then since the elevations at 
A and B are equal, 0(y is perpendicular to ^J5; let A+^ now be the height of 
the mountain. We find geometrically, 

aA^OAJfOaomC, (rC=^OC-0(y COS {A- B), 
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when GO is so small that its square may be neglected, hence 

A+^= 0'^ tan a= 0^(7 tan (a+«") 

=(0^ + 00'cos(7)tana={0C- 00^008(^-5)} tan(a+n"), 

hence a?=00'.cos(7. tana=-00'co8(^~iB) tana+OOsec^a.sinn", 

since tan (a-|-w")=tan a+ sec* a . sin »", approximately ; eliminating OO^ 

we have arcos {A - B) tan a=cos (7tan a {OCaeo^a, sin«"-;r), 

hence ar sin ^ sin 5 = OC sec* a cos C sin n", 

,, - ., , 1. • 1.. r . . ,otano/- . cosO sinn"\ 
therefore the true height A+^, is J -; — 3- ( 1 + -; — j—- — » • ^— ^ I • 

** ' -^ sm -4 \ sm ^ sm B sm 2a/ 

(2) ^Ae *M]fe« 0/ a triangle are observed to be a =5, b=4, c=6, but it is 
known thai there is a small error in the measurement of c ; examine which angle 
can be determined with the greatest a/icuracy. 

Let 6+57 be the true value of the side c\ let ^+d^, B+bB, C+bC, be the 
angles of the triangle, the parts bA, bB, d(7, depending on ;r ; we suppose x so 
small that its square may be neglected. 

We have 

/A,%A\ 16+(6+^)*-26 27+iar 07,, . ,« , , 27/1 .« x 
cos(J+a^)= -^^^i_^- = ^^^^--^ 

approximately, hence sin ^ . d^ = - ^x. 

Also cos(5+d5)=^^J(^|/j^^^^ (l + ^^), hence mnB.iB^-^x, 

and cos (0+dC)=^^^^^^^"= * (l " ^) » ^^^nce sin 0. aC= ^V- 

., sin ^ sin J3 sin C 

^^ 6 = 4-=-6 ' 

so that 24. bA =40. d5= - 16. dO. 

Thus SB is numerically smaller than bA and dO, hence the angle B can be 
determined wilh the greatest accuracy. 



EXAMPLES ON CHAPTER XL 

1. The sides of a triangle are 8, 7, 5 ; find the least angle, having given 

log 112=2-0492180, 
L COB 19"'e'=9-9764083, diff. for 60"= -0000437. 

2. If in a triangle 0=66, 6=16, 0=60^, find the other angles, having 

given 

log 3=-4771213, Z tan 46® 20^= 100202203, 

log 7 = -8450980, Z tan 46^ 21' = 10-0204731. 

12—2 
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3. The sides of a triangle are 3, 5, 7 feet, find the angles, having given 
log 13-5 = 1 -1303338, log 14 = 1 -1461280, 

Z cos 21' 47' = 9-9678258, Z cos 21" 48' = 9-9677753. 

4 If 5=45«, (7=100, a=200ft, find 6, having given 

log 2 = -3010300, log 172-64 = 2-2371414, 
L sin 55" =9-9133645, log 172-65 = 2 2371666. 

5. If in a triangle 6=2-25 ft, c=l-75ft, ^ = 54", find B and C, having 

given 

log 2 = -301030, L cot 27" = 10*292834, 

L tan 13"47'= 9-389724, L tan 13"48'=9-390270. 

6. If the ratio of the lengths of two sides of a triangle is 9 : 7 and the 
included angle is 47° 25', find the other angles, having given 

log 2 = -3010300, L tan 66" 17' 30" = 10-3573942, 

Z tan 15" 53' = 94541479, diff. for 1' = 4797. 

7. An angle of a triangle is 60", the area is 10i^3 and the perimeter is 
20, find the remaining angles and the sides, having given 

log 2 = -3010300, L sin 49" 6' = 9*8784376, 

log 7 = -8450980, L sin 49" 7' = 9-8785470. 

8. In a triangle ABC^ it is given that a =10 ft., 6=9 ft., C=tan~i(|); 
find 0. If errors not greater than 1 in. each are made in measuring a and 6, 
and an error not greater than 1" in measuring C, shew that the error in 
the calculated value of c will be less than 2-7 in. 

9. In the ambiguous case a, 6, B being given, where a > 6, if c, </ be the 
values of the third side, shew that c^- 2cc' cos 2jB-|-c'2=462cos2 A 

10. In the ambiguous case in which a, 6, J, are given, if one angle of one 
triangle be twice the corresponding angle of the other triangle, shew that 

aV3=26sin^, or 463 sinM =««(«+ 36). 

11. The base of a triangle is equal to its altitude, and the two other sides 
are of known length ; determine the remaining parts of the triangle by 
formulae adapted to logarithmic calculation. Shew that the ratio of the given 

sides must lie between \ (V^ - 1) and \ {sjb + 1). 

12. A triangular piece of groimd is 90 yards in its longest side, and 100 
yards in the sum of the other two sides, and one of its angles is 46^. Determine 
the other angles, having given 

Z tan 23" =9-6278519, 

Z tan 13"15'= 9-3719333, Z tan 13"16'= 9*3724992. 

13. An angle of a triangle is 36", the opposite side is 4, and the altitude 
\/5 - 1, solve the triangle. 
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14. Shew that it is impossible to construct a triangle out of the perpen- 

dicularis from the angles of a triangle on the sides, if any side is < J (3 - s/b) x 
perimeter ; and it is certainly possible to construct such a triangle if each side 
is > J perimeter. 

16. If a triangle be solved from the parts (7=75', 6=2, c=mJ6, shew that 
an eiTor of 10" in the vfdue of (7, would cause an error of about 3"'44 in the 
calculated value of B, 

16. Having given the mean side of a triangle whose sides are in A.P., and 
the angle opposite it ; investigate formulae for solving the triangle, and find 
the greatest possible vahie of the given angle. Solve the triangle when the 
mean side is 542 feet, and the opposite angle is 69"* 59' 59''. 

17. Solve a triangle, having given the length of the bisector of a side, and 
the angles into which this divides the vertical angle. 

18. Solve a triangle, having given one side, the angle opposite it, and the 
perpendicular from that angle on the side. 

19. A triangle is solved from the given parts a^b, A, If the values of 
a, b are affected by small errors ^, y respectively, find the consequent error in 
the v£Jue of the perpendicular from A on the opposite side, and prove that 
this error is zero if x sin^ B cos C=y (sin^ ^- sin^ C), 

20. A lighthouse is seen iN*. 20''. E. from a vessel sailing S. 25°. E. and a 
mile further on it appears due N. Determine its distance at the last 
observation correctly to a yard, having given 

X sin 20° =9-534052, log 2 = '3010300, 

log 206 =2-313867, log 207=2-315900. 

21. A cliff with a tower on its edge, is observed from a boat at sea, the 
elevation of the top of the tower is 30° ; after rowing towards the shore a 
distance of 500 yards in the plane of the first observation, the elevations of 
the top and bottom of the tower are 60° and 45° respectively ; find the heights 
of the cliff and tower. 

22. A is the foot of a vertical pole, B and C are due east of A, and D is 
due south of C, The elevation of the pole at B is double that at (7, and the 
angle subtended by AB at I) is tan-^, also 5(7=20 ft., {7jD=30ft. ; find the 
height of the pole. 

23. From a certain station the angular elevation of a mountain peak in 
the north-east is observed to be a. A hill in the east-south-east whose height 
above the station is known to be A, is then ascended, and the moimtain peak is 
now seen in the north at an elevation /3. Prove that the height of its summit 
above the first station is A sin a cos /3 cosec (a- /3). 

24. A train travelling on one of two straight intersecting railways, 
subtends at a certain station on the other line an angle a, when the front of 
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the first carriage, and an angle a when the end of the last, reaches the junction. 
Prove that the two lines are inclined to each other at an angle 6 determined 
by 2 cot ^=cot a '^ cot a'. 

25. A cylindrical tower stands on a horizontal plain ; an eye in the plain 
views the visible arc of the rim of the upper end of the tower. If a, a', a", be 
the angular elevations of either end of such arc above the plain, when the eye 
is at distances c, c', c" respectively, prove that 

(</2- c"2) oot2a+(c"«- c2) cot2a'+(c2- C2) cot^o^'^O. 

26. A balloon was observed in the N.E. at an elevation a ; ten minutes 
afterwards, it was found to be due N., at an elevation 0. The rate at which the 
balloon was descending was afterwards ascertained to be six miles an hour ; 
shew that its horizontal motion, supposed uniform, was at the rate of 



6 



V2tana-tan/3 



miles an hour, the wind at the time being in the East. 



27. I observe the angular elevation of the summits of two spires which 
appear in a straight line to be a, and the angular depressions of their reflexions 
in still water to be /3 and y. If the height of my eye above the level of the 
water be c, then the horizontal distance between the spires is 

2<;cos*asin(/3--y) 



sin 03- a) sin (y - a) * 



28. The angular elevation of a tower at a place A due south of it is 30°, 
and at a place B^ due west of A and at a distance a from it, the elevation is 

18': shew that the height of the tower is , . 

^2^6+ 2 

29. A tower 51 feet high, has a mark at a height of 25 feet from the 
ground ; find at what distance the two parts subtend equal angles to an eye 
at the height of 5 feet from the ground. 

30. A person on a level plain on which stands a tower surmounted by a 
spire, observes that when he is a feet distant from the foot of the tower, its 
top is in a line with that of a mountain. From a point b feet farther from 
the tower he finds that the spire subtends at his eye the same angle as before, 
and has its top in a line with that of the mountain ; shew that if the height 
of the tower above the horizontal plane through the observer's eye be c feet, 

dioC 

the height of the mountain above that plane will be -^ ^ ^®®*' 

31. A man, 5 feet high, standing at the base of a pyramid whose base is 
square, sees the sun disappear over one of the edges, half-way along it. Shew 
that if a and 6 are the distances of the man from the two nearest comers, and 
6 is the £Jtitude of the sun, the height of the pyramid is 

10+tan 6 Vi(6a2-2a6+62) feet. 



EXAMPLES. CHAPTER XI. 183 

32. From the top of a hill the depression of a point on the plain below is 
30°, and firom a spot three-quarters of the way down, the depression of the 
same point is lb""; find within 1' the inclination of the hilL 

33. ABCD is the rectangular floor of a room whose length AB is a feet. 
Find its height, which at C subtends at il an angle a, and at ^ an angle /3. 
If a=48 ft, o=18", /3=30% prove that the height is 18 ft. 10 in. nearly. 

34. A tower is situated on a horizontal plane at a distance a from the 
base of a hill whose inclination is a. A person on the hill, looking over the 
tower, can just see a pond, the distance of which from the tower is h. Shew 
that, if the distance of the observer from the foot of the hill be c, the height of 

he Bin a 



the tower is 



a+6-|-ccoso' 



35. A person standing between two towers, observes that they subtend 
angles each equal to a, and on walking a feet along a straight path inclined at 
an angle y to the line joining the towers, he finds that they subtend angles 
each equal to /3 ; prove the following equations for determining the heights of 
the towers, hh' (cot^/S - cot^o) = a\ {k' - h) (cot*/3 - cot^a) = 2a cot a cos y. 

36. From a hill-top the angles of depression (a, ff) of two piers of a bridge 
are observed, and the distance a between the piers subt^ids an angle 6 at the 
point of observation 3 prove that the height of the hill is 

\a cot (^ sec \6 Vsin a sin /3, 

where cos =2 cos Jd . \/sinosin/3 . (sin a-|-sin /3)""^ 

37. A man on a hill observes that three towers on a horizontal plane 
subtend equal angles at his eye, and that the angles of depression of their 
bases are a, o', a' ; prove that, c, c', c" being the heights of the towers, 

s in(tt'-a") sin {a - a) sin (a- a) 
csma c^sma (/'sma 

38. A gim is fired from a fort, and the intervals between seeing the flash 
and hearing the report at two stations J5, (7, are ^, t' respectively ; /> is a point 
in the same straight line with BC^ at a known distance a from A ; prove that 

if BD = 6, and CD = c, the velocity of sound is V "^2_ Z — - \ . Examine the 
case when a^—hc, 

39. From a point on a hill-side of constant inclination, the angle of 
elevation of the top of an obelisk on its summit is observed to be a, and a feet 
nearer to the top of the hill to be /3 ; shew that, if A be the height of the 
obelisk, the inclination of the hill to the horizon will be 



cos~^ 



(a s in Q sin fi \ 
lA'sinO-a)/' 



40. On the top of a spherical dome stands a cross ; at a certain point the 
elevation of the crosa is observed to be a, that and of the dome to be /3 ; at a 
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distance a nearer the dome, the cross is seen just above the dome, when its 

elevation is observed to be y ; prove that the height of the centre of the dome 

, ., J . asiny sin a cos y- cos o sin iS 

above the ground is - — -, — '—. . — - . 

° sm (y- a) cos y - cos 

41. At noon on a certain day the sun's altitude is a. A man observes a 
circular opening in a cloud which is vertically above a place at a distance a 
due south of him ; he finds that the opening subtends an angle 26 at his eye, 
and that the bright spot on the ground subtends an angle 2<^. Shew that if 
X is the height of the cloud 

^ (cot^a tan2<^ - tan^^) - 2ax cot a tan^^ -f a^ (tan2<^ - tan^^) = 0. 

42. From a point on the sloping face of a hill, two straight paths are 
drawn, one in a vertical plane due south, the other in a vertical plane at right 
angles to the former, due East ; these paths make with one another an angle 
a, and their lengths measured to the horizontal road at the foot of the hill are 
respectively a and 6. Shew that the hill is inclined to the horizontal at an 



, . , /a2+62-2a6cosa\* 

angle sm""^ ( — 5— ^ 7 ) . 

° \ aosmatano / 



43. The breadth of a straight river is calculated by measuring a base of 
length a along one side of the river and observing the angles made with this 
base by lines joining its extremities to a mark on the opposite bank. If the 
instnmient by which the angles are measured, gives each a value which is 
(1 + n) times the true value, n being very small, shew that the error in the 

computed breadth is nearly equal to nob , - — . ^. _o\ 5 "j ^ being the 
circular measures of the above angles. 

44. An observer from the deck of a ship 20 feet above the sea, can just 
see the top of a distant lighthouse, and on ascending to the mast-head, where 
he is 80 feet above deck, he sees the door which he knows to be one-foiu'th of 
the height of the lighthouse above the level of the sea ; find his distance from 
the lighthouse, and its height, assuming the earth to be a sphere of 4000 
miles radius. 

45. Three vertical posts are placed at intervals of one mile along a 
straight canal, each rising to the same height above the surface of the water. 
The visual line joining the tops of the two extreme posts cuts the middle post 
at a point eight inches below the top ; find to the nearest mile the radius of 
the earth. 

46. Borings are made at three points A, B, C in a, horizontal plane, and 
the depths at which gault is found are a, 6, c respectively ; also AB=ky 
BG=k, ABC=a. If the upper surface of the gault be a plane, shew that its 
inclination </> to the horizon is given by 

tan2</>=|5L__^_2^^ j^ -^cosa+^-^|cosec2a. 
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47. The angular elevation of a column as viewed from a station due north 
of it being a, and as viewed from a station due east of the former station and 
at a distance c from it being ^, prove that the height of the tower is 

c sin tt sin ff 

{sin(a-/3)sin(a-|-/3)}i* 

48. A lighthouse stands 9 miles due N. of a port firom which a yacht sails 
in a direction E.N.E., until the lighthouse is N.W. of her, when she tacks 
and sails towards the lighthouse \mtil the port is S. W. of her, when she tacks 
again and sails into port. Shew that the length of the cruise is 16 miles 
nearly. 

49. A circular pond of radius a is surrounded by a gravel walk of uniform 

width b, and the whole is enclosed by a fence of height d, A person of 

height h stands just inside the fence. Shew that the portion of the fence 

.1 
whose highest points can be seen by reflection from the water is -th, where 

1 - ?. -1 /^±^ ^b^+2ab\ 
^-^cos jg^^ -^^5 |> 

provided h<d{l+ 2a/b)j and > — - ^ ,, . 

50. The width of a croquet-hoop, the thickness of its wires, and the 
diameter of a b£Jl are given ; the ball being in a given position, shew how to 
find the conditions that it may just be possible for it to go through the hoop 
(1) straight, (2) by hitting one wire, (3) by hitting both wires ; assuming that 
the angle of incidence is equal to the angle of reflection. 

51. Three mountain peaks A^ By C, appear to an observer to be in a 
straight line, when he stands at each of two places P and Q, in the same 
horizontal line ; the angle subtended by AB and BC at each place is a, and 
the angles AQPy CPQ are and ^ respectively. 

Prove that the heights of the mountains are as 

cot 2a-|-cot y^ : J (cot a+cot^) (coto+cot 0) tan a : cot 2a+cot <^, 
and that if QB cut AC in Z>, AC=CD sin 2a (cot Vr+cot 2a). 

52. A man standing at a distance c from a straight line of railway, sees a 
train standing upon the line, having its nearer end at a distance a from the 
point in the railway nearest him. He observes the angle a, which the train 
subtends, and thence calculates its length. If in observing the angle a, ho 
makes a small error By prove that the error in the calculated length of the 

train has to its true length a ratio -^.-^ _,. 

° sma(ccoso-asma) 

53. The height A of a mountain whose summit is J, is to be determined 
fipom the observed values of a horizontal base line BC (a), the angles ABCy 
ACBy and the angle (z) which AB makes with the vertical. Shew that 

j^acoszsinC 
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If A be kno¥m approximately, shew that the best direction of BC in order 
that an error in measuring C may have least effect on the accuracy of the 

above value of h. is given by 5=2 tan"^ ( -^ ) . 

' ° "^ \acos«-fA/ 

54. Three vertical flag-staffs stand on a horizontal plane. At each of the 
points Ay B and C in the horizontal plane, the tops of two of them are seen in 
the same straight line, and these straight lines make angles a, /3, y, with the 
horizon. The plane containing the tops, makes an angle 6 with the horizon. 

Prove that their lengths are BC/ {*^ cot^ ^ -cot^ 6 +'\/cot^y-cot^ 6), and two 
similar expressions. Explain how the signs of the roots must be taken. 

55. A tower AB stands on a horizontal plane and supports a spire BC. An 
observer at a place J^ on a mountain, whose side may be treated as an inclined 
plane, observes that AB, BC each subtend an angle a at his eye ; he then 
moves to a place F, measuring the distance EF(^2a\ and observes that AB, 
BC again subtend angles a at his eye ; he then measures the angle AFE(=p) 
and CFE ( =y). Shew that if x and y are the heights of AB, BC respectively 

_ f _ cos 8 cos V cos^ a 1 2 

X co&p:=2f cosy =an gwo . n 2 i /q \\ • 

' I oos2J03-|-y)cos2JO-y)J 

Also if (r is the middle point of EF, and H is the point on the line of 
greatest slope through G, at which AB, BC subtend an angle d, and OR is 
measured (==&), prove that the inclination 6 of the mountain to the horizon is 
given by 



CHAPTER XII. 

PROPERTIES OF TRIANGLES AND QUADRILATERALS. 

150. In this Chapter, we shall for the most part assume 
without proof the theorems in Euclidean Geometry which are 
necessary for our purpose, referring to works on pure Geometry, 
for the investigation of those theorems. 



The circumscribed circle of a triangle. 

151. We have already, in Art. 120, obtained the foimula 
i2 = ^a cosec A^ for the radius of the circle circumscribing a 
triangle, or as it is now frequently called, the circum-circle. 
This formula may also be obtained as follows: 
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Let be the circum-centre ; draw OD perpendicular to the 
side BC of the triangle ABC, then D is the middle point of BC, 
and the angle SOD = A 

Since BD = OB sin BOD we have 

^a = iJsinJ[, or B = ^cosecA (1). 

If iSi denote the area of the triangle ABC, we have 

S = J6c sin A, thus we have the expression R = ahcj^S (2). 

Also OD = OB coqA = R cos A. 



The inscribed and escribed circles of a triangle. 

152. We know that four circles can be drawn touching the 
three sides of a triangle ; the inscribed circle, or in-circle, touches 
each side internally, let / be its centre ; the escribed circles each 
touch one side of the triangle and the other two sides produced. 




let /j, /j, I^ be the centres of these circles ; we know that I A, IB, 
IG, bisect the angles A, B, G, respectively, and that I A bisects 
the angle A, and I^B, Ifi, bisect the angles B, G, externally; it 
follows therefore that AI^, BI^, GI^, are the perpendiculars from 
A» A» -^a* ^^ ^^^ opposite sides of the triangle IJJ^^i and that / 
is the orthocentre of the triangle IJJ^' 

The circum-circle of the triangle ABC is the nine-point circle 
of the triangle IJJ^, and therefore passes through the middle 
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points of the sides /^g, IJ^, 7^7,, and also through the middle 
points of 77j, 77,, 773. 

153. Let H, K, i, be the points of contact of the in-circle 
of the triangle ABC, with the sides 5(7, CA, AB, respectively. 




Then AIBG-^-AlCA+AIAB^S. 

Now AlBO^^IH.BG^^ra, AIGA = ^rb, AIAB = ^rc 

where r denotes the radius of the in-circle, hence 

^r(a + b + c) = 8, whence we have the formula r = 8/ 8 . . . (3), 
for the radius of the in-circle. 
Also a = Bn + HG^r (cot \B -h cot J G), 

hence r = asin J5sin JOsec J J[ (4), 

another expression for r, which might of course be deduced ifrom (3). 

Combining the formulae (1) and (4) we have the symmetrical 
expression r = 4iJsin JJ. sin J5sin^(7 (6). 

Again, since AK-\-BG--\{BG-\-GA'¥AB) 

we have AK=AL = 8 — a, 

and similarly BH=BL = 8-b, GH==GK = 8-c, 

hence since r = AK tan ^A = BH tan ^B = GK tan ^0, 

we obtain the expressions 

r = (5 — a) tan | J. = (5 - 6) tan ^B = (5 — c) tan ^G (6), 

which may also be deduced from (3) or (4). 
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154. Expressions corresponding to those of the last Article, 
may be found for the radii r^, r^, r^, of the escribed circles. 

Let -ETj, K^y Z,, be the points of contact of the circle whose 
centre is I^ , with the sides of the triangle ABC, Then 

A I^AB + AI^AG- tSlfiC = iSf, therefore \i\ {h-\-c-a) = S, 

thus we have the formulae 

^_S ^_S_ S 
* 8 — a' * 5 — 6' ^ « — c 

for the radii of the escribed circles. 

Also a = BH^ 4- Hfi = r, (tan \B + tan \C), 

therefore r^ = a cos ^ B cos \ C sec \A (8), 



.(7), 




whence we obtain the formula 

r^ = 412 sin \ A cos \ B cos \G (9), 

with corresponding expressions for r^ and r,. 
Again, since 

BH^ = BL,, and GH, = CK^, and AK^=-AL,, 
we find BH^ = 8-c, GH^^s-'h, AK^ = AL, = 8, 

thus we obtain the formulae 

r^ = 8tsin^A = (8-c)cot^B = {8-b)cot^G (10). 
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Examples. 

(1) Prove thai ^1+^2 -l-rg - r = 4R 

rjjTs + rsri + rira =S2/r2 

(2) Prom the following formtdae for the sides and angles of a triangle, 
in terms of the radii of the escribed circles. 



(y) sinil = 2rl^^!:&±iffiL±^2. 
^ ' (ri+r2)(ri+r3) 

(3) Pr.*^ ^M^ R=i (r2±^(r3±ri)Jr,tr,) 

rgTg+rari + rirg 

(4) Prove that 16R2rrir2r3=a2b2c2. 

2R+r — r 

(5) Prow ^Aa< cos A = — ,75 — ^ . 

(6) If the escribed circle which touches a, is equal to the drcum-drcle, prove 
that cos A=cos'B+cosC. 

(7) Prove that r^ (rg + rg) cosec A = rj (rg + r^) cosec B = rj (r^ -f rg) cowc C. 

(8) If Of oi, 02, a^, are the distances of the centres of the inscribed and 
escribed circles, from A, and 1^ is the perpendicular from A on BC, prove that 

(a) aaiOaag =4R2p2, 

(b) aHai^ + Og^+Og^ =ieR2, 

(c) o-Har2+a2-Ha3-2=4p-2. 

(9) Shew thai the area of the triangle formed by joining/ the centres of the 
escribed circles is- ,or SR^co* \Kcos\^cos \C 

(10) Shew that the radius of the circle rotind any of the four triangles 
formed by joining the centres of the inscribed and escribed circles, is double of R, 

(11) Prove that the a/reas l^^^y l2V> ^s^il* V2^> ^^^ inversely <zs 

'» ^l» ^2> 'S' 

TT2 TT2 TT2 TJ 

(12) Provethai (a) i^ + tsli. + M2 ^8^ 

Tgrg rgFi TiPg r 

(b) r3 . Ill , II2 • lis • =IA2 . IB2 . IC*. 

(13) If d^,^, 6.^, be the distances of I from the angular points of a triangle, 

shew that \^ ^ = -. 
abc s 

(14) If a.', h', d, are the tides of the triangle formed by joining the points of 

q2 _ a'2 1)2 _ 'yi q2 _ ^^2 
contact Hi, 13.2, ^^j of the ^^l>^^ cirdes, shew that = — 7- — = . 
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(15) Prove that the sides of the triangle formed h^ joining the centres of the 
circles BOC, COA, AOB, are as sin2A ; «»2B : ««2C. 

(16) Prove that the drcum-cirdes of the t\oo triangles in the ambiguous case^ 
when a, b, B, are given, are equal in magnitude ; shew also that the distance 

between their centres is (b* oosec^ B - a*)*. 

(17) In the ambiguous case of the solution of a triangle, prove that the 
distance of the points of contact of the inscribed cirdes with the greater of the two 
given sides, is equal to half the difference of the values of the third side, 

(18) If pi, ptj Psj be the radii of the circles described about IBC, ICA, lAB, 
prove thcU ^B.^-'R(pi^+p2^-\'pi^)-piP^s=0. 

(19) Prove that the radii of the escribed circles of a triangle, are the roots of 



The medians. 

155. The lines AD, BE, OF, joining the angular points of a 
triangle to the middle points of the opposite sides, are called the 




medians. The length of J i) is given by the well-known geo- 
metrical theorem Aff + A(P = 2(Aiy-\'Biy'), thus the squares of 
their lengths are given by 

< = ia' + i&"-ic' (11). 

Let if, denote the angle ADG, then 

cot if, = DL/AL = \{BL^ GL)/AL, 
where A Lis perpendicular to BC, therefore if, is given by 

cot if, = J (cot 5 - cot (7) (12). 
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The point (r, where the medians intersect one another, is called 
the centroid of the triangle. It is well known that divides each 
of the medians in the ratio 2:1. 

Examples. 

(1) Prove that cot AGF-f co< BGD+co< CGE=co^ K+cotB+cot C. 

(2) If a, fi, y, a/re the centres of the circles BGC, CGA, AGE, and A, A', are 
the areas of the triangles ABC, a^, prove that 48 AA' = (a2-f b^-l-c^)^. 

(3) i/" Rj, Rg, R3, 6c ^^6 radii of the circles BGC, CGA, AGB, prove that 

ag(b2-cg) . b2(cg-a») c2(a2-b2)__ 



Ri^ 



^2' 



V 



(4) If the angles BAD, CBE, ACF, are a, ft y, awe? ^A« aw^^ CAD, ABE, 
BCF, are a, /3', y', /)rot;e <Aa^ 

CO^ a-\'C0t fi-\'C0ty—C0t a! -{-cot ff+COt y'. 



The bisectors of the angles, 

156. Let a and a^ be the points in which the internal and 
external bisectors of the angle A meet the opposite side BC. Let 
/, g, h, be the lengths of the internal bisectors Aa, B^, Cy, and 
f\ cfy h\ the lengths of the external bisectors -4 a,, JB^^, 07,. To 
find the positions of a and a,, we have BajCa— BA/CA = JBa,/(7a,, 
whence 

ab 



B0L = 



ac 



6 + c' 



Ca = 



ac 



b^c' ^*' = c-6' 



C«.= «^ 



c-y 




To find the lengths/,/', we have 

AABa + AACa=8 =AAa^B -AAa,C, 
hence f{b + c) sin | i4 =/' (c - 6) cos ^ J = 28, 

H. T. 



13 
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therefore /and/' are given by 

^ 26c 1 >i ^ 26c .. . 



(13). 



Examples. 

(1) iy a, ft y, are the angles that ka, B/3, Cy, TimJce with the sides a, b, c, 
she^o that a «i7i 2o -f b «7i 2/3 + c sin 2y = 0. 

(2) ijr fj, gi, hj, are the lengths of the bisectors of the angles, produced to 
meet the circum-drdey shew thai 

f-ico«iA+g"ico«iB-fh-ico*iC=a~i+b-i+c-S 
and fiCO«^A-fgiCO«iB+hiCO«iC=a-fb-fc. 

(3) Prove that a^ cuts Cy in the ratio 2c : a+b. 



The pedal triangle, 

157. The triangle LMN formed by joining the feet of the 
perpendiculars AL, BM, ON, from A, B, C, on the opposite sides, 
is called the pedal triangle o{ A, B, C, Let P be the orthocentre 




of the triangle -45(7, then since PMA, PNA are right angles, a 
circle whose diameter is PA circumscribes PMAN, hence MN 
is equal to PA multiplied by the sine of the angle in the 
segment MN, or MN=PA sinJL; now if is the centre of the 
circum-circle, and OD is perpendicular to BC, it is well known 
that AP = 20D, and we have shewn in Art. 151, that this is 
equal to 2R cos A : hence MN = 2R sin j1 cos il = a cos il. Also 



\::t£] a*> 
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the angles PLM, PLN, are each the complement of A, or 
MLN=^7r — 2A; the sides and angles of the pedal triangle are 
therefore respectively 

a cos Ay b cos B, c cos G 
ir-2A, TT-^2B, 

It should be remarked that ABC is the pedal triangle of IJJ^- 
The pedal triangle of LMN is called the second pedal triangle of 
ABCy and so on. 

We have assumed that the triangle is acute-angled ; if the angle A is 
obtuse, it can be easily shewn that the angles of the pedal triangle are 
2u4-7r, 25, 2(7, and that the sides are -acos^l, bcosB, ccmC. 

Examples. 

(1) Prove that the radius of the circle inscribed in the triangle LMN is 
2R cos A CO* B cos C. 

(2) If a, /3, 7, are the diameters of the circles MPN, NPL, LPM, shmo that 

be ca ab 

(3) Prove that if r', r^', rg', Fg', are the radii of the inscribed and escribed 

p 'p 'p ' pp pj* 
circles of the pedal triangle^ then ^ ^ ^ — ^ *^^ 



r' ~ R2 • 



(4) If AL, BM, CN, meet tlie circum-circle in L', M', N', shew that 

AL; BM' CN' 

al'^bm'^cn"' • 



The distances between special points. 

158. Let P be the orthocentre, the centre of the circum- 
circle, / of the in-circle, /, of one of the escribed circles, G the 
centroid, and CTthe centre of the nine-point circle of the triangle 
ABC. According to Euler's well-known theorem, the three points 
0, 0, P, lie on a straight line, and PG = 20G ; the point U is also 
on OP, at its middle point. Each of the angles lAO, lAP is equal 
to i (5-^(7); also AO^R, AP = 2RcosA, 

AI = r cosec ^A= 422 sin ^B sin J C, AI^ = 4i2 cos J JB cos J C. 

We can now find expressions for the distances of the points 
0, /, P, /j, U, from one another. 

13—2 
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(1) To find 01 = S, 

We have 

S' = AO'-\^Ar^2AO.AIcosOAl 

hence 



S^^R^ (1 + 16 sin»i5sin»iC-8 siniJBsin ^Ocos J B 
or S* = i? (1 - 8 sin ^A sin ^B sin JO), 



= 0) 




we thus obtain Euler's formula 

S« = i?-2iJr. (15). 

(2) To find 01, = S,. We have 

S," = ii''(l + 16eo8"i5cos»i(7-8cosJ5cosiaco8jJB^ 

or Sj" = ii'(l + 8 sin i^ cos i JB cos i (7), 

which gives S^^ = E'-^2Rr^ (16). 

(3) To find OR 

From the triangle OAP we have 

OP" =OA' + AP'^ 20 A . AP cos 0-4P 
or OP"" = ii" (1 + 4 cosM - 4 cos ^ cos 5^^), 
which gives OP" = i? (1 - 8 cos il cos 5 cos (7) (17). 
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(4) To find IF. 

/P« = 42?cosM+16i?sin»i58in"ia 

- 1622* cos A sin J JB sin i Ocos i(JB-O), 

hence /P* = 4i2' {cos* il -f (1 — cos iS) (1 — cos G) — cos il sin 5 sin (7 

- cos -4 (1 — cos B) (1 — cos (7)}, 

or IF" = 4i2' {(1 - cos ^) (1 - cos B) (1 - cos C) 

— cos A cos 5 cos 0} (18), 

or /P* = 2r* - 4ii» cos A cos JB cos C. 

(5) To yJnd lU. 
We have 

hence /CP = r« + iii*-i2r-i^ = (iii-r)* 

hence IU=\R — r\ in a similar manner it can be shewn that 
IJJ=\R + r^\ now \R \b the radius of the nine-point circle, 
hence the expressions we have obtained for lU, /jJ7, shew that 
the inscribed and escribed circles touch the escribed circles. We 
have then a trigonometrical proof of Feuerbach's theorem, of 
which a considerable number of geometrical proofs have been 
given. 

Examples. 

(1) -(i^ tjL, tg, tg, are tlie lengths of the tangents from the centres of the 
escribed circles to the circum-drde^ prove that 

— 4- ^4. 1 _ a+b4-c 

(2) Prove that the area of the triangle TOP is 

- 2R2 sin i (B - C) dn\{Q - A) sin i(A - B). 

(3) Prove that GP=J^R2{2«m2JB«i7iHC- j^S^iV A} 
and GP + 4Rr=J(bc-hca-fab)-J(aHb2-fc2). 

(4) Prove that 0^ = ^^^^^^^. 

(5) If a, fi, y^ be the distances of the centre of the nine-point circle from the 
angular points^ and g its distance from the orthocentre, shew that 

a2+^Hy2+g2=3R2. 

(6) Prove that the nitie-point circle does not cut the circum,-circle unless the 
triangle is obtuse, and in that case they cut at an angle 

cos'^ (1 + 2 cos A cos B cos C). 
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(7) Shew thatj if the distance between the orthocentre and the centre of the 
circum-circle is ^&y the triangle is right-angled, or dse tanBtanC = 9, 

(8) IfQis the centre of the nine-point cirde, shew that 

(QI,-Ql3)(QI,-QI)=b»-c» 

(9) If OIP is an equilateral triangle, skew that co«A+co«B-fco«C=|. 

(10) If the centre of the in-circle be equidistant from the centre of the 
circum-cirde and the orthocentre, prove that one angle of the triangle is 60°. 



Expressions for the area of a triangle. 

159. A very large number of expressions for the area of a 
triangle, in terms of various lines and angles connected with the 
triangle, have been given. Large collections of such formulae 
will be found in Mathesis, Vol. III. and in the Annals of 
Mathematics, Vol I. No. 6. 

We give here a few of these expressions, leaving the verification of them as 
an exercise for the student. 

(1) V^VV^ (2) ^iRpiPiPs^ (3) i\/<r {ior - m^) {cr - wig) (<r - ^3) 
where 2(r=mi-\'m2-\-m^. 

^ fcm\{B-C)-\'gco^\{C-A)+hco^\{A^B ) 

^^ Scoti^' ^^ 2(/-icosiiH-^-icosi^-f/i-icosi(7) ' 

(6) r^Qot^Aoot^BGot^C, (7) r^ oot ^ A -\'2Rr Bm A, (8) r^r^iaAi^A, 



Various properties of triangles. 

160. If Q be any point in the plane of the triangle ABC, we 
have the identical relation AQ5(7+ A QCJ + A Q^5= A^JBO, 
the areas of the triangles with vertex Q being taken with the 
proper signs ; for example, A QBG is negative when Q and A are 
on opposite sides of EG. By taking Q in various positions, we 
obtain various well-known relations between the angles of a 
triangle. 

(1) Let Q be at 0, the above relation becomes 

sin 2il + sin 2jB + sin 2(7=48inilsin-Bsin C 
since the angles BOG, GOA, AOB are 2A, 2B, 2(7 respectively. 
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(2) Let Q be at /, we obtain the relation 

= 2coa^Acos\Bco8^G. 

(3) Let Q be at U, we get 

sin JL cos (fi - 0) + sin -B cos ((7 - -4) + sin (7 cos (A — B) 

= 4 sin J. sin 5 sin (7. 

161. The identical relation which holds between the six 
distances of any four points A, B, G, Q, in a plane, may be 
expressed in various forms. 

(1) Using the equation AQBG+ A QGA +AQAB = A ABG, 
and expressing each of the four triangles in terms of its sides, we 
have the required relation in a form involving four radicals. 

(2) To obtain the same relation in a rationalised form, denote 
the angles BQG, GQA, AQB, by a, y8, 7 respectively; then since 
a + ^ + 7 = 27r, we have 

1 — cos*a — co8*/8 — cos'7 + 2 cos a cos y8 cos 7 = 0. 

Now substituting for cos a its value (QB' + QG'-'BGy2QB.QG 
with the corresponding expressions for cos y8, cos 7, we have the 
required relation. 

162. Taking any general relation between the sides and 
angles of a triangle, another relation may be deduced, by re- 
placing the sides and angles by the corresponding sides and 
angles of the pedal triangle. The sides and angles of this 
triangle are given in (14), and we may therefore replace a, 6, c, 
in the given relation, by a cos A, b cos B, c cos G, and the angles 
A, B, 0, by 7r-2il, tt - 25, tt - 2(7. 

As an example of this transformation, we obtain from the 
known relation a* = 6* + c* — 26c cos Ay the new relation 

a*cos'il = Vgo^B + c'cos'G + 26c cos B cos G cos 2 A, 

This method of transformation may be extended, by taking 
the xdh pedal triangle, of which the sides are 

(— l)"'* a cos -4 cos 2 il cos 4 -4 . . .cos 2**" ^-4 , 

(-)*"'6cos£cos 2JB cos 4JB...co8 2""'^?, 

(- l)'*-*c COS G cos 2C. . .cos 2""' (7, 
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and the angles are 

J(2''+l)7r-2M, i(2»+l)7r-2*5, i(2'' + l)7r-2"(7, 

when n is odd, and 

-i(2»-l)7r + 2M, -J(2*-l)7r+2M, -J(2*-l)7r + 2*i4, 

when n is even ; 

thus in any relation between the sides and angles of a triangle, we 
are entitled to write, (— 1)""^ a cos A cos 2il ...cos 2*"* A for a, and 
J (2" + 1) TT - 2"il or 2M-^(2''-l)7r for il, according as n is odd 
or even, with corresponding expressions for the other sides and 
angles. 

163. In any general relation between the sines and cosines of the angles 
of a triangle, we may Buhstitaie pA+qB+rCj qA-\-rB-\-pC, rA-\-pB + qC, for 
A, By C, respectively, where jo, q, r, are any quantities such that p-\-q-\-ris of 
one of the forms 6»-l, (yn-\-2y where n is a positive integer, provided that 
when p+q+r is of the form 6w - 1, the signs of all the sines are changed, and 
when p+q+r is of the form 6n4-2, the signs of all the cosines are changed. 

This theorem follows from the facts that in the first case the sum of the 
angles 2nTr-(pA-\'qB-\-rC), 2mr-{qA-\'rB-\-pC), 27i7r -{r A -^pB-^qC), is tt, 
and in the latter case the sum of the three angles 

{2n+l)7r -{pA-\'qB + rC)y {2n+l)7r -{qA+rB+pG), 

(2n-\'l)v-(rA+pB-\-qG), is tt. 



Properties of Quadrilaterals. 

164. Let A BCD be a convex quadrilateral; denote the sides 
ABy BCy CD, DA, by a, 6, c, d, respectively, and the diagonals AG, 
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BD, by X, y, respectively; also let il + (7=2a, and let <f> be the 
angle between the diagonals. 

We shall find an expression for the area S, of the quadrilateral 
in terms of a, 6, c, cZ, and cl 

We have y' = a' + d'-2acJcosil = 6" + c'-26ccos (7, 

therefore ad cos il — be cos (7 = ^ (a' + cP — 6* — c'), 

also ad sin il + be sin (7= 2/S ; 

square and add the corresponding sides of these equations, we get 

a'*(f + 6V-2a6crfcos2a = 4/S* + i(a'+^-6'-c7, 

hence 16S» = 4 (ad + be)* - (a* + d* - 6* - c7 - 16ahcd cos'a, 

or 16 fif* = {(a + df - (6 - c)'}{(6 + c)" - (a - df] - 16 aftcd cos'a ; 

hence 8^ = (s — a) (s — 6) (s — c) (s — d) — a6cd cos'a (19), 

where 2s = a-l-6 + c + d. 

In the case of a quadrilateral inscribable in a circle we have 

2a = TT, thus, 

S'^(s-a)(s-'b)(8-c)(s-d) (20). 

The expression (19) shews that the quadrilateral of which the sides are 
given, has its area greatest when a^^r, that is, when the quadrilateral can be 
inscribed in a circle. 

The theorem (20) was discovered by Brahmegupta^ a Hindoo Mathemati- 
cian of the sixth century. 

165. Expressions for the area of a quadrilateral can be found, 
which involve the lengths of the diagonals and the angle between 
them. 

The area of the quadrilateral is the sum of the areas of the four 

triangles into which the diagonals divide it ; the area of each of 

these triangles is half the product of the two segments of the 

diagonals which are sides of it, multiplied by sin^; hence by 

addition we have 

8^\xymij> (21). 

Also, 

20il . OJB cos <^ = Oil* + Oj8* - a', 200 .ODcosj>^OC^ + 01^-0^ 

20A, on cos (fy^dJ^-OA^-^Oiy, 20B,0Cco8if> = b^-0ff--0G\ 

hence 2a?y cos <^ = 6* + d'-a'-c' (22), 

therefore S = i(6' + d*~a^-c-) tan <^ (23), 
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and eliminating ^, we obtain Bretschneider's formula 

fif = i{4a^2/»-(6* + d*-a^-c7}* (24), 

which expresses the area in terms of the diagonals and the sides. 

If a circle can be inscribed in the quadrilateral, we have a+c=b+dy hence 
the formulae (23), (24), become S=^(ac-bd) tan <^, and 

166. An expression may be found for the product of the 
diagonals of a quadrilateral, in terms of the sides and the cosine 
of the sum of two opposite angles. 

Through B and G draw straight lines meeting in E, so that 
the angles CBE, BGE may be equal to the angles ABD, ADB, 
respectively. The triangles EGB, ABD, are similar, hence 

AD_BD_AB 
GE' GB~ BE' 




thus AD ,GB = BD. GE. Also since the angles GBD, ABE are 
equal, and AB : BE :: BD : BG, the triangles ABE and GBD are 
similar, therefore AB .CD==BIJ .AE. 

Since AG" = AE' + EG* - 2AE . EG cos (A + C), 

multiplying by JBD^ we have 

xY=aV + l}'cP'-2abcdcos2a (25) 
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If 2a = TT, we have Ptolemy's theorem xy = ac+bd, for a quadri- 
lateral inscribed in a circle. 

If 2a = j7r, we have x^if = a^c^ + b^cP, for a quadrilateral in 
which the sum of two opposite angles is a right angle. 

167. In the case of a quadrilateral inscribed in a circle, the 
lengths of the diagonals a?, y, and of the third diagonal, formed by 
joining the point of intersections of the sides a and c to that of 
6 and d, may be found in terms of the sides. 




G 



Let FO be the third diagonal, and denote the lengths of 
AC, BD, FO, by x, y, z, respectively. We have 

a;« = a» + 6'-2a6cos5 
and .-K* = c' + c? — 2cd cos D, 

hence ^ U ■*" ^J ^ "^ "^ "^ " ' 

hence a;' = (oc + 6d) (ad + 6c)/(a6 + cd) (26), 

and similarly it may be shewn that 

y» = (oc + 6d) (ah + cd)/{ad + 6c). 

We have also 

„ - . ^ sin D dx 

FA = AD — 



sin ( J. + D) y cos D + x cos A * 



204 PROPERTIES OF TRIANGLES AND QUADRILATERALS. 

and similarly FB = w-^ 



hence 



y cos i) + a? cos A ' 
FA FB FB-FA a 



dx hy hy—dx by — dx* 



hence FA.FB^ .J^ i ^^ \ 

(by - dxy 

it may be shewn in a similar manner that 

(ay - cxy 

Now the square on FO is equal to the sum of the squares of the 
tangents from F and to the circle (see Mc'Dowell's Geometry, 
p. 92), hence we have 

' ^''y\(by--dxr^(ay-oxr\' 

Now from the values found above, for a? and y", we have 

X __ y ^by-'dx_^ay — cx 
ad-vbc" ab^-cd" a(V-'d;')^b(a\-'cy 

therefore substituting in the expression for 0*, we obtain 

^* = (ad + 6c) (ab-\-cd) L . _ ^y + T^r^^J (27). 

Examples. 

(1) If the quadrilateral is inscribed in a cirde, shew that the radius of the 
circle is i f(ab-hcd)(ac|M)(aa-fbc)|^ ^ 

(2) Shew thai the distance between the centre of a circle^ of radiiis r, and the 
intersection of the diagonals of an inscribed quadrilateral is 

(3) Shew that the diagonals of a qibadrilateral inscribed in a circle meet at 

an angle cosr^ ^ — ./ .\ ,. — ^ or 2 tan'^ \) (4 (r > «^ ^^l i^ 

^ 2(ac+bd) ((s-a)(s-c)J ' 

product of the segments of a diagonal is . , ^.. , — ^-r . 

(4) If ^ is the area of a quadrilateral inscribed in a circle^ shew that the 
straight lines joining th^ middle ^points of the opposite sides meet at an angle 

t^„-, f 4S ( ad+bc)(ab+cd) ] 

I(b»~d»)(a2~c2)- ac+bd /• 
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(5) If E, F, G, are the intersections of pairs of the diagonals of a quadri- 
lateral inscribed in a circle, shew that the area of the triangle EFG is to that of 
the quadrilateral in the ratio 2abcd : (d^ '-b*) (c^ '- a^). 

(6) Prove that the area of a qaadriUUeral in which a circle can he inscribed 
is Vabcd sin J ( A -f C) ; shew also that V^d sin \K = is/ho sin ^. 

(7) "iViih four given straight lines, three distinct quadrilaterals can be 
constructed, each of which is inscribable in a circle ; their areas are equal ; the 
six diagonals which intersect within the circle are equal in pairs; and if a, /3, y 
he the lengths of these lines, S the common area, and R the radius of the circle, 
shew that R= apy/^S, 

(8) The difference of the areas of the triangles whose bases are the sides b, d, 
of a quadrilateral, and whose vertices coincide with the intersection of the diagonals, 
is } V4a2c2 - (x2 + ys - b2 - d^)^. 

(9) If a quadrilateral be such that all rectangles described about it are 
similar, shew that a^ + c* = b^ -|- d^. 

(10) A quadrilateral is sttch that one circle can be described about it, 

2\/abcd 
and another inscribed in it; shew that the radius of the latter is , ^ . 

(11) If the diagonals of a quadrilateral intersect in O, shew that 
area AOB . area ABCD= area ABC . area ABD. 



Properties of regular polygons. 

168. Let be the centre of the circles circumscribed about, 
and inscribed in a regular polygon of n sides. Let iJ, r, be the 
radii of the former and the latter circles, and let a be the length 
of a side of the polygon. 
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If AB be a side of the polygon, and D its point of contact 
with the inscribed circle, the angle AOB is 2'rr/n, and the angle 
AOD is ir/n ; we have 

a = 2i2sin- = 2rtan- (28), 

thus the radii of the circles are determined, when the side a is 
given. The area of the triangle OAB is 

■■■ Tta • 27r . 1 9 . TT 

-irsm — , or T^ar, or r tan— , 
2 n 2 n 

hence the area of the polygon is 

^ nB? sin — or 9?r* tan — (29). 

2 n n ^ ^ 

It should be observed that the problem of inscribing or circum- 
scribing a regular polygon of n sides in, or about a circle, is 
reduced to the determination of the circular functions of the 
angle ir/n. 

169. Examples. 

(1) Circles are described on the aides a, b, c, of a triangle as diameters^ prove 
that the diameter D of a circle which touches the three externally y is such that 

If 2), E^ Ff are the middle points of the sides of the given triangle, and 
is the centre of circle whose diameter is /), we have 

0/)=i(2)-a), 0^=i(2)-5), OF=i{D-c); 

also ^, J5, ^c, are the sides of the triangle DBF, thus expressing the areas of 
the triangles in the relation a OEF+ aOFD+ aODE= ^^DEF, in terms of 
the sides, we obtain the required relation. 

(2) From a point P, perpendiculars PL, PM, PN, are dravm to the sides of 
a triangle ABC ; shew that the area of the triangle LMN is 

i (R2 - d^) sin A sin B sin C, 

where d is the distance of P from the centre of the circum-drcle. 

Produce OP to meet the circum-circle in F, and let FL\ FW, FN\ be 
drawn perpendicular to the sides, their feet lie on a straight line called the 
pedal line of P' with respect to the triangle. The perpendicular from a point 
on the side of a triangle, is reckoned as positive or negative according as the 
point is on the same side or the opposite side of that side, as the opposite 
angle of the triangle. 
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^® ^^^® p/jr^C Qj) ""OP'^R' ^^^^ PL={R-d) cos ^ + ^ P'L', 

with similar expressions for FM, PN ; now 

2lLMN=-PM , PNsmA-frPN . PLsmB^-PL . PMsmC 

= {R'd)^2BmAcosBcoBC+^2FM' . P'N'BinA 

d 
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+ -^(^-rf)2P'Z'sin^; 




also ^2 P'JT . P'iV'sin ^ is the area of the triangle L'M'N\ which is zero, and 

7.P'L'^xiA^^7.a , FL =\l. LFBC=\t^ABC, 
2i« R R ^ 

and 2 sin A cos B cos C— sin ^ sin iB sin C ; 

hence 2 A LMN= {R - df sin A sin iB sin C-h ^ {R - c?) sin A sin i? sin (7 

= (i22_rf2) sinil siniBsin a 

(3) ij^ A, B, C, be any three fixed pomt8, and P any point on a circle whose 
centre is 0,shew that AP2 . ABOC4-BP2 . aCOA + CP^ . L A.0^ is constant for 
all positions of F on the cirde. 

Denote the angle BOC, CO Ay A OB, by a, ft y, then a+/3+y=27r, and let 
the angle FOA be 6. We have AP^=-OP^ + OA^- 20 A . OP cos ^, and similar 
expressions for BP^, CP^, hence the expression above is equal to 

0P2. aABC+20A^. LB0C-20P20A . £^BOC. cosS; 
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the first two terms in this expression are independent of the position of P on 
the circle, and the coefficient of 20P in the last term is 

\OA.OB , OC{cos^sina+cos(^ + y)sini8+cos03-^)8in'y} 

or \0A . OB , OC cos ^ (sin o + sin iS cos y-h 0080 sin y) 

which is zero ; thus the theorem is proved. 

Particular cases of this theorem are the following, 

(a) Pil2sin2il4-i'^sin2jB+P(?2sin2C is constant if P lies on the 
circum-circle ; 

(5) PA^mnA-\-PB^HmB + PC^sinC is constant if P lies on the in- 
circle. 

(c) PA^BinAQm{B-C)^-PB^&mBG(m{C-A)^-PC^BmCGO^{A-B) is 
constant if P lies on the nine-point circle. 

(4) Shew that the length of the side of the least equilateral triangle that can 
be drawn with its angular points on the sides of a given triangle ABC, is 

2aV2 

Va2+b2+c2 + 4V3A' 

where ^ is the area of ABC, 

Let DBF be such an equilateral triangle, and let the circle round DBF 
cut BC and AC in ff and G respectively ; the angles FOA, FBB, are each 60°, 
thus FO^ FHoxe in fixed directions ; also the angle HFO is \2(f-C, 




We have, if AF be denoted by a?, 

FO=^x^m A/ain 60% FH= {c - a;) sm 5/sm 60°, 
hence 

ir(?2=cosec2 60"{^sinM + (c-iF)2sin2iB-2a7(c-iF)sinilsin-Bcos(120°-C)}. 

Now the radius of the circle is HG/2 sin (120° - C), hence the circle is least 
when HO is least. The least value of a quadratic expression \xl^-\-2fi,v-\-Vy 
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in which X is positive, is i^-^ , for X^+2/tiF+v may be written in the form 
X (^+ n +"- N^- W® fi^^ therefore for the least value ot HO sin 60", 

r 2 . g (csin8^+csin^sin/?cosl20°-67)g \ ^ 

Y ^^^ sinM+sin25+2sinilsinJ5cos(120°-C)r 

which is equal to 

<?sinilsiniBsin(120"-C) 



or 



{sinM 4-sin2 5+2 sin il sin i? cos (120° - 67)}* ' 
Vi c2 sin ^ sin B sin (120** - C) 



sin c7o2+62^.c2^4^3^ 

Now the side of the equilateral triangle is HO sin 607sin (120°- C), thus 

2AV2 
the least value of the side is / , ,9 . « . . /;r. • 

(5) Describe three circles muttudly in conto/ct^ each of which touches two sides 
of a given triangle. 




Let pi) p29 p3) ^ ^^^ radii of the circles, then i^iV=2Vp2Psi 
hence a=iBJ/"+ CiV4-i/^=P2Cot JiB+PaCot J(7+2\/p^, 

with similar equations for h and c 
Let ^=Pi <5ot \A^ y*=p2 cot \B^ «*=p3 cot JC, 



Vtan J5 taniC= - cos a, Vtan \C\atl\A^- cos ^, Vtan i^ tan ^B= - cos y ; 

we find sin2a=l-tan^5taniC=a/«, and similarly sin^ P^h/s^ Bm^y^c/s, 
hence we have the equations 



y^+z^-2ygcosa_ z^+a?^-2ga?cosi8 _ ^-fy'-2:gycoB y_ 
sm2^ ~ sin2/3 "" -'-" "*' 



sm^y 



H. T. 



14 



210 PROPERTIES OF TRIANGLES AND QUADRILATERALS. 

these have been considered in Art. 68, Ex. (12) ; adopting the first solution 
there found, we have 

a:= ^/s cos (a — a), ^= *^s COB (a- - /3), z^ sj s cos {<r - y\ 

where 2cr=a+/3+y, 

hence pi=«tan^ilco8*(cr-a), p2=«tanJ5cos2((r- j8), p3=*tanJ(7cos*(cr-y), 

are the required radii of the circles. The other solutions give the radii of 
three sets of circles, which are such that two in each set touch two sides 
of the triangle produced ; of one such set, the radii are 

«tan^^cos'«, »tan^i?cos*(«-y), «tanJ(7cos*(«-i8). 

There are altogether eight sets of circles which satisfy the conditions of 
the problem. 

This solution is founded on that of Lechmlitz given in the Nouvelles 
Annales, Vol. v. A geometrical solution of this problem, which is known as 
" Malfatti's Problem " will be foimd in Casey's Sequel to Evdid, A history of 
the problem will be found in the Bulletin de VAcad^mie RoydU de Belffigtte 
for 1874, by M. Simons. 



EXAMPLES ON CHAPTER XII. 

1. If ^ be the angle between the diagonals of a parallelogram whose sides 
a, 6, are inclined at an angle a to each other, shew that tan B= — g — j^ . 

2. If a, j3, y be the distances, from the angular points of a triangle, to 
the points of contact of the inscribed circle with the sides, shew that 



-t 



3. The area of a regular inscribed polygon, is to that of the circumscribed 
polygon, of the same number of sides, as 3 : 4 ; find the number of sides. 

4. From each angle of a parallelogram, a line is drawn making the same 
angle, towards the same parts, with an adjacent side, taken always in the 
same order ; shew that these lines will form another parallelogram similar to 
the original one, if a^'^b^=2ab cos B, where Oj 6, are the sides, and j8 is an 
angle of the parallelogram. 

5. The straight lines which bisect the angles A, C, of a triangle, meet the 
circumference of the circUm-circle in the points a, y ; shew that the straight 
line ay is divided by CBj BAy into three parts which are in the ratio 

sin^i^A : 2ami^ABm^BBin^C : sin^^C 
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6. If / be the centre of the in-circle of a triangle, /a, /6, Ic perpendiculars 
on the sideSf p^, p2, ps the radii of circles inscribed in the quadrilaterals 
Ahlc^ Bcia, Calb, prove that 

Pi I Pa I Pa ^ ct+h+c 
r-p^ r-p2 r-p^ 2r 

7. Prove that the line joining the centres of the circum-circle and the in- 
circle of a triangle, makes with BC an angle cot-* ( =— ^^^ — 7= — - ] . 

** \cos-B+cosi/-l/ 

8. If in a triangle, the feet of the perpendiculars from two angles, on the 
opposite sides, be equally distant from the middle points of those sides, shew 
that the other angle is 60°, or 120°, or else the triangle is isosceles. 

9. If ABC be a triangle having a right angle at (7, and AE, BD drawn 
perpendicularly to ^15, meet BC^ AC^ produced in E, D respectively, prove 
that tan CED=^i&n^BAC, and A ECD= aACB. 

10. If a point be taken within an equilateral triangle, such that its 
distances from the angular points are proportional to the sides, a, b, c, of 
another triangle, shew that the angles between these distances will be 

11. The points of contact of each of the four circles touching the three 
sides of a triangle, are joined ; prove that, if the area of the triangle thus 
formed from the inscribed circle be subtracted from the siun of the areas of 
those formed from the escribed circles, the remainder will be double of the 
area of the original triangle. 

12. If ABCD is a parallelogram and P is any point within it, prove that 
LAPC.cotAPC- LBPD.coiBPD is independent of the position of P. 

13. Three circles touching each other externally, are all touched by a 
fourth circle including them all. If a, 6, c, be the radii of the three internal 
circles, and a, ft y, the distances of their centres from that of the external 
circle respectively, prove that 



/i3y ya a^\ aj ^ ^ 



14. P, Q, Ry are points in the sides BC, CA^ AB of a triangle, such that 
^= ^= ^; shew that AP^'\-Bq^'\-CB? is least, when P, §, R, bisect the 
sides. 

15. On the sides a, 6, c, of a triangle, are described segments of circles 
external to the triangle, containing angles a, ft y, respectively, where 
a+i8+y=7r, and a triangle is formed by joining the centres of these circles ; 
shew that the angles of this triangle are a, ft y. 

14—2 
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16. Through the middle points of the sides of a triangle, straight lines are 
drawn perpendicular to the bisectors of the opposite angles, and form another 
triangle ; prove that its area is a quarter of the rectangle contained by the 
perimeter of the former triangle, and the radius of the circle described 
about it. 

17. P is a point in the plane of a triangle ABG^ and X, M, Ny are the feet 
of the perpendiculars from P on the sides ; prove that if MN 4- NL + LM be 
constant and equal to Z, the least value of 

PA^ -\-PB^+ PC^ is P/(sin2 A + sin2 B -f- sin^ C), 

18. Lines BC, C'A\ A'B\ are drawn parallel to the sides BC, CA, AB, 
of a triangle, at distances r^, rj, rg, respectively ; find the area of the triangle 
A'B'C. 

If eight triangles be so formed, the mean of their perimeters is equal to the 
perimeter of the triangle ABC, but the mean of their areas exceeds its area by 

19. On the sides of a scalene triangle ABC, as bases, similar isosceles 
triangles are described, either all externally or all internally, and their vertices 
are joined so as to form a new triangle A'B'C; prove that if A'B'C be 
equilateral, the angles at the base of the isosceles triangles are each 30° ; and 
that if the triangle A'B'C be similar to ABC, the angles are each 

where A is the area of ABC, 

20. A straight line cuts three concentric circles in A, B, C, and passes at 
a distance p from their centre ; shew that the area of the triangle formed by 

the tangents at A, B, C, is — '—^ — . 

21. If iV is the centre of the nine-point circle of a triangle ABC, and 
Z>, E, F, are the middle points of the sides, prove that 

5(7 cos NDC^CA cos NEA-^-ABom NFB=0. 

22. On the side BA of a triangle, is measured BD equal io AC ; BC and 
AD are bisected in :£' and F; E and /'are joined ; shew that the radius of 
the circle round BEF ia ^BC coaec^A, 

23. If A', E, C, be any points on the sides of the triangle ABC, prove 
that AE . BC . CA'-\-B'C . CA . A'B=^4R . A A'EC, 

24. If a;, y, z, denote the distances of the centre of the in-circle of a 
triangle from the angular points, shew that 

a*a^ -f 5 V 4- c*;?* + (a 4- ft + cfxhj^^ = 2 {b^c^h^ + c^ah^a:^ 4- a^b^x^^). 

25. D, E, F, are the points where the bisectors of the angles of the 
triangle ABC meet the opposite sides ; if x, y, z, are the perpendiculars 
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drawn ifrom A^ By C, respectively, to the opposite sides of DEF, pi, p^, p^, 
those drawn from A, J5, (7, respectively, to the opposite sides of ABC, prove 

that ^*4-&'-h^=:lH-8sini^sini5sinia 

26. Shew that the distances of the orthocentre of a triangle from the 
angular points, are the roots of the equation 

27. If each side of a triangle, bears to the perimeter, a ratio less than 
2 : 5, a triangle can be formed, having its sides equal to the radii of the 
escribed circles. 

28. ABC is a triangle inscribed in a circle, and from /), the middle point 
of BCy a line is drawn at right angles to BC^ meeting the circumference in E 
and F; AEy AF are joined. If triangles be described in the same way by 
bisecting AB, AC, shew that the areas of the three triangles thus formed, are 

as Bin {B-C) : 8m{C-A) : sin{A-B). 

29. Three circles whose radii are a, b, c, touch each other externally ; 
prove that the radii of the two circles which can be drawn to touch the three, 

abc 



are 



(bc+ca-\-ab)± 2\/ahc{a-\-b+c) 



30. ABC is a triangle ; on its sides, equilateral triangles A'BC, B'CA, 
CAB, are described without the triangle ; prove that {I) A A', BB, CC meet 
in a point 0, (2) OA'^ 0B-\- OC, 

(3) A A'BC'^^ihABC+^iBC^+CA^-^'AB^). 

8 

31. A', B\ are the middle points of the sides a, h, of a triangle ; D, E, are 
the feet of the perpendiculars from A, B on the opposite sides ; A'D, BE are 

bisected in P, § ; prove that PQ=i\/a^+b^ - 2a6 cos 3^. 

32. The perpendiculars from the angular points of an acute angled 
triangle, meet in F, and FA, FB, FC, are taken for sides of a new triangle. 
Find the condition that this is possible, and if it is, and a, ^y, are the angles 
of the new triangle, prove that 

cosa . cos/3 cosy I A D n 

1 H J H ^ H 7,=t sec ^ sec jB sec C/. 

cos^ cosiB cos (7 * 

33. Two points A, B, are taken within a circle of radius r, whose centre 
is (7. Prove that the diameters of the circles which can be drawn through 
A and B to touch the given circle, are the roots of the equation 

a;a(f2c2-a«62sin2 6r)-2^c2(r8-a6cosC)+c*(f^-2faa6cos(7+a262)=o, 

where the symbols refer to the parts of the triangle ABC 
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34. If a triangle be cut out in paper, and doubled over so that the crease 
passes through the centre of the circumscribed circle and one of the angles A^ 
shew that the area of the doubled portion is 

i 62 gin2 Ccos Ccosec (2C- B) sec (C- B), where C>B. 

35. From the feet of the perpendiculars from the angular points AyB,Cy 
of a triangle, on the opposite sides, perpendiculars are drawn to the adjacent 
sides ; shew that the feet of these six perpendiculars, lie on a circle whose 
radius is 

R (cos^ A cos^ B cos* C+ sin* A sin* B sin* C)K 

36. Prove that if P be a point from which tangents to the three escribed 
circles of the triangle ABC, are equal, the distance of P from the side BCy 
will be 

i (6 + c) sec Jil sin ^B sin ^C, 

37. If Xy y, Zy be the sides of the squares inscribed in the triangle ABC, on 

the sides iBC, C^ ^5, shew that i + - + i = - + i-i-i + i. 
' ' X y z a c r 

38. AA'y BB'y CC\ are the perpendiculars from A, B, C, on the opposite 
sides of the triangle ABC ; O^, Og, Og, are the orthocentres of the triangles 
AFC'y BC'A'y CA'B. Prove (1) that the triangles OiO^O^, A'B'C are equal, 
and (2) that 2r^R^ =: R^R^f, where Ra, Rb, Re are the radii of the circles 
OgJ'Og, O^BO^y OiC'O^y and r^ is the radius of the circle inscribed in A'B'C, 
and Ri of the circle about A'B'C 

39. If Xy yy Zy are the distances of the centres of the escribed circles of a 
triangle, from the centre of the in -circle, and d is the diameter of the circum- 
circle, shew that 

xyz^d(ci^\y^'\-z^=-^\ 

40. The lines joining the centre of the in-circle of a triangle, to the 
angular points, meet that circle in A^, B^, Ci; prove that the area of the 
triangle A^B^C^ is ^* (cos \A + cos ^i?4-cos ^C). 

41. If each side of a triangle be increased by the same small quantity a;, 
shew that the area is increased by Rx (cos ^ +cos 5+ cos C), nearly. 

42. AA'y BB'y GC'y are diameters of a circle, /), E, F, are the feet of the 
perpendiculars from A'y By C'y on BC, CAy ABy respectively ; prove that 
ADy BEy CFy meet in a point, and that the areas ABCy DEF, are in the ratio 

1 : 2 cos ^ cos i? cos (7. 

43. If IDy lEy IFy are drawn from the in-centre / of a triangle, perpendi- 
cular to the sides, find the radii of the circles inscribed in lEAFy IFBD, 
IDCE\ if they are denoted by pi, pi, p^y respectively, shew that 

(r-2pi) (r-2p2) {r-'2p^)=^f^^4pjp^^. 
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44. Shew that the radii of the circle which touches externally, each of 
three given circles, of radii o^ b, c, which touch each other externally, is 
given by 

*i/Rbc(b+c+R) + \/A»(c+o+^) + ^Rab{a+b-\-R) = ^/abc(a+^^. 

46. Perpendiculars AA^, BB^, COi, to the plane of a triangle ABC, are 
erected at its angular points, and their respective lengths are a, 6, c ; shew 
that if A and Aj be the areas of ABC and A^B^C^^ then 

Ai«-A2=n«*(^-y)(^--2)+62(y-2!)(y-^)4-c*(«-;r)(;?-y)} 

=iW(^-y)(^-«)+V(y-«)(y-^)+<'i^(«-^)(«-y)}- 

46. Three circles are described, each touching two sides of a triangle, and 
also the inscribed circla Shew that the area of the triangle having their 
centres for angular points, bears to the area of the given triangle, the ratio 

4 sin ^A sin \B sin \C (sin \A + sin ^B + sin j^(7) 

: cos j^^ cos J^ cos JC (cos i^+ 008^5+ cos J(7). 

47. If the lines bisecting the angles of a triangle meet the opposite sides 
in Z>, Ey F, prove that the area of the triangle DBF is 

2r2 cos i^ cos iJ5 cos J(7/cos J (J5 - C/) cos i (C- ^) cos i (^ - J5), 

and that 

{a+b)\a+cyEFi'^(b-\-cf{b+ayFl}»'^{€+ay(c+byDE^^l6A^R(nR+2r), 

where A is the area of ABC, 

48. is the centre of the circum-circle of a triangle, K is the orthocentre, 
and OK meets the circle in P and P', and the pedal lines of F and P' in 
©and §'; prove that OQ . 0Q^=^2B^Goa A cob B cos C. 

49. N is the centre of the nine-point circle of a triangle ; />, E, are the 
middle points of CB and CAy prove that the area of the quadrilateral NDCE 
is \^ (sin 24 +sin 2^+2 sin 2(7), where p is the radius of the nine-point circle. 

50. A triangle is formed by joining the centres of the escribed circles, a 
third from this, and so on ; shew that the sides of the nth triangle are 

A n-A 3ir+4 (2*-2-l)w.4-(- 1)*-^^ 

acosec — coeec — ^s— cosec ^.. cosec ^ ^^r-r — • 

2 2 2^ 2* ' 

and similar expressions. 

51. If iV is the centre of the nine-point circle of ABC, and AN meets BC 
in />, shew that 

DN : DA :: oo6(B-C) : 4sin5sin(7 

and that the area of BNC is ^R^ sin 4 cos (j? - C), 

52. Shew that the radius of the circle which touches the three circles 
DCEy EAFy FBD, where />, E, F, are the feet of the perpendiculars from 
Ay ByC, on the opposite sides, is 

2iZ sin 4 sin ^ sin (7 cos A cos .fl cos C (sin A -f-sin ^-fsin C) 
sin^ A sin^ B sin' C— S sin* A cos* 44-2 cos A cos B cos (72 sin 5 sin (/' 
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63. If from any point 0, perpendiculars 02), OE^ OFj are drawn to the 
sides BC, CA, AB, of a triangle, prove that cot ADC-\-Qot BEA -foot CFB^O. 

54. If b, Cf By are given, and there are two triangles with these given 
parts ; shew that their inscribed circles touch, if 

c2(cos2i?+2cos5-3)+2i>c(l-co8 5)4-2>^=0. 

55. If ^1, ^29 ^s> ^ ^^^ lengths of the tangents drawn from the centres of 
the escribed circles of a triangle, to the nine-point circle, shew that 

*2 /2 /2 /2_/2 /2_/2 /2_/2 

rj rj Tg ^\-^% ^i-'^z ^3""''i 

56. Prove that the sum of the squares of the distances of the centre of 
the nine-point circle of a triangle, from the angular points, is 

A2 (Ji^ 4- 2 cos il cos i? cos C). 

57. Four similar triangles are described about a given circle, and their 
areas are A, A^, A2, A3, shew that 

(a) An angle of the triangles is 2 cot~^ ( — ^ ) , 

(6) A* = Ai*+A2*+A3*, 

(0) the radius of the circle is (AA^A^g)^. 

58. Through the angles A^ B, (7, of a triangle, straight lines are drawn 
making angles ^, <f>, ^, with the opposite sides of the triangle, in the same 
sense. Prove that the diameter of the circle circumscribing the triangle 
formed by these lines is 

o sin(2^+</>~Vr)co8^4-sin(2jg-fi^-^)cos<^-fsin(2C+^-</>)cosi^ 
^' 8m{A+<l>-^jsm{B+ylt-e)8m{C-\-e-<l>) 

59. The sides of a triangle subtend angles a, jS, y, at a point 0; prove that 

(1) cos Ja-fcosJi8+cosJ7=4cos J (jS+y) cos J (y+a) cos J (a+iS), 

(2) 0A= , _ bc^{a-A) 

sjhc sin o sin (a - ^ ) + ca sin iS sm (/3 - jB) + aft sin y sin (y - C) 

60. If d^j d2, c^3, be the distances of any point in the plane of an 
equilateral triangle whose side is a, from the angular points, prove that 

d2^d^^+d^^di^+d,^d2^+a\di^+d2^+dj')==a^+di^+d2*+d^^. 

Hence shew that the sum of two equilateral triangles, each of which has 
its vertices at three given distances from a fixed point, is equal to the sum of 
the equilateral triangles described on the distances. 

61. If P be any point within a triangle ABC, and 0^, 0^, O3, are the 
circum-centres of the triangles BPC, CPAf APB respectively, then if p be the 
circum-radius of O^O^O^, shew that 

4p sin ^ sin sini^ « ^ sin B -\-y sin ^ 4- ^ sin ^, 

where a?, y, z^ are the lengths FA, PB, PC, and 6, (f), 1^, are the angles BPC, 
CPA, APB. 
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62. If a, bj c, be the radii of three circles touchii^ each other 
externally, and rj, rj, be the radii of the two circles that can be drawn to 

touch these three, shew that - 4-- = - + y + -. 

' Ti r2 a b c 

63. If the bisectors of the angles By (7, of a triangle, meet the opposite 
sides in E, F, prove that EF makes with BC an angle 

(a + 6) cos (7+ (a 4- c) cos 5 ' 

64 If / be the centre of the circle inscribed in ABCy I^ that of the circle 
inscribed in IBC; /g that of the circle inscribed in I^ BC, and so on, shew that 
as 71 is indefinitely increased, /^ /n-i divides BC in the ratio of the measures 
of the angles C and B. 

65. Points />, By F, are taken on the sides BCy CAy ABy of a triangle, and 
through 2), E, Fy are drawn straight lines EC'y C'A'y A'Ey equally inclined to 
BC^ CAy ABy respectively so as to form a triangle A'BC similar to ABC, 

Prove that the radius of the circumscribed circle of A'BC is 

(JKFcosa+i^Z)cosj8-f/>^cosy)/4sin A sin jBsin C, 

where a, /3, y, are the inclinations of AA'y BBy CC, to BC, CAy ABy respec- 
tively. 

66. If P be a point on the circum-circle whose pedal line passes through 
the centroid, and if the line joining P to the orthocentre, cuts the pedal line 
at right angles, prove that 

P^24-P^+/'C2=4i22 (1 - 2 cos ^ cos iB cos C). 

67. 2) is a point in the side BC of a triangle ; if the circles inscribed in 
the triangles ABDy ACD touch AD in the same point, prove that D is the 
point of contact of the in-circle of ABC with BC ; but if the radii of the circles 
be equal, then 

CD : BD :: cosec/)+cosec(7 : cosec/)+cosec5. 

68. From a point within a circle of radius r, three radii vectores of 
lengths riyV^yV^y are drawn to the circle, and the angle contained by any pair 
is 27r/3 ; shew that 

and that the distance of the point from which the radii are drawn, from the 
centre of the circle, is d, where 

{r^-(P) (rgrj-h Vi+ V2) = V2^s (^1+^2+^3)- 

69. Circles are inscribed in the triangles DiE^F^y D^E^F^y D^E^F^y where 
Diy Ely Fly are the points of contact of the circle escribed to the side BC ; 
shew that if pi, P29 Ps, be the radii of these circles 

- : - : - =l-taniil ; l-tani5 : l-taniC. 
Pi Pi P3 * . * 
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70. In a triangle ABC^ A\ B, C, are the centres of the circles described 
each touching two sides and the inscribed circle ; shew that the area of the 
triangle A'BC is 

tani(«— ^)tani(ir-iB)tani(7r-C) 

{cosec ^{ir-A) cosec ^{ir-B) cosec i («• - (7) +4} r^. 

71. The throe tangents to the in-circle of a triangle, which are parallel to 
the sides are drawn ; shew that the radii of the circles inscribed in the three 
triangles so cut off from the corners, are given by the equation 

72. The perpendiculars from the angular points of a triangle, on the 
straight line joining the orthocentre and the centre of the in-circle are Pyqyr; 

.- ^ »sin^ g»mB rsmC 

prove that ^ 7^= — Vr a = a »> 

^ seoB-secC aecC—BecA mcA-secB 

a convention being made as to the signs of />, q, r. 

73. A point is taken within an equilateral triangle, and its distances from 

the angular points are a, j3, y. The internal bisectors of the angles between 

(/3, y), (y, a), (a, jS), meet the corresponding sides of the triangle in P, Q, i2, 

respectively ; shew that the area of PQE is to that of the equilateral triangle, 

in the ratio 

2afiy : 03+y)(y+a)(a+i8). 

74. If ly m, n, are the distances of any point in the plane of a triangle 
ABC, from its angular points, and d the distance from the circum-centre, 
prove that 

^sin2il+m2sin2iB4-w2sin2C=4(i?2+(^)sin^sm5sina 

75. If G IB the centroid of a triangle, shew that 
ootOAB+coiGBC+coiOCA^^ZGoiw^coiABO+cotBCG+cotCAG 

and coiAGB-\'GoiBGC+cotCGA-\-ooto=0, 

where cot « = cot ^+ cot 5+ cot (7. 

Also if iT be the symmedian point, that is a point in the triangle, such that 
the angles KAC, GAB are equal, and two similar relations, then 

cot AKB+ooiBKC+cot CKA +icot «+f tan «=0. 

76. Each of three circles, within the area of a triangle, touches the other 
two, touching also two sides of the triangle ; if a be the distance between the 
points of contact of one of the sides, and /3, y, be like distances on the other 
two sides, prove that the area of the triangle of which the centres of the circles 

are angular points, is J (/Sy -fy^a^+a^/S^)*. 

77. If a, 6, c, fl?, be the perpendiculars from the angles of a quadrilateral 
upon the diagonals c^, c?2> '^^^^ ^^^ ^^ ^u^e of the angle between the 



diagonals, is equal to -j^ ^\j~~~^\ • 
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78. If ABCD be a quadrilateral, prove in any manner, that the line 
joining the intersection of the bisectors of the angles A and C with the 
intersection of the angles B and i>, makes with ^Z> an angle equal to 



tan' 



., r sin./i-sinZ>-t-sin(ii4-ig) 1 

\H-C0S-4+C0S/) + C08(iH-5)J • 



79. ABCDE is a plane pentagon ; having given that the areas of the 
triangles EABj ABGy BCD, CDE, DEA are equal to a, 5, c, d, e, respectively, 
shew that the area A of the polygon may be found from the equation 

80. Shew that if a quadrilateral whose sides, taken in order, are a, 6, c, rf, 
be such that a circle can be inscribed in it, the circle is the greatest when the 
quadrilateral can be inscribed in a circle, and that then, the square on the 

radius of the mscnbed circle is , — . v /, . *. . 

81. A polygon of 2n sides, n of which are equal to a, and w to 6, is 
inscribed in a circle ; shew that the radius of the circle is 



i ( a^ + 2ab cos ~+b^] cosec - 
\ n J n 



cosec-, 

82. A quadrilateral whose sides are a, h, c, rf, can be inscribed in a circle; 
its external angles are bisected ; prove that the diagonals of the quadrilateral 
formed by these bisecting lines, are at right angles, and that the area of this 
quadrilateral is i ^{ah+cd){ad ^hc) 

where 2«=a4-6+c+rf. 

83. A quadrilateral ABCD is inscribed in a circle, and EF is its third 
diagonal, which is opposite to the vertex A ; prove that if the perpendiculars 
from A on BC, CD, meet the circles described on AD, AB, respectively as 
diameters, in P, then PQ sin D = EF {sin^ A - sin^ D), 

84. The power of two circles with regard to one another, is defined to be 
the excess of the square of the distance between their centres, over the sum 
of the squares of the radii. Prove that for a triangle ABC, the power of the 
inscribed circle, and that escribed circle which is opposite A, is i{a^+(6-c)2}, 
and hence verify that if the inscribed circle touches an escribed circle, the 
triangle must be isosceles. 

85. The sides, taken in order, of a pentagon circumscribed to a circle, are 
a, 6, c,d,e; prove that its area is a root of the equation 

x*-a:^8{i2a^{b+e-c-d)-^2a^-\-i2acd} 

•^{8-a-e){8-b-d){8-c-e){8-d-a){8-C'-b)^=0y 

where 28 is the sum of the sides. 
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86. If a, bf 0, d, be the distances of any point on the circumference of a 
circle of radius r, from four consecutive angular points of an inscribed regular 
polygon, find the relation between a, b, c, and d, and prove that 



fa= 



{<ib—cd){bc-'ad)(ca — bd) 



(a+b-c-d){b+C'-'a-ct)(c+a-b-d)(a-\-b+c+d)' 



87. The perimeter and area of a convex pentagon ABCDE, inscribed in a 

circle, are 2s and S, and the sum of the angles at ^and B, at A and (7. 

are denoted by a, /3, ; shew that 

«2(8in2a+ -hsin2€)4-2/S'(8ina+ 4sin€)2=0. 

88. A BCD is a convex quadrilateral of which the sides touch one circle, 
while the vertices lie on another ; tangents are drawn to the circumscribed 
circle at A, B, C, />, so as to form another convex quadrilateral ; prove that 
the area of the latter is 

2^.2 (*«• - 2abcd) {ahcd)^v 

(o- - bed) (a- - cda) (<r - dab) (<r - abc) 

where r is the radius of the circle ABCD^ 2«=a4-6+c+rf, 

and 2(r=^bcd-\-cda-\-d(ib-\-abc, 



CHAPTER XIIL 

COMPLEX QUANTITIES. 

170. In works on Algebra, quantities of the form x + ty, 
called complex quantities, are considered, and the application to 
them, of the ordinary laws of algebraical operations, is justified. 
We shall in this Chapter, consider the mode in which such 
complex quantities may be geometrically represented, and in 
which the results of additions and multiplications of such 
quantities may be exhibited. It will appear that circular 
functions present themselves naturally in this connection, and 
indeed that such functions must be introduced in order to give 
conciseness to the results of the multiplication and division of 
complex quantities. 



The geometrical representation of a compleoo qyuintity. 

171. A positive or negative real quantity a?, is represented 
geometrically by laying off on a fixed infinite straight line A'OA, 
a length 0M= x, to scale, measured from any specified point in 
one direction or the other, according as a? is positive or negative ; 
we may then consider that the quantity x is represented either by 
the position of the point if, or by the straight line OM. In order 
to represent a purely imaginary quantity ty, take a fixed straight 
line B'OB, in any fixed plane containing A^OA, perpendicular to 
the latter line, then measure from a length ON^y^ in the 
direction OB or 0B\ according as y is positive or negative, then 
we shall consider that the imaginary quantity ly is represented by 
the point N, or also by the straight line ON. A circle of radius 
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unity cuts A' A and B'B in the points which represent the 
magnitudes ±1, ±i respectively. In order to represent the 
complex quantity x + iy, complete the rectangle OMPN, then 




we shall consider that the point P, or also the straight line OPy 
represents x + ly. We thus suppose that the result of the addition 
of the two quantities x and ly, is represented geometrically by the 
diagonal of the parallelogram of which the two straight lines OM, 
ON, which represent x and ly respectively, are sidea In the 
figure, Pj represents a quantity a?, + ly^ in which both x^ and y^ are 
positive, Pj a quantity a?j+ ly^ in which x^ is negative and y, positive, 
and Pg a quantity x^ + ly^ in which x^ is positive and y^ is negative. 
A'OA is called the axis of real quantities, and B'OB the axis of 
imaginary quantities. 

172. Let r denote the absolute length of OP taken positively, 
and the angle which OP makes with OA, measured counter- 
clockwise from OA, then 

a? = r cos Q, y=^r sin 0, and 2^ = a? + ty = r (cos 5 + 1 sin Q\ 



where 



r^^sf-ty", (? = tan**^. 
•^ X 
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The essentially positive quantity r = >sja? + y* is called the modulus, 
and the angle 6 is called the argwment of the complex quantity 
a? + *y. A straight line OP measured in any direction fipom in 
the plane, is thus capable in virtue of its two qualities of absolute 
length, and of direction, of completely representing a complex 
quantity. The quantity aj + iy may also be represented by any 
straight line in the pla];ie, drawn parallel to OPy and of equal 
length, since such a straight line represents both the modulus and 
the argument of a? + *y. 

173. Suppose a point P to describe a circle with centre 0, 
and any radius r, commencing from A' and moving in the counter 
clockwise direction, then the modulus of the complex quantity 
represented by P, remains constant and equal to r, whilst the 
argument increases algebraically continually from — tt. We may 
suppose the point P to make any number of complete revolutions 
in the circle, then at every passage through any fixed position P^, 
the quantity a? + ty has the same value, or an addition of a multiple 
of 27r to the argument leaves x + iy unaltered. In other words, a 
quantity 

x-{-iy = r (cos -hisinO) 

considered as a function of its modulus r and its argument 0, is 
periodic with respect to the argument. 

For any quantity x + vy, that value of which lies between 
the values — tt and tt, may be called the principal value of the 
argument ; and we shall in general, in speaking of the argument 
of such a quantity, mean the principal value. 

It should be observed that the principal value of the argument 

0, is not necessarily the principal value of tan"^ - , as defined in 

Art. 38 ; for a given quantity x + ly, both cos and sin have 
given values, therefore has only one value between — tt and tt. 

In this sense, the argument of a positive real quantity is 0, that of a 
positive imaginary quantity is Jir, and of a n^ative imaginary quantity - Jir. 
The principal value of the argument of a negative real quantity is, as defined 
above, ambiguous, being either ?r or - ir ; we shall however consider it to be 
IT. The conjugate quantities a?+ty, ^-«y have the same modulus, but 
their arguments are $ and -d. The modulus of ar-fiy is frequently 
denoted by mod. (^r+ty). 
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174. It is of fundamental importance to observe that whilst a 
real quantity x can, whilst increasing continuously from «?, to x^^ 
only pass through one set of values, this is not the case with a 
complex quantity x -f ly. There are an infinite number of ways in 
which such a quantity may change continuously from x^ + iy^ to 
x^ + tyj, even supposing that both x and y continually increase, for 
the continuous increase of x from x^ to x^^\a entirely independent of 
the increase of y from y^ to y,. This is essentially involved in the 
fact that two distinct units of quantity are contained in a complex 
quantity, and is represented geometrically by the fact that two 
points Pj and P, in the diagram, may be joined in an infinite 
number of ways, the representative point moving along any 
arbitrary curve joining P^ and P,. If a real quantity is to increase 
from x^ to a?j, always remaining real, the representative point is 
restricted to remaining in the x axis; if the quantity is not 
restricted to having its intermediate values real, the representative 
point may describe any arbitrary curve drawn joining the two 
points on the x axis. 

We may express this point by sajdng that a purely real or a 
purely imaginary quantity is essentially one dimensional, whereas 
a complex quantity is two-dimensional, and requires a two-dimen- 
sional space for its geometrical representation. 

The method of representing complex quantities geometrically, was given by 
Argand in a tract published in 1806, but an earlier attempt at their 
representation had been made by Kuhn in 1760. The theory founded on 
this method of representation was developed by Cauchy, Gauss, Eiemann, 
and others, and forms the foundation of the modem theory of functions. 



The addition of complex quantities, 

175. Suppose two complex quantities x^ -h «yi, x^ + ly^, are re- 
presented by the points P, Q ; complete the parallelogram OPRQ, 
then the projection of OR on either axis is the sum of the 
projections of OP, PR, or of OP, OQ, on that axis, hence the point 
R represents the sum (x^ + a?,) + 1 (y^ + y^ of the two given complex 
quantities. We see therefore that the sum of two complex quan- 
tities is obtained geometrically by adding the straight lines which 
represent those quantities, according to the parallelogram law. 
We have supposed that equal and parallel . straight lines of the 
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same length, and in the same direction, represent the same quantity, 
thus PR drawn from P parallel and equal to OQ represents 




a?j + tj/g, we may therefore express the rule of addition thus ; draw 
from the straight line OP to represent x^ + ly^, and then from P 
draw PR to represent, x^ + *y,, join 0-B, then OR, or the point R, 
represents the sum x^+x^ + i (y^ -f y,). 



176. The mode of extension of the rule for addition, to any 
number of quantities, is now obvious. 

Draw OPj^ in the first figure on page 226, to represent x^ -f ly^, 
then from P^ draw P^P^ to represent x^-\- ly^, from P, draw P^Pj 
to represent x^ + ly^, and so on ; then join OP^, the sum of the n 
quantities x^ + ly^, x^ + *y8>---^n + *2/ii» ^ represented by the straight 
line OP^, or by the point P^. 

Since the length OP^ cannot be greater than the sum of the lengths OF^y 
PiP2y.*Pn-i^ny it foUows that the modulus of the sum of a number of complex 
quantities is less than, or equal to, the sum of their moduli. 

H. T. 15 
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B' 



177. In order to subtract a?j-f t^j from ^^'\-iy^y a line PR^ 
must be drawn from P to represent — {x^ + ty^), this will be equal 
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to PR, and in the opposite direction, then the difference is repre- 
sented by OR^, or by the point R^. 



The multiplication of complex quantities, 
178. The prodtict of the two quantities 

^i+*yi> ^«+*y«> is (^,^2 - y,y«) + * («^iy« + ^«yiX 

and if we replace the quantities by 

r^ (cos 5j + * sin 5j), >, (cos 5, + ^ sin 5,), 

their product may be written r^r^ {cos (ff^ + 0^)-^ i sin (5, + 0^)} ; 
this expression shews that the modulus of a product is equal to the 
product of the moduli, and the argument of the product is equal to 
the sum of the arguments of the two quantities. 

We can now obtain a geometrical construction for the product 
of two quantities; let A, P, Q, represent the three quantities + 1, 




A 



^i + ^yp ^2 + ^1/2 » i^^^ ^ ^» ^^^ ^Q describe a triangle QOR similar 
to AOP, and so that the angle QOR is equal to 4-^,, then 
ROA = (9, + 0^, and also OR : OQ :: OP : OA, hence the length of 
OR is equal to the product of the lengths of OP and OQ; it 
follows that the point R represents the product (aj, + ly^) (x^ + ly^), 

15—2 
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If we now introduce a third factor x^ -f ly^ = r^ (cos 0^ + i sin ^3), 
we have 

= r^r^r^ {cos ((9^ + ^J + * sin (0^ + 0^^ {cos 0^ + * sin 0^] 

= r^r,r,{co8(0, + 0^ + 0;) + L&m(0, + 0, + 0X 
and we obtain, in a similar manner, the product of four or more 
complex quantities. In the case of n such quantities, we obtain 
the formula 

= r^r^...r^{cos(0,-{-0^+... + 0J + Lmi(0^ + 0^ + ... + 0J}. ..{!), 
Or ^ modulus of the 'product of any number of complex quantities 
is the product of their moduli, and the argument of their product is 
the sum of their arguments. The product may be obtained geo- 
metrically, by a repeated application of the construction we have 
given for the product of two quantities. 



Division of one complex quantity by another. 

179. The quotient (x^ + *yi)/(^a + ^y^ is equal to 
1 r 

-sm + yiy»-K^,y2-^,y,)l or -i{cos(5,-5J + tsin(5, 

'a '« 



- ^.)}. 
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thus the modulus of the quotient is the quotient of the moduli, 
and the argument of the quotient is the difference of the argu- 
ments of the two quantities. 

To construct the quotient geometrically, join the point Q 
(^2 -f ty^, to the point A (+ 1), and draw a triangle ORP similar to 
the triangle 0-4 Q, the angle ROP being measured equal to — 5^ ; 
then the angle ROA is 0^ - (9„ and OR = OPjOQ, therefore the 
point R represents the quotient. 



The powers of complex quantities. 

180. If in equation (1), we put all the factors on the left- 
hand side of the equation equal to a? + ty, we obtain the formula 

(x -f lyY = r" (cos nff + L sin nd) ; 

thus the modulus of the nth. power of a complex quantity is the 
nth power of the modulus, and the argument is n times that of the 
given quantity. 

To construct such a power geometrically, let P, (x + ty), be 
joined to A (+ 1) ; on OP^ draw the triangle OP^P^ similar to 
OAP^, on OPj draw OP^^ similar to the same triangle, 
and so on, then the lengths of OP^, OP^,...OP^ are r, r',...r*, 
respectively, and the angles PfiA^ PfiA,,.,PJ)A are 6, 20y..,n0 
respectively, therefore the points Pi, P^,.,P„ represent the quan- 
tities {x + iy)y (x -f lyY,, . ,(x 4- cyy. 

In the particular case r = 1, we have 

(co&0 + ism0y = cosn0+t8inn0, 

and if Q^ represent cos 5 -f * sin 0, then the points Qj, Qj,. . .Q„, which 
represent the different powers of cos 0+ l8ui0, are all on the 
circle of radius unity, and so that the arc between any two 
consecutive points of the series, subtends an angle at the 
centre 0. 

181. In accordance with the theory of indices, supposing n to 

1 
be a positive integer, the expression (x + tyY denotes a quantity 

of which the nth power is aj + ty. Now since the nth power 

of the modulus of a quantity is the modulus of its nth power, 



230 COMPLEX QUANTITIES. 

and since the modulus of any quantity is real and positive, the 

1 

modulus of (x 4- ly)* is y/r, where y/r is the real positive Tith root 

1 

of r. Suppose that y/r (cos <^ + 1 sin <^) is a value of (a? -f ty)*, then 
we have 

r (cos (jy + iQia <^)" = r (cos + i&m 0), 

or cos rKJi-h I sin n(l> = cos 0+ ism0, therefore cos n<l> = cos 0^ and 
sin TKJ} = sin 5, or n<f> = 0+ 2s7r, where s is any positive or negative 
integer including zero, hence a value of 

(x + ly) IS V ^ 1 cos h * sm 

since the nth power of this expression is equal to ^ + *y; the 

1 

above reasoning shews that every value of {x + tyY must be of this 
form. 

If we give s the values 0, 1, 2,... w — 1, the expression 

5 + 257r . 0'\-28Tr 

cos — h * sm 

n n 

has a diflferent value for each of these values of 8, for in order that 
it may have equal values for two values s^, «, of 8, we must have 

+ 28.ir 0+2sjjr , . + 2s,7r . + 2sjjr 

cos i— = cos ^— , and sm *— = sm ^— , 

n n n n 

whence 

^— = 2k7r H ~ , or («, — «,) = nA?, 

where A? is some integer; this cannot be the case if s^ and 8^ are both 
less than n, and unequal, therefore the values are all different. 

If we give s other values not lying between and n — 1, we 

1 

shall obtain no more values of (cos + vQia 0y, for if 8^ be such a 
value of 8, it is always possible to find a number 8^ lying between 
and w — 1, such that 8^ — 5^ is a multiple of n, and therefore 
the value of the expression for « = s^, is the same as for « = 8^, 

1 
We see then that all the values of (x + lyY are given by the 

series of n quantities 
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vr C0S- + AS1I1-J, vr cos h^sin , 

\ n nj \ n n J 

ny-{ 5 + 2(n-l)7r^ . ^ + 2(n-l)7r) 
I ^^ ^ J 

where ^r is real and positive. 

■ 

182. If be the principal value of the argument of a; + ^y, that 
is, that value of the argument which lies between — tt and tt, we 

— / 8 6\ - 

may regard \/r (cos - + * sin - j as the principal value of {x + iyY> 

We may consider 

6 . + 2'rr . 0-h2w ^ + 47r . (9+47r 

cos - 4" * sin - , cos h t sm , cos h i sm 

n n n n n n 

as the principal values of the nth roots of 

cos^ + tsin^, cos(5 + 27r)+tsin(5 + 27r), cos(5+47r)+tsin(^ + 47r) 

1 
respectively. The different values of (x + lyY are then the prin- 
cipal values of the corresponding expression in r and when n 

diflferent values of the argument are taken, the principal value 

1 
of (x + lyY being considered as that expression in which has 

its principal value. 

The two values of a , where a is a positive real quantity, are 
Va (cos -fi sin 0) and \/<* (cosir-ftsinTr), that is ^a and -V^, where ^a is 

the positive square root of a. The values of (-a) , in which case d=ir, 
are Va (cos Jw + 1 sin Jir), Va (cos fir -f t sin fir), or i^Ja, - uja. The principal 

value of a is ^a, and of ( - ay is uja, 

183. The nth roots of unity are obtained from the expressions 
in Art. 181, by putting r = 1, 5 = ; they are therefore 

27r . 27r 47r . . 47r 

1, cos h4sm — , cos hism — , 

n n n n 

2(n-l)7r . . 2(n-l)7r 
cos— ^^ h 1 sm— ^^ — , 



n n 



2'jr 27r 

If we denote by cd, the root cos h t sin — , the whole of the 

•^ n n 

roots are given by the series 1, cd, ©"...o)""*. 
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COS 



Since 
0+2r7r 



n 



. 0+2r7r 



n 



= (cos-+ isin-j I 



2r7r . 2nr 
cos h I sin 



n 



")■ 



it follows that if ^x -f ty denote the principal value of (aj + ty)*, then 
all the values are given by the series 

Vx-k-iy, ft)\/ic + *y, (o^\/x'\-iy, o)*'Wx + iy. 



Examples. 

(1) Find cUl the values of ( - 1)^ and of ( - 1)^. 

(2) Find the values of (1 + ^J~^)^. 

184, We shall now shew how to represent geometrically the 
Tith roots of a complex quantity; the method will give an 
intuitive proof of the existence of n different values of the nth 
root. Without any loss of generality we may take the modulus 
to be unity, so that we have to represent the values of 

1 
(cos ^ 4- 1 sin Oy. 

Let a point P describe the circle of radius unity starting 
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from A, at which 5 = 0, then in any position of P for which the 

angle POA described by OP, is 0, the point P represents the 

expression co&d + isind. Let another point p start from A at 

the same time as P, and let its angular velocity be always equal 

to IJn of that of P, so that the angle pOA is always equal 

6 

to Ojn, then p represents cos - + 1 sin - . When P reaches any 

position Pj for the first time, let p be at p^y then the angle 
PfiA is n times the angle pfiA, therefore Pj represents the wth 
power of the quantity represented by jp,, or conversely p^ repre- 
sents an nth root of cos 0^ -f i sin 6^, Now let P move round 
the circle imtil it again reaches P^, so that it has described the 

4- 27r 
angle 0^ + 27r, then p will be at p^, where p^OA is equal to — ' ; 

if P proceeds to make another complete revolution, when it again 

H-^'T 
reaches the position Pj, p will be at p^, where pfiA = -^ , and 

SO on. The points jpj,2)j,...jp,, are the angular points of a regular 
polygon of n sides inscribed in the circle. When P makes more 
than n complete revolutions round 0, the point p will again reach 
the positions Pj,jPj.... Each of the points ^j,pj...2>^ represents a 

value of (cos 5^ + ^ sin 0J^, since the nth power of the expressions 
represented by any one of these points, is the expression repre- 
sented by the point P. The point p^ represents the value 
for the smallest argument 0^. We have thus obtained the 

n values of (cos 5^ + 1 sin 5^)*, and we see that these values are the 

diflTerent values of cos -* h t sin — , when « = 0, 1, 2. . . 

n n 

n — 1. 

185. To obtain graphically the nth roots of any expression 
X + *y, we must be able (1) to divide an angle into n equal parts, 
and (2) to inscribe a regular polygon of n sides in a circle, and (3) 
in order to construct the modulus, we must be able to construct a 
straight line whose length is the nth root of the length of a given 
line. In order to obtain all the nth roots of unity, it is only 
necessary to solve the second of these geometrical problems, since 
in this case the angle to be divided into n parts is zero. The 
problem of inscribing a regular polygon of n sides in a given circle, 
is therefore equivalent to that of obtaining the numerical values 
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of the roots of the equation a:* — 1 = 0. This geometrical problem 
can be solved by the use of the rule and compasses, in the following 
cases : 

(1) When w is a power of 2 ; for example n = 4, 8, 16, 32. 

(2) When n ia s, prime number of the form 2"* + 1 ; for 
example, when n = 3, 5, 17, 257. This was proved by Gauss in his 
Disquisitiones arithmeticae, 

(3) When n is the product of diflferent prime numbers of 
the form 2"* + 1, and of any power of 2 ; for example, when n = 15, 
85, 255. 

The proof of "Gauss' theorem would lead us too far into the 
theory of numbers ; we have however considered the special case 
n = 17, in Art. 85, Ex. (4), where sin 7r/l7 is found in a form 
involving radicals. 

De Moivre's Tlieorem. 

186. For all real valves of m, cos mO + 1 sin mO is a value of 
(cos + isin 0y. 

This theorem, known as De Moivre's theorem, has been proved 
in Arta 180 and 181, in the two cases m = n, and m= 1/n, where 
71 is a positive integer. To complete the proof, we have to consider 
the cases when m =plq, a positive fraction, and when m is negative. 

It is clear that (cos 5 + * sin d)*^ = (cosjp^ + 1 ampdy, and one value 

of this is cos — 4- 1 sin — . 

9. 9 

If m = — A? we have 

(cos 0-{-l8ia0y = 7 ^- r—Trj , 

^ ^ (cos^+tsma) 

and one value of this is always — v^ : — v^ , or cos kO — v sin kO, 

cos fCi/ "T* I" sin Ku 

which is equal to cos mO -f 6 sin mff. 

p 
It should be remarked that all the values of (cos O + isia 6y 

are given by the expression 

»((9 + 2«7r) . . p{e + 2sir) 
cos^^-^^ --\' i sm^^-^^ 

<1 ? 

where s = 0, 1, 2...g — 1, when p is prime to g. 
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I( p is not prime to g, let p'/^ be their ratio in its lowest terms, 
then the expression just found is equal to 

p{0+287r) . p'(0 + 2g7r) 

cos^— — -, + c sin^^— ^^ — 7 , 

q (( 

and this will only give q different roots ; the whole of the q values 
can be obtained from the expression 

by letting 5 = 0, 1, 2,. . .g - 1. 

187. The theorem 

(cos ^j + t sin 5,) (cos Q^ + i sin 0^, . .(cos 0^ + 1 sin 6^ 

= cos((9j + (9,+ ... + (9J + 6sin (B^ + ^,+ ... +^J 

used in the proof of De Moivre*s theorem, affords a proof of the 
theorems (28), (29), (30) of Art. 49. We may write the left-hand 
side of this identity, in the form 

cos Q^ cos 5j. . .cos 5« (1 + 4 tan 5,) (1 + a tan ^J. . .(1 + * tan 5J, 

hence equating the real and imaginary parts on both sides of the 
identity, we have 

cos(5j4-5j4-... + 5J = cos5,cos5,...cos5^(l - ^8 + ^4- ...)> 

sin (5j + ^j + . . . + Q^ = cos 0^ cos 5, . . .cos ^^ (*, — ^3 + ^a — . . . )> 

where t, denotes the sum of the products of the n tangent taken 8 
at a time. 

The theorems (39), (40), (43), of Art. 51, are obtained at once 
from the theorem cos n0+ i sin n0 = (cos 5 + 1 sin 0y, by expanding 
the right-hand side of the equation, by the Binomial theorem, and 
equating the real and imaginary parts on both sides of the 
equation. 

When w is a positive integer, we have (cosd+isin^)*=cosnd+isinw^, 

and therefore also (cosd-isin^)*=coswd-isinw^, thence we obtain the 

formulae 

cosw^=J(cosd-f 4sind)*-f J(cos d-isind)* 

t sin wd=r J (cos d+ 1 sin ^)*- J (cos d - i sin S)\ 

The first of these equations is really an expression of the fact mentioned in 
Art. 51, that 1 +a?oos B-h^ cos 2d-f ... -h^ cos 71^ is a recurring series of which 
l-2xcos$ + a!^ is the scale of relation; denoting cos^d by m^, we have 
w,j-2co8d. w^_i4-2*,j_2=0; to solve this equation assume, as usual in such 
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cases, u^^^Ak^y then we obtain for k the quadratic k^-2kGO&B. +1=0, of 
which the roots are >& = cos ^ + 1 sin tf , hence 

u^=A(co^ ^+i sin ffy^+B (cos ^- * sin BY 

is the complete solution of the equation for u^. Putting n=l, and ?t=2, we 
lind A=:B=\, and thus obtain the expression given above for cosn^. The 
expression for sin riB may be found in a similar manner. 



FacUyrization. 

188. We are now in a position to resolve a?"— (a+^ft) into 

n factors linear with respect to x. The expression vanishes if a? is 

1 

equal to any one of the values of (a + ^6)"; if q^, ?8-"?„> denote the 
n values of this expression, we shall have 

a?"- (a+ ^6) = {x-q^{x-q^...{x - gj, 

for since a?* — (a + Jb) vanishes when a; — g', = 0, x — q, must be a 
factor without remainder, thus we obtain n diflferent factors and 
there can obviously be no more. Put a = r cos 0,b=r sin 0, then 
the expression for a?* — (a + ^6) in factors, becomes 



I'f-K' 



*=»-! f / + 28ir . + 287r\] 
TT 1^ ^f^^g f-tsm ]> 

n n J) 



where p = */r = (a* + 6')*". 

From this result several of the factorizations already obtained in 
Chap. VII. may be deduced. 

(1) Let a = 1, 6 = 0, we then obtain 



a?" 



— 1 = H [x — cos L sm 

*=o \ n n J 



and since 1 — ^^^ — = ztt, 

n n 

this gives us, if /i is odd, 

a? — l=(a?— 1) n a?— cos tsm — a?— cos l-tsm — J 

^,=i\ n n J \ n n J 

=(aj-l) n f a;' - 2a? cos =^ + 1 j 

and a?'*-l = (a?-l)(a? + l) H fa?*- 2a;cos — + lj , 
if 71 is even. 



COMPLEX QUANTITIES. 237 

(2) Let a = — 1, 6 = 0, then we obtain the formulae, 

a;" + 1 = (a? + l)'"*n ^Va;» -2a?co8^?^^^'^ + l) , (n odd), 

a;" + 1 = '^^n"^^ (x' - 2x cos ^^^"^^^^ + 1 V (n even). 

(3) a;^-2aj"cos^+l 

= (a^ — cos ^ — 4 sin ^) (a:" — cos ^ + t sin 0) 

*=«-!/ ^+2s7r . 0+287r\/ d+^sir . ^+2«7r\ 

= 11 (a?— cos tsin (a?— cos f-^sm 

,=o\ n n / \ n n J 

= n he* -2a? cos + 1 , 

*=o \ n J 

or writing os/y for a?, and multiplying both sides by y**, we have 
a;^-2a;ycos^ + 3r= H (a;'-2aycos ^ +y'). 

(4) From the last result we have 

a;« + a;-"-2cos^= n (a?-fa?"^-2cos ^ ). 

Put a? = cos + ^ sin 0, then a;"* = cos — t sin 0, 
and a^ = cos n<f> + i sin w0, a?"" = cos w^ — t sin n<l>, 

therefore, changing into n0, 

lA — cos w^ = 2*"^ n -^cos^- cosf tf + — ]> . 

*=o I \ n J) 



cosn< 



Properties of the circle. 

189. Certain well-known properties of the circle may be ob- 
tained by means of the factorization formulae of the last Article. 
Let A^A^Ay . .A^ be a regular polygon of n sides inscribed in a circle 
of radius a, and let P be any point in the plane of the circle, its 
distance from the centre of the circle, being denoted by c. Let 
the angle POA^ be denoted by 0, then the angles POA^, POA^... 
are + 2ir/n, -f 47r/n. . .respectively. Then 

P^,» . P^," . PA,\ . ,PA,^ = '^n ' |a" - 2ac cos (0 + ?^) + c»| , 
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hence we have the theorem 

PA^ . pa; . pa;. ..pa; = a"" - 2a" c" cos n0 + c**, 
which is known as De Moivre's property of the circle. 

In the case when P is on the circumference, the theorem 
becomes 

PA^ . PA^ .PA^.. .PA „ = 2a" sin | n0. 

In the case when P is on the radius 0-4, we have = and 
the theorem becomes 

Again if P lies on the bisector of the angle AJ)A^, we have 
= ir/n, and the theorem becomes 

P^,.Pil,...Pil^ = a" + c". 

The last two cases are known as Cotes* properties of the circle. 



190. Examples. 

(1) Express x™~V(l + x**) *Vi pa/rticd fracHonSy m being an integer less than n. 
If a be a root of the equation ^+1=0, the partial fraction corresponding 

qIh— 1 Y 1 a***"** 

to the factor ^ - a, is — -— r . , or ; taking the two fractions cor- 

27* + 1 2^+1 
responding to the conjugate values of a, cos ^ 7r±isin ir, together, we 

obtain the fraction 

2r-f 1 2r+l 

_ 2^cos (n-m)ir-2cos (n-m-^-VSir 

1 n ^ ' n ^ 

^-2a'C0S TT-f-l 

n 

^ cos(2r+l) 7r-^cos(2r+l)- 

2 ^ n ^ 'n 



or 



^2 - 1x cos Tr+ 1 



\nr-TO 



if n is odd, we have the additional fraction , '. ; hence when n is odd 

^-l__(_l)n-m 2 r=i(n-3) ^^^ (^^+ ^) "^ IT - ^ COS (2r + 1) - ir 
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and when n is even 

^ 1 o ^i« 1 cos(2r4-l) 7r-^cos(2r+l)-7r 



= - 2 



n 

(2) Express x«*~V(^* - 1) m partial fractions, m being less than n. 

(3) Prove that 



x*-a«»coj?nd 1 '^-^ 






The denominator of the fraction ^n.g^^ncosn^^-a^ ^^ resolved into 

factors, and the fraction corresponding to each factor can then be determined 
as in Example (1). 

(4) Prove that 
, ^ nnnne 1 ^^-^ 1 



«m^ * co«nd— c<wn<^ r^ cosB—cos{<t)+2nln)* 

... n^wn n^«m n0 1 ^^^ sin {(fi+^Tr/n) 

^' sin 6 ' (cosjiB-cosvi<f)f r=o {cm ^-co«(<^-|-27r/n)}2' 

The expression on the left-hand side in (a), is an algebraical function of 
cos B, and can therefore be resolved into partial fractions, as in Ex. (1) ; the 
equation {h) is obtained by differentiating both sides of (a) with respect to <^, 
or what amounts to the same thing, by changing <^ into 0-1- A and equating 
the coefficients of A, on both sides of the equation. 

(5) Sh^ that if 

cos B-\- cos <fi-\- cos y^=0, and sinB-\-sin<^ + sin^=0, 

then cosSB+cos^+cosZ^-Zcos(B+<l>+ylt)=Oy 

and sinSB+sin3<l>+sin3ylt-'Zsin{B+<l> + ylt)=0, 

This is an example of the general method of deducing Trigonometrical 
theorems from Algebraical ones, by substituting complex values for the 
letters. If a-f-6+c=0, we have a^ + b^-\-(^-3abc=0; let a=cos ^-|-t sin ^, 
b = cos -f- 1 sin <^, c = cos ^ -f- 1 sin ^, then we have given that if 

(cos ^ 4- cos 4- cos ^) -I- i (sin ^ -I- sin 0-|-sin^)=O, 

(cos 3d-|-cos3<^-f-cos3Vr)-|-t(sin 3d-f sin3</>-|-sin 3^) 

-3{cos(^4-0+Vr)+tsin(d-f-0+Vr)}=O; 

equating to zero the real and imaginary parts separately in each equation, the 
theorem follows. 
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EXAMPLES ON CHAPTER XIII. 

1. Prove that f ^ . . ? — ?) =cos(iwir-w6) + ism(i?iir-M<f>). 

2. Evaluate 

{cos 6- cos <^ + 1 (sin d- sin <^)}'*+{cos ^- cos <^ - 1 (sin ^- sin <f})}\ 

3. Prove that 

where r=^ (w- 1) or ^n - 1, and ^1 is 1 or w, according as w is odd or even. 

4. Prove that 

4sin J O- y) sin i (y- a) sin ^ (a- /3) 2 sin (pa+qfi+ry) 

=sin{(n+l)a-i(/3+y)}sini(/3'-y)-|-... 

where S denotes the sum taken for all positive integral values of p, q^ r, 
(including zero), such that jt?-|-3'+r=w. 

5. If p is a positive integer and a, /3, y... are the roots of the equation 
07^= 1, and n is any numerical quantity greater than imity, shew that the only 

real value of a'*-|-fl'»-|-y» + ...is tan - / tan — . 

' n ' pn 

6. If {l+xf^Po+PiX+p^^- 

prove that Pa-P^-^P^- =2^ cos J^tt, 

Pi-Pz-^Pb- =2**sinjwir. 



7. If ^j, x^,„x^y be the corresponding roots selected from the conjugate 
pairs of roots of the equation a^ - ^af^ cos wd + 1 =0, and if 

f(a) = 2 XrOOQi a-\ — ), prove that 

/W/W ./(ap) = (iw)^'■^[/{^(al+c.2 + ...+ap)}]^ 

8. If a, /3, y, d, €, be any five angles such that the sum of their cosines 
and also the sum of their sines is zero, shew that 

2co8 4a=i(2cos2a)*-i(2sin2a)« 
S sin 4a = 2 sin 2a . S cos 2a. 

9. If ti, t^ tm^ ^ho <3ui^ of the products of the n quantities tan ^, 

tan 2^, tan 22^?, tan 2*-^^, taken 1, 2, 3...W together, prove that 

1 - ^2+^4 - ^e"l" ... =2** sin ^ cos (2* - 1) ^cosec 2"^ 
^j-^3+^6- ...=2*»sin^(2'*- 1) ^ cosec 2*07. 
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10. If cos (/3- y) -l-cos (y - a) +(X)s (a - /3) = - ^ , shew that 

cos na + cos n^ + cos wy 

is equal to zero unless n is a multiple of 3, and if ti is a multiple of 3, it is 
equal to 3 cos Jt^ (a+/34-y). 

11. Prove that the values of ^ which satisfy the equation 

are a7=tan ^ — ', where t is any integer. 

12. Prove that T(-ir» si°'>-acos^-^>-° ^ (2^+1)^ 
where a= 



2w+l' 



13. If «Pr denotes the sum of the products taken « together of the 
quantities 

tan27r/(2n + l), tan22ir/(2?i+l), tan2wir/(2w+l), 

the quantity tan2rw/(2w+l) being omitted, and if 

^^=(-l)r-isin2?V(2w+l).cos2»"3r7r/(2w+l), 
prove that 2-4 ^.,^,.=0, the summation extending to all values of r from 1 to 
71, and 9 having any value from 1 to n. 

14. A regular polygon of n sides is inscribed in a circle, and from any 
point on the circimiference chords are drawn to the angular points ; if these 
chords are denoted by c^, C2,...<?n> (beginning with the chord drawn to the 
nearest angular point and taking the rest in order), prove that the quantity 
CiC2+C2e3-|-...-|-c„_iC,j4-CnCi is independent of the position of the point fi'om 
which the chords are drawn. 

15. If A^A^...A^^^, are the angular points of a regular polygon inscribed 
in a circle, and is any point on the circumference between A^ and -ian+u 
prove that the sum of the lengths OA^^ OA^^,,,OA^^^\b equal to the sum of 
OA^, OA^,.,OA^, 

16. If pi, p2-"pH ^^p ^^^ distances of a point P in the plane of a regular 
polygon from the vertices, prove that 

»1 n r2»-a2» 

2-5 = 



J p2 ^2 _ ^2 ^ _ ^r^a"^ cog n0-\-a^ ' 

where a is the radius of the circle round the polygon, r is the distance of P 
from 0, and 6 the angle OP makes with the radius to any vertex of the 
polygon. 

1 7. Straight lines whose lengths are successively proportional to 1, 2, 3 ... ti, 

form a rectilineal figure whose exterior angles are each equal to 2ir/n ; if a 

polygon be formed by joining the extremities of the first and last lines, shew 

that its area is 

«(«+l)(2«+l)^^5_^«^^5^^,^_ 



24 n IQ n n 

H. T. : : {::• Fft.- 



^-* --- - 
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18. The regular polygon AiA2A3...A2m has 2m sides; shew that the 
product of the perpendiculars from the centre of the circumscribed circle on 
A^Azy AiA^y.,,AiA^, is (ia)'»-V^- 

19. Shew that if A1A2" A^^ BiB^^.-B^n^ be two concentric and similarly 
situated regular polygons of 2n sides, then 

'PA^.PA^,„,PA~ " PB^ . PJ?4. . .PB^ ' 

where P is anywhere on the concentric circle whose radius is a mean propor- 
tional between the radii of the circles circimiscribing the polygons. 

20. A point is taken within a circle of radius a, at a distance h from 
the centre, and points P^, P^^.^P^^ are taken on the circumference so that 
Pj/gj ^2^3i'"^n^i9 subtend equal angles at 0; prove that 

21. Prove that if » is a positive integer 

cos nd=l+2n sin 5 cos —= — |- ^ ' 2^ sm^ - cos — ^-^ — - 

22. Shew that the number m of distinct regular polygons of n sides which 
can be inscribed in a given circle of radius r, is equal to half the number of 
integers less than n and prime to it. 

Shew also that the product of their sides is equal to i^»s/nltjn-2m, or 
/^, according as n is, or is not, the power of a prime number. 

23. A regular polygon of n sides A^A^A^.^.A^^i is inscribed in a circle of 
radius a and centre 0, and from a point P on OA^, lines PA^y PA^,,,,PA^^^ 
are drawn making angles ^j, ^2v^n-i) with OP, Prove that the continued 

r=n-l 

product n (P-4r^'»-2P^,.'»a"» cos md -!-«*») is equal to the continued pro- 

r=0 

f»=Wl-l 

duct n {PA^-'2,PAr^a^QO&n6-\-a^\ where the latter expression refers 

to a polygon of m sides inscribed in the circle in a similar manner, the position 
of P being unaltered. 



CHAPTER XIV. 

THE THEORY OF INFINITE SERIES. 

191. We shall, in this Chapter, give some propositions con- 
cerning the convergency of infinite series in which the terms are 
real or complex quantities. Anything like a complete account of 
the theory of such series would be beyond the limits of this work ; 
we shall therefore confine ourselves to what is absolutely necessary 
for the purpose of discussing the nature and properties of trigono- 
metrical series. 

The convergence of real series, 

' 192. Let ttj, a,, a,, a^, be a series of real quantities 

formed according to any law, and let S^ = a^ + a^ + ftg + + ^n> 

then if S^ has a definite finite limit S, when n is indefinitely 

increased, the infinite series a^-\-a^ + a^+ is said to be 

convergent. 

We shall, in this Chapter, use the notation LS^ to denote the 
limiting value of S^ when n is infinite. 

If the limit of S^ is infinite, or if it is finite but not definite, 
the series is not convergent. In the former case the series is 
divergent, and in the latter case in which the limit of 8^ depends 
on the form of w, the series is said to oscillate. Oscillating series 
are frequently included under the name divergent series. 

The series l+i+j4-i+ is divergent since LS^^oo ; the series 

1 + 1-2-1-1-1-1-24- 

oscillates, since Z^S^ is equal to 1^2, or 0, according as ti is of the forms 

3r-f-l, 3r+2, or 3r. 
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193. Supposing none of the quantities a^, a^, a, to be 

infinite, the necessary and suflScient condition for the conver- 

gency of the series 2a, is that, corresponding to any finite positive 

quantity e cw sinall as we please, a number m can be found such 

that the arithmetical valvs o/*a„+t + a„+9 +* + a»+r ^ ^^** ^^^ «> 

whatever number r is, if n is equal to, or greater than m. 

To shew that the condition is suflBcient, denote by JB^ the 

infinite series a„^i + G^«4«+ j which is the remainder after n 

terms in the given series, then by making r infinite, we see that 
i2„ is numerically less than €, if n ^ m, hence 8 has a value between 
8^ + € and S^ — e where € may be made as small as we please ; also 
8^ being the sum of a number of finite quantities is finite, hence 
8 is finite. 

Also fi^+r " ^n = O^H+i ■*■ ^»+s + "^^n+r' ^^^^ ^n+r~ ^n CaU bc 

made as small as we please by making n large enough, therefore 
L8^ = L8^^, hence the value of >S is definite, being independent of 
the form of w. 

The condition has been stated so as to exclude the case of an 
oscillating series. 

If we take r = 1, the condition includes that a^^ may be 
made as small as we please by taking n large enough, thus 
iia« = 0. 

The rapidity of the convergence of a series may be measured 
by the least value of m corresponding to a given value of €, that 
is to say, by the number of terms which it is necessary to take in 
order that the remainder may be less than an assigned quantity. 

In the case of the geometrical series l+^-f-o^ which converges to the 

value 1/(1 -ir), when x is less than unity, we see that 

_ ^(l-jf) 
1-^ 



^n + l • ••• • *n + r i ~ > 



and this will be less than €, if ^j <€; in this case, supposing ^ to be 

positive, the value of m is the integer next greater than °^ , — ^ ' . The 

value of m increases as x increases, thus the rapidity of convergence of the 
series diminishes as a; increases; when x approaches imity, jond becomes 
ultimately indefinitely near it, m increases indefinitely, thus the convergence 
of the series becomes infinitely slow; when ^=1, the series is, of course, 
divei^ept. ^ ^ 
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194. Let us next consider the case of a series in which there 
are both positive and negative terms ; in such a series there will 
be one or more positive terms followed by one or more negative 
terms, and we may, without altering the series, add together the 
consecutive positive terms, and also the consecutive negative 
terms, so that without loss of generality, we may consider a series 
a, — aj + ttg — a4 + in which a,, a,, are all positive quan- 
tities. Suppose such a series to be convergent, then if the series 

a^ + a^ + a^+ in which all the signs are made positive, is also 

convergent, the series a^ — a^ + a^ is said to be absolutely 

convergent, whereas if the series a^ + a^ + a^-i- is divergent, 

the series a^ — a^ + a^ — is said to be semi-convergent or 

conditionally convergent, or accidentally convergent. 

The series l~2-2""*-|-3~*-|- is absolutely convergent, since the series 

l~2-f2"2-|-3-24. is convergent, but the series 1-1-2-^3-1- is 

semi-convergent, since the series l-i+2-i + 3~i-|- is divergent. 

A series Oi-Oj-l-aa is always convergent if each term is numerically 

greater than the next following, and if a,^ is indefinitely small when n is 
infinitely great; for the sum of any niunber of terms is obviously positive 
and less than a^, hence the limit of the sum is finite, and it cannot oscillate 
since 

which is ultimately zero, as it is numerically less than a^ + i, 

195. In a semi-convergent series, the order of the terms 
cannot in general be deranged without altering the sum ; let Sp 
be the sum of the first p positive terms, and S\ the sum of the 
first q negative terms, then if the series be re-arranged so that 
the sequence of the positive terms is unaltered, and also that of 
the negative terms, but so that of the first p + q terms, p are 
positive and q are negative, the sum of the series so re-arranged 
is the limit of Sp — 8\, when p and q are infinite. Now the limit 
of Sp + 8\ is, by hypothesis, either not finite or not definite, hence 
Sp and 8\ are each infinite or each not definite, and the value of 
L {Sp — S\) will depend on the ratio in which p and q are made 
infinite. In the original order a^—a^+a^..: of the series, p 
and q become infinite in a ratio of equality, but if, for example, 

we write the series ttj -f-ag — aj + aj + ay — a^ -I-..., i> ai^d q become 
infinite in the ratio 2 : 1, and the limits of 8^ — fl^^, and 8^ — 8\ 
when q is infinite, are in general not equal. 
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As an example, consider the semi-con vei:gent series l~i + J-i4-...; denote 
its sum by S, then 

Let S' be the sum of the series l+i-i + i+^-i-*-..., in which the order 
of terms in the series S has been altered, we have 

>5'=2 (^T-^ + r^ - J^\ hence /S'' - ^=2 f :r^ + ~ - i-V 
\4n-3 4«-I 2V \4/i-2 471 2/1/' 



or 



'^' " -^^^ (sis " i) =* ^ (2^ " i) =^ '^' 



therefore S'=^S, This example was given by Dirichlet, who first pointed out 
that the sum of a semi-convergent series depends on the order of the terms. 

196. Riemann has shewn that the terms in a semi-convergent 
series may be so arranged that the sum may have any given 
value a. 

Suppose a is positivie, take first p positive terms, p being such 
that i8p_j<a and S^>(x,\ then take q negative terms, q being so 
chosen that 8^ — 8\_^ > a, and S^ — 8\<a\ next take p positive 
terms such that 8^^'^^ — /S, < a, and 8^^' — fif^ > a, then. ^ negative 
terms such that 8^ — 8^^<a, and 8^^^'-'8^^_^>ai, and so on. 
Proceeding in this way, we obtain a series such that its sum 
differs from a, by less than its last term, hence when we make 
the number of terms infinite its sum will ultimately be a. 



The convergence of complex series. 

197. Suppose -e^j + ^2 + + z^ to be an infinite series, in 

which each term z^ is a complex quantity x^ + ly^ ; the series ^z is 

n n 

convergent only when each of the two sums Sa?, 2y has a definite 

1 1 

finite limit when n is infinitely great ; denoting these limits by Z, 
Y respectively, we consider Z-f tF to be the sum of the infinite 
series Xz. In case the limiting value of either of the sums Sa?, 2y 
is either not finite, or is an oscillating quantity, the series 2-? is 
not convergent. 

Suppose -2^^ = r^ (cos ^^ -f- 1 sin ^ J, then we shall shew that 
the series Xz is convergent provided the series 2r, in which each 
term r^ is the modulus of the con-esponding term z^, is convergent. 
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The given series 2r^ (cos ^^ + ^ sin 6^ is convergent provided each 
of the series 2r^ cos 0^, 2r, sin 6^ is convergent ; now each of the 
quantities r^cos^^, r^sin^^ lies between the quantities ±r^, 
therefore the sum of each of the series Sr„ cos 6^, 2r^ sin 0^ is less 
than 2r^ ; also the quantity S^^ — 8^ is for either of the series 
2rco3 0, Srsin 0, numerically less than for the series 2r; if then 
the latter series is convergent,. so is each of the former ones, hence 
the series 2^, is convergent. 

The converse is not necessarily true, thus the series 

2r^ (cos ^« + « sin 0^ 
may be convergent, whilst 2r^ is divergent. 

If the series 2r« formed by the sum of the moduli is convergent, 
then the series 2r^ (cos ^^ + 1 sin 0^ is said to be absolutely con- 
vergent 

For example, the series of which the general term is n"^ (oosn^+csin nS), is 
absolutely convergent, since the series 2 nr^ converges, whereas the convergent 
series of which the general term is »-^(cosn^-|-tsin«^), (2ir>d>0), is not 
absolutely convergent, since the series S n-^ is divergent. 



Contintiotis functions. 

198. Suppose /(-^) to be a function of the quantity ^ = a? + ty, 
which has a single value for every value of z which lies within any 
given limits ; this function will then have a single value for every 
point in the diagram, which lies within a certain area ; this area 
may be any finite portion of the plane, or the whole of the plane. 

Such a function is said to be continuous at the point z=^z^y 
if a finite quantity rj can always hefownd such that the modulus of 
f (z) — f (Zj) is less than an assigned finite quantity e, taken as small 
as we pleasCy for all values of z which are such that the modulus of 
z — z^ is less tha/n 17. 

A function which satisfies this condition at every point within 
any given area, is said to be continuous over that area. 
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Uniform convergence, 

199. Let f^{z) be a function of z or x + iy, which is con- 
tinuous over any area ; then if the series 

/.(^)+/.(«)+ +/,w+ 

is convergent, we may denote its sum by F{z). Suppose 

/.w +/,(«)+ +/.W. 

where n is any fixed number, is equal to S^, then the quantity 

/n+i C-^) +/«+8 (^) + ^^ called the remainder after n terms and 

may be denoted by R^ ; we have therefore F{z) = >S^ + i2.. Now 
suppose that corresponding to any given finite quantity e, however 
small, a finite value of n, independent of z, can be found, such 
that for all values of z represented by points lying within any 
given area^ the modulus of R^ is less than €, the series is said 
to converge tmifomdy for all values of z represented by points 
within that area. 

If as z approaches indefinitely neai* any fixed value z^, in order 
that the modulus of R^ may be less than €, it is necessary to 
suppose n indefinitely great, then in the neighbourhood of the 
point z^y the series does not converge uniformly and is said to 
converge infinitely slowly. For any space including a point near 
which the series converges infinitely slowly, it is impossible to 
assign any finite fixed value of n, such that for all values of z 
within that space, the modulus of iJ. is less than the fixed finite 
quantity €, and thus the series does not converge uniforinly 
throughout that space. When z is absolutely equal to z^^ the 
series may be either convergent or divergent. 

We may state the matter as follows : — 

Suppose that as z approaches some fixed value z^, the number 
of terms n of the series /j(^)+yg(-2r)+ ... which must be taken, 
in order that mod. R^ < e, depends on the modulus of ^ — ^^ in such 
a way that n continually increases as mod. (z — z^) diminishes, and 
that n becomes indefinitely great when mod. (z — z^) becomes 
indefinitely small, the series is said to converge non-uniformly in 
the neighbourhood of -2^,. 
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In the neighbourhood of such a point, the rate of convergence 
of the series varies infinitely rapidly, and when mod. (z - z^) is 
infinitely small, the series converges infinitely slowly. 

It should be observed that a convergent numerical series 
cannot converge infinitely slowly ; thus when z is absolutely equal 
to ^j, the convergence of the series fl(z^)-\'f^(z^)'\' ,,., if it is 
convergent, is no longer infinitely slow; it is only when ^ is a 
variable quantity such that mod. (z—z^ is infinitely small, that 
the series /i(z)-{'f^(z) + ... converges infinitely slowly. It is 
consequently more exact to speak of the non-uniform convergence 
of a series in the neighbourhood of a point, than at the point 
itself. The number of terms n that must be taken in order that 
the modulus of the remainder R^ (z) may be less than a fixed 
quantity €, increases as z approaches the value z^, becomes 
indefinitely great when mod. (z — z^) becomes infinitely small, 
and then, if the series is convergent at the point z^, suddenly 
changes to a finite value; this number n is therefore itself 
discontinuous in the neighbourhood of such a point. 

By some writers, a series is defined to be uniformly convergent over a 
given area, when a number n can be found such that for all values of z, the 
remainder R^y where m is equal to or greater than n, is less than t. The 
definition given in the text, is however sufficient for the purpose of proving 
the properties of such series. 

200. If the functions /j (^), /j (2:) are continuous for all 

values of z represented by points lying within a given area A, 
then the function jP(-^) which represents the sum of a conver- 
gent series Xf(z), is a continuous function for all values of z 
represented by points lying within the area A, provided the series 
2f (z) converges uniformly over the whole area A. 

For we have F{z)=S^ + R^, n being such that for all values 
of z to be considered, the modulus of R^ is less than €; let z 
receive an increment Bz, and let BF(z), BS^, BR^ be the corre- 
sponding increments of F{z), 8^, and i2^, then since by supposition 
the moduli of R^ and R^ + BR^ are both less than e, the modulus 
of BR^ IB less than 26. Also since S is a continuous function 
of z, we may by choosing Bz small enough, make the modulus 
of BS^ less than e; hence, provided Bz is less than a certain 
value, the modulus of BS^-^ BR^ or of BF{z) is less than Se, since 
the modulus of BS^ + BR^ is not greater than the sum of the 
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moduli of S8^ and 8i2.. !Now 36 can be made as small as we 
please, therefore mod. BF.(z) can be made as small as we please 
by making Bz Ismail enough, that is to say the function F(z) is 
continuous. 

201. For values of z, for which the series converges non- 
uniformly in the neighbourhood, the sum of the series is not 
necessarily continuous ; in this case the reasoning of the last 
Article fails. The limiting value of the function/, (z), when z = ^,, 

is /. (^j), but it does not follow that 2 {/, (z) — /„ (z^)} becomes 

n 

zero. We may denote the sum 2 {f{^)—f{^t)} by F{n, z — z^), a 

function of n and of z — z^] now the limiting value of F{n, z — z^ 
when z is first made equal to ^i, and then n is afterwards made 
infinite, is zero; but if n is first made infinite, and afterwards 
z — z^ is made zero, the limiting value of FiUyZ — z^ is not 
necessarily zero. 

As an example of this phenomenon, Stokes considers the real series 

X-^-bx X (^4-2) n^-^-x (4- a?) n-h 1 -a; 
2(1-|-A-) "^ n{n^-\){{n-'\)x^\}{nx-\'\y ' 

when x^Oy this series becomes 

' f ^.r^.^ 



1.2 w(n-l-l) 

Now the general term is 

1 2x 



n{n-\-l) • {{n'-\)ai'\'\}{7ix+\y 

V^(n- 1)07-1-1/ \n-l-l nor-l-lj' 
therefore the sum of the series is 3, whatever x may be; the sum of the series 

=--g-l-g— ^+ ^® however unity, thus the series is discontinuous in the 

neighbourhood of the value a? =0. 

1 2 
The remainder after n terms is r H — r, putting this equal to e, we 

find w= {:F-f-2-c(a?+l)H-\/{«(^-|-l)-(^+2)}2-4€^(€-3)}/2€:F, 

which increases indefinitely as x becomes indefinitely small, thus the series 
converges infinitely slowly when x is infinitely small ; this is the reason of the 
discontinmty in the sum of the series. 

The discovery of the distinction between imiform and non-uniform conver- 
gence of series has usually been attributed to Seidd, who published his " Note 
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Ober eine Eigeuschaft der Beihen welche disContinuerliche Fuuctionen dar- 
stellen '^ in the Transactions of the Bavarian Academy for 1848 ; the theory 
had, however, been previously published by Stokes, in a paper " On the Critical 
Values of the sums of Periodic Series^,'* read on Dec. 6, 1847, before the 
Cambridge Philosophical Society. Although the theory is in some res^tects 
stated more fully by Seidel than by Stokes, the latter must be considered to 
have the priority in the discovery of the true cause of discontinuity in the 
functions represented by infinite series *. The distinction between uniform 
and non-uniform convergency has played a very important part in the modem 
developments of the subject. 

The matter is summed up by Seidel in the following theorem: — Having 
given a convergent series, of which the single terms are continuous functions 
of a variable z, and which represents a discontinuous function of z : one must 
be able, in the immediate neighbourhood of a point where the function is 
discontinuous, to assign values of z for which the series converges with any 
arbitrary degree of slowness. 



The geometrical series, 

202. Consider the geometrical series l-i-z-\-2^+ + z*''\ 

where z = x + iy = r (cos ^ + 1 sin 0). We have for the sum of this 
series the value 

1 — 2* 1 — r" (cos n0+ I sinn^) 

or ^ i — ' 

1 — z I —r (cos ^ + 1 sin ^) ' 

put 1—r cos = p cos <l>y rsin0 — p sin if>, 

then p = + Vl -2rcos^+/3*, 

the sum then becomes 

- (cos ^ H- A sin 0) -jcos (n0 + <l>) + t sin {n0 + (f>) 

r r \ 

and when n is made indefinitely great, the second term in this sum 
becomes indefinitely small, if r < 1, but if r > 1, it becomes infinite. 

Thus the infinite series l-^z+z* -\- -{•z*''^-\- converges if 

the modulus of z is less than unity, and its sum is then 

1 . , . . , . 1 — r cos ^ + A . r sin ^ 

- (cos ^ + t sm ^) = — = — ^ /, . , — ; 

p^ ^ ■ ^ 1 — 2r cos O+'T 

if the modulus of ^r is greater than unity, the series is divergent, 
and if equal to unity also divergent, since the sums of the two 

^ See Stokes' collected works, Vol. i. 

^ On the history of this discovery see Reiff*8 **Geschichte der unendlichen 
Keihen." 
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series 2 cos nO, 2 sin nO, which have been found in Art. 74, do nob 
approach a definite value when n is indefinitely great. 

We have by equating the real and imaginary parts of the 
series and the sum, 

1— rcos^ - /I 1 «/i « /» 

rt — ,1- i = H-rcosa + r'cos2^+ + r^cosw^H- , 

1 — 2r cos 6/ + r 

7* Sin * • 

- — ^ 7i i = r8in^+r'sin2^+ +r"sinw^+ ; 

1 — 2r COS ^ + r' 

these series hold for all values of r lying between + 1, excluding 
r = 1 and r = — 1, for which the series are divergent. To see that 
this is the case, we need only write —z for z in the original series. 

The geometrical series is uniformly convergent for all values of 
z of which the modulus is less than unity by a finite quantity how- 

ever small ; for the remainder after the first n terms is ^ — , and 

1 —z 

A" 
the modulus of this less than - — , , where h is any fixed real quan- 
tity less than unity, but as near it as we please, and greater than 
the modulus of z ; the series will then be uniformly convergent for 
all values of z of which the modulus is less than h, if 

-i-<6 orifn>^-^S^^^^^^^^>- 
^__^<6, oriin> j^^^ 

hence since it is possible to choose n so that for all values of z of 
which the moduli are less than A, the remainders after n terms are 
less than e, the series converges uniformly for all such values. 



Series of ascending integral powers. 

203. We shall now consider the more general series 

a^ + a^z + a^+ + a^2r*+ 

where a^^a^^a^ are complex quantities independent of the 

complex variable z. Let r be the modulus of ^, and a^, a^, a,, 

a„ those of a^ a^, a, a^ The series of moduli is 

a^-i-OL^r + ay + +aX+ ; 

this series is convergent provided the limiting value of ra^Ja^, 
when n is indefinitely great, is less than unity by a finite 
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quantity, however small, that is provided r < Laja^^^. Denote this 
limiting value by p, then if p = 0, the series is never convergent, 
if p = oc, the series is always convergent, but if p is finite, the 
series is convergent provided r<p, and divergent if r > p. When 
r = p, we must apply some further test to ascertain whether the 
series is convergent or not. 

About the point z — 0, describe a circle of radius p, this 
circle is called the circle of convergency, and p is called the 
radius of convergency; for all values of z represented by points 
within this circle, the series a^ + a^-s^ + . . . H- a^^" -}-... is convergent, 
and for points outside, the series is divergent. The convergency 
for points on the circumference of the circle, requires special 
examination in each particular case. 

In the case of the geometric series l+^+«*+... the radius of convergency 
is unity, 

204. In the last Article, we have assumed that otja^+i has a 
definite limit p, when n is made infinite; this is however not 
always the case, but we can shew that if the series converges for 
values of z of which the modulus is any quantity p^, it converges 
for all values of ^ for which the modulus is less than p^. 

We have for the series of moduli 
-}- a,r + Oj-r* + ... +a^r"+ ... = <^ + <^i-) Pi + ^J—) Pi' + -« 

now if r < p^, each term of the series on the left-hand side is less 
than the corresponding term of the convergent series 

hence the series a^-\-a^r + a^r^+ ... is convergent, and therefore 
a^ + aj-er + a^H- ... converges if mod. z<p^. 

205. We shall next shew that the series converges uniformly 
for all values of z for which the modulus of z is less than the radius 
of convergency by a finite quantity which we may make as small 
as we please. 

Suppose p — A to be this value of the modulus ; the sum of the 
series of moduli of all terms after the nth is 

.n+l 



«0 



a«»' + «.+.^*' + 



«•*••• 
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now the quantities aj»*, a„+i/o"** are all finite or zero, since 

the series is convergent whenr = p ; suppose the greatest of these 
quantities to be K^ then 



a«^" + a„^, r«^' -}■ 



»+i 



•••<M0'^(r-"} 



provided K ll — j T<e; 



PJ \ p. 

hence we shall have a„r" + an+i^"*' +.,.<€, 

the smallest value of n which satisfies this condition is independ- 
ent of r, hence the series converges uniformly for all values of r 
which are less than p — h, when A is a finite quantity as small as 
we please. 

Denoting by F{z) the sum of the series 

a^ + a,2r + ... -|-a^*-|- ... 

for values of z of which the moduli are less than the radius of 
convergency, it follows from Article 200, that ^(^) is a con- 
tinuous function of z, for all points lying inside the circle of 
convergency. If the radius of convergency is infinite, F{z) is con- 
tinuous all over the plane. 

206. The convergence of the series on the circle of conver- 
gency itself, has not yet been considered ; we may without loss of 
generality take the radius of convergency to be unity. 

It can be shewn that the series a^ + ttj^r + a^-h..., when the 
coefficients are real, converges for points on the circle of conver- 
gency,, with the exception of the point £r= 1, if the coefficients are 
all positive, and of the point ^r = — 1, when the coefficients are 
alternately positive and negative, provided the coefficients a^, a,, 
ttj... are in descending order of absolute magnitude, and provided 
the limit of a^, when n is infinite, is zero. 

Let /S^ = ao + ^i'2^ + ^«^+ ••• + c^»-i^* 

and suppose the coefficients all positive, then 
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now the series (flo ~ ^i) + (^i ^ ^2) + (^2 — o^s) + • • • ^ convergent, 
therefore the two series 

(a^ — a,) + (ttj — ttj) cos ^ + (ttj — ttg) cos 2 ^ + . . . 

(a^j - ttj) 4- (ctj - a,) sin ^ + (a^ - ttg) sin 2^ + . . . 

are also convergent, since the cosines and sines all lie between 
+ 1, thus the series* 

is convergent when mod. z = l; since a^^z^ becomes zero when 
n is infinite, We see that LS^ (1 — z) is finite when mod. z = l, 
hence unless ^ = 1, L8^ is finite. 

If the coeflScients in the series are of alternate signs, change 
z into ^ z, then this case is reduced to the last. 

Whether the series is convergent when z = l, or in the case of 
coefficients of alternate signs, when z=-l, has not been determined, 
and depends upon the particular series. The series may be only 
semi-convergent on the circle of convergency. 

If the coefficients of the series are complex, we can divide the 
series into two, in one of which the coefficients are real and in 
the other imaginary; the two series can then be considered 
separately. 

207. Suppose F(x) is the continuous function of x, which 

represents the sum of the series a^ + a^a? -h a^dj' -h with real 

coefficients which converges for real values of x, less than unity, 
and suppose also that the series converges when ^ = 1 ; we shall 

shew that the sum of the series a^, -h a^ -f- a^ -I- is the limit of 

jP(1 — A) when the positive quantity h is indefinitely diminished, 
that is to say, the continuous function F(x) continues to repre- 
sent the sum of the series, when w=l. This theorem was given 
hy Abel\ 

Let 8^ = a^ + a^ + a^+ H-a^, 

then ^(^) = «o + (^i""0^ + (^2""0^+ 

of F{x) = (1 - a;) (5,, + 8^x-\-s^x^ + ), 

since the, series is absolutely convergent, therefore 

F{i-h)=h{8,+8,ii-h)+ +s..,(i-Ar} 

+h(i-hr{s,+s^,(i-h)+ 1 

^ In Crelle^s Jowmal, Vol. i. 
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The number n may be taken so large that 8^, 5^^.,, s^^, 

are all as near 5 as we please, suppose they all lie between 8-/3 
and ^ + oc; suppose also that A is so small that nh is ultimately 

indefinitely small, then since 8^ + 8^(l-h)+ + Vi (1 "" ^)"~^ ^ 

a finite quantity, when it is multiplied by A, it becomes a quantity 
which ultimately vanishes. Also 

h (I - hr{s,+ 8^,(1 -h)+ 8,^(1 -hy+ } 

lies between 

A(i-A)"(5-/3){1 + (1-A) + (1-A)»+ } 

and A(l-A)"(« + a){l + (l--A) + (l-A)*+ }, 

or between (1 - A)* (« - 13) and (1 -- A)* (« + «); 

now (1 — hy lies between 1 and 1 — nh, thus (1 — hy is ultimately 
equal to unity. 

Since a and fi are indefinitely small when n becomes indefi- 
nitely great, we see that LF (1 — A) = 8. 

If a^, a^ a,, are complex quantities, we may divide the 

series F{x) into two parts, one real and the other imaginary, and 
the theorem applies to each separately, hence it holds for the 
whole series. 

Next let F(2) be the continuous function, which represents, 

when mod. z<l, the sum of the series a^ + a^z + a^ + where 

z isa, complex quantity r (cos ^ + t sin 0), then 

^{(l-A)(cos^+tsin^)}={a,+aj(l--A)cos^+a,(l-A)*cos2^+...} 

4-t{a,(l-fe)sin^ + a,(l-A)»sin2^+ } 

and the theorem holds for each of the series on the right-hand 

side, hence if the series a^ + a^z + a^-\' is convergent when 

mod. z — 1, the sum of the series, when z = cos ^ + t sin 0, is 
^(cos^ + tsin^); thus the function represented by the series is 
continuous on to the circle of convergency. 

In order that the necessity for the investigation in this Article may be 
seen, we remark that a similar theorem would not hold for the series 
obtained by altering the order of the terms in the series aQ+aiX-\-a^+ ,„ 
For example, consider the two real series 

^-^^•^+1^-}^+... and ^+J^-J^+^a;5+^^-J^+... ; 

as long as ^ < 1, the series are absolutely convergent, and their sum is the 
same; when however ^=1, the sums of the series are not equal, as has 
been shewn in Art. 195. The sum of the first series is continuous up to the 
^alue ^= 1, of :r, but that of the second is not so. 
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208. Suppose that 

a^ + a^z + a^-^ = 6oH-6j£^-f 6^+ 

when the modulus of z is less than any finite quantity p, the series 
being convergent when mod. z<p, then a^ = 6o> ^i~K> ^%^K 

Since the series are equal for all points within a circle of 
radius p, we may put z = Oy hence a^ = 6o, therefore 

a^z-\-a^+ = b^z + b^-\- ; 

since this equality holds for values of z diifering from zero, we can 

divide by -s^, hence a^ + a^z-\- =b^ + b^+ , and as before, 

since the series are still convergent, we can shew that a^ = 6^. If 
we proceed in this way, we can shew that all the coefficients are 
equal, thus the two series are identical. 

Convergency of the 'product of two aeries, 

209. Let 8, 8' denote the sums of two absolutely convergent 
series 

a^+a^ + a^+ +«n+ 

^1 + ^2 + ^8+ + ^«+ 

then it can be shewn that the series 

«A + («A + «A)+ +(«A + ctA.i+---+»nM + 

obtained by multiplying together the given series, is convergent, 
and that its sum is S8\ 

Denote by 8^ the sum of n terms of the product series, and let 
a, /8 be the moduli of a and b respectively. Since the series 8, 8\ 
are absolutely convergent, the series of moduli are convergent ; 
denote their sums by 2, S', and let 

We have 8^8J -8^^aJ)^ + a,b^_, + + aA 

hence mod. (8^8J-8j < og8^ + a^^^i + + «»^n 

Now a < 2^2 ' < a^y because <r^ contains more terms than the 
product 2^2/, whereas a^ contains fewer; hence the limit of cr^, 
when n is infinite, is finite, and therefore since the limits of 
a^y a^ must be the same, each is equal to 22' ; thus the limit of 
mod. {8^8^ — 8^ is zero, or 5 = 88\ 

H. T. 17 
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The convergency of double series, 

210. Let otj + «,+ «,+ + «« + ^^ ^ convergent series 

of positive real quantities whose sum is S ; suppose also that each 
term a^ is expressed as the sum of a convergent series of positive 
quantities, say 

then we shall shew that the given series may be arranged in the 
form 

(«!, i + «a, ! + ««, 1+ ••• +an,i-}-...) + («i,2+a2,2H-a8, a + "« + ««,2+ ) 

+ + («!, « H- Oa, m + ... +an, w+ •••)+ 

without altering its sum. We have 

/S = ai + aa+ H-On + iZ 

ai = ai,i+ ai,a+ +«!, m + -Bi 

«n = On, 1 H- On, a + "^(^,911 + ^ 

where R,Ri Rn may be made as small as we please by making 

n and m respectively, large enough, hence 

g—w p-n 

now each of the quantities Ri^ fi, Rn may be made less than 

e/n, by making m large enough, e being any quantity as small as 
we please, thus iZi + iJj-}- + Rn<€, therefore the limit of 

2 S Op 9 is equal to S. Also the series 

pssco p=ao psoo 

2 Op, 1-1- 2 fltp, a+ ...... H- 2 Op.n 

p-1 p=l p=l 

^ssoo p=:ao 

differs from 2 2 Op, ^ by a quantity less than i2 +i2i + Ri-\- . . ,Rn^ 

hence the limiting value of this last series when n is made infinite, 
is also 8, We may write the result thus : — 



2 \ 2 ap,g\= 2 j 2 Op, J. 



Next let Or, « be the modulus of a complex quantity Or, «, then 

we have the following theorem: — If Oi + o^-f-; +an + *.- be an 

absolutely convergent series, and if each term Or be expressed as the 
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sum of an absolutely convergent series ar,iH-ar,2+ a»-,8+ , then the 

p=ao pssoo 

given series may be replaced by the series X (ip,i+ S a^, 2 + -« 

without altering its sum. This theorem follows from the above, as 
all the series certainly converge if the series of moduli do so. 

An important case of this theorem, of which we shall afterwards 
make use, is the following : 

If F(y,z) — ao + aiZ-\-a2Z^ + a^+ be an absolutely con- 
vergent series, and if 

ao=6o,o + 6o,iy+6o,2y' + 6o,8y*H- 

02=62,0+62,1^+62,2^^+62,82^+ 

where each of the series in powers of y, is absolutely convergent, 
then 

^(2^>'^)=(6o,o + 61,0^ + 62,0^+ ) + (6o,i + 6i,i2r + 62,,-s'+ )y 

+ (6o,2 + 6i,2« + 62,2«*+ )y'+ 

a series arranged in powers of ^, 

The Binomial Theorem, 

211. A very important case of series in ascending integral 
powers of a variable, is the series 

In the particular case in which m is a positive integer, the 
series is finite, and its sum is (1 + -s^)"*, the ordinary proof of this 
being applicable to a complex value of z. 

We shall suppose 2^ to be a complex quantity, but shall confine 

ourselves to the case in which m is real. In this case aj^a^+, is 

ti + l 
equal to , the limiting value of which is unity ; the series 

therefore converges absolutely and uniformly within a circle of 
radius unity. Denoting the sum of the series by /(m), and 
applying the theorem of Art. 209, we find for points within the 
circle of convergence, as in the ordinary form of Euler s proof, 

/K) x/(^2) =/K + ^sX 
and thence/(mi) /(m,). . ./(m^) =/(^i + Wj + . . . + ^«). 

17—2 
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First suppose m to be a positive fraction p/q in its lowest 
terms, then putting m^ = m^= ,.,=mg=p/qy we have 

[/(p/q)]* =/(p). 

therefore /(p/g') is a gth root of f(p), that is of (1 + ^)*. Let 
1 + r cos = r^ cos ^, r sin ^ = r^ sin 0, then 

(1 -}- 2:)' = r^** (cos p0 -f- 1 sin p^), 
and the values of the gth roots of this are 

where s has the values 0, 1, 2 ... g — 1 ; we have 

r^ = + Vl + 2r cos ^H-r*, 

7* sm w 
and we may suppose <f) to be that value of tan*' ^j ^ which 

is acute (positive or negative); such a value exists, for cos^ is 
positive for all points within the circle of convergency. We see 

then tha,t f (p/q) is a value of -J/r,' jcos — h t sin — k 

and 8 must always have the same value, since we know that 
f(p/q) is a continuous function for all points within the circle of 
convergency. 

To find the value of «, put ^ = 0, then / (p/q) is real and 
positive, and must therefore be equal to the real positive value of 

,/— = ( 2s7r . 2s7r) 
^Jrf <cos h t sm — > , 

and therefore 5 = 0. 

We have thus proved that the sum of the series, when m =p/q, 
is the principal value of (1 + zy^*, that is 

(l + 2rcos^-fr»)'/^(cos^ + tsin£*V 

where the expression (1 + 2r cos ^ + r*)*^ has its real positive value, 

and <b is the numerically smallest value of tan"* = 7; , where 

^ '^ 1 + r cos ^ 

z = r (cos ^ + t sin 0). 
Next let m = — p/q ; putting m^ = — p/q, w, = + p/q, we have 

f(-p/q) ^f(p/q) =/(0) = 1, 

hence /(^/j)=_^, 
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or f(—p/q) is the reciprocal of the principal value of (l+xy^, 
that is the principal value of (1 -f a?)"f/*. We may state the 
complete result as follows; — 

The sum of the series 

zi n! 

for all values of z of which the modulus is less than wiity, is the 
principal value of(l + z)"*, which is 

(1 + 2r cos + r^)*** (cos m^ + t sin m<^), 

when m is any real qwintity, r being the modulus and the argu- 

r sin 

meni of z, and d> being that value of tan"^ ^r which lies 

J ' ^ ^ J l + rcos^ 

between ± ^tt. 

This result was obtained by Cauchy, and will be found in his 
'^Analyse Algibrique'' 

212. It now remains for us to consider the case when mod. 
= 1. 

Denoting the terms of the series 

1 I n. I ^(^^1) . m(m~l)(m-2) 
i+m+ 2j + g, + 



by a,,, ttj, ttj, , we have a^^^/a^ = (m — n)/(w + 1) ; whenn>m 

this ratio is negative, therefore the terms of the series are altern- 
ately positive and negative, after a fixed term; the series is, 
by Art. 194, convergent if -the terms diminish in absolute magni- 
tude and become ultimately indefinitely small. This will be the 
case if ti — m < w + 1, that is, if m > — 1 ; thus the series is a semi- 
convergent one, if m > — 1, whereas if m Ij> — 1, it is divergent, 
since the absolute magnitudes of the terms increase indefinitely. 
From the proposition in Art. 197, it follows that the series 

1 -h mz H ^^^-j — -z* + ... converges when mod. ^ = 1, provided 

m > — 1, and ^ 4= ~ !• 

When = — 1, all the terms of the series are, after a certain 
term, of the same sign ; applying the known test 

in(l-haXJ>l, 
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the series will be convergent if 

Xn{l — (n — m — l)/n}>l, or ifm>0. 

According to the theorem in Art. 207, whenever the series 

m(m — 1) , . 
l+m2r+--^YJ — -s?-^ 



converges on the circle of convergency, its sum is the value of 

(1 + 2r cos 6 + r")*"** (cos m^ + 1 sin m^) 
at the point. We may state the complete result as follows : — 

The series 

1 . rv,. J. m^m-^) . m(m~l)...(m-n + l) ^ 
l + mz + gy- ^+ + —^ ^+. 



converges wh&ii mod. z = l, if va is positive, for all valves of z ; also 
if m is between and — 1, for all values of z except z = — 1, in 
which case the argument of z is ir. The series diverges when 
m = — 1, and when ra < — 1. For aU valves of z for which the 

series converges , its sum is {2 + 2 cos Of^ (cos ^m^ + 6 sin ^m^), wfiere 
has a valve between ± w. 

The Binomial Theorem has been considered generally, for complex values 
of m, by Abel, in a memoir published in CreU^s JoumcUj Vol. i. 



The circular fv/nctions of muUiph angles. 

213. An important application of the Binomial Theorem in its 
generalized form, is the expansion of (cos ^ + * sin ^)"*, of which, by 
De Moivre's Theorem, the principal value is cos mtf + 1 sin Tad, 
if lies between + ir. Writing (cos i9 -f- * sin 0^ in the form 
cos"*^ (1 + 1 tan 0Ty we have 

cosm^ + *sinm^ = cos"'^ -jl- ^^ ^ ^ tan'g-f ... 

, f 4. A m(m-l)(m-2), ,^ , H 
+ A jmtan^ ^^ ^ -'^tan'^+ ...^ , 

provided the series is convergent ; this condition will be satisfied 
if lies between the limits ± Jtf, whatever be the value of m, 
and also when ^ = ± Jtt, provided w > — L 
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(1) Suppose m positive, then we have 

cos TO^ = cos" ^ |l - ^?5-^^^ taa' ^ 

^m(m-l)(m-2)(m-3)^,g_ I ^^^^ 

sin7Mg = sin"g|mtang- '"<"^"^y"^~^^ aii'g+...} (2). 

for all values of m, provided lies between 0= ± ^, and they 
hold for 0= ± Jtt. These results are an extension of those ob- 
tained in Art. 51, for the case of m a positive integer, in which 
case there is no convergency condition. 

(2) Suppose m negative, then changing m into — m we have 

COS m^ cos*" ^ = 1 - ^??^^^|±^^ 

^m(m-H)(m-f2)(m-f3)^^^.^^ ^3^^ 

sinmgsin-g=mtang- ^(^-^^>/^ + ^> tan'g4- (4), 

which hold for all positive values of m, provided lies between 
± Jtt. These results hold for ^ = ± Jtt, only if m lies between 1 
and 0. 

214\ The formulae (1) and (2) of the last Article, have in the 
case when m is a positive integer, been applied in Chapter vii. to 
obtain expressions for cos m<f>, sin m(f>, in series of ascending powers 
of sin^. We proceed now to find similar expressions, when m 
is not a positive integer. 

We have proved that when m is an even positive integer 

cos m<^ = 1 - 2"i ^^^ ^ "^ 4t ®^ ^ 

^^ gf^ ^8m*^+ (5), 

and that when m is an odd positive integer 

sin m<p = m sm 9 ^^] ^®^ ^ 

-\-—^ ^y ^sm'^- (6). 

1 This Article is taken substantially from Serrefi Trigonometry. 
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These series were obtained from the expressions for cos m^, 
sin m<^, in powers of cos and sin 0, by substituting for powers 
of cos (j>, powers of 1 — sin* 0, expanding each of these by the 
Binomial Theorem for a positive integral index, and arranging 
the result in powers of sin <f>. The same series will be obtained 
when m is any positive integer, not limited as to evenness or 
oddness, provided cos ^ is positive, which will be the case if 
lies between ± ^ir ; the powers of 1 — sin* <f> will no longer 
necessarily be integral, but the Binomial Theorem is still applicable 
since all the series will be convergent. Since all the series of 
powers of sin* are absolutely convergent, by Art. 210, we may 
arrange the result of the expansions, in a series of powers of 
sin*<^. Thus we see that if m is any positive integer, each of 
the series (5), (6) holds, provided (f> lies between ± ^ir ; the first 
series does not consist of a finite number of terms unless m be 
even, and the second not unless m be odd. 

Let 

f{m)= 1 + A7wsm<^- -^^ siDT if) - c — ^^-^-j ^sm'^H- 



where the series on the right-hand side is obtained by adding the 
series (5) to the series (6) multiplied by c. When m is a positive 
integer, we have / (m) = cos m(f> + v sin m0, if lies between 
± Jtt. Now when m^ and m^ are positive integers, we have 

f(m^) xf(m^) = (cos m^<l> + c sin m^<f>) (cos m^<f) + c sin m^<l>) 

= cos (m^ 4- m,) ^ + 6 sin (m^ + m,) <f> 
=/(m, + m,). 

The product of the two series / (m^), / (m,) will be of the same 
form, whatever m^, m, may be, thus as in the proof of the Binomial 
Theorem, we conclude that the equation 

/K) x/K) =/K +m,) 

holds for all values of m^ and m,, provided the series are convergent. 
We have consequently 

let mj = m, ...=m^=p/g', where p and q are positive integers, 
we get then 

{/(piq)}' =/(!>). 



THE THEORY OF INFINITE SERIES. 266 



1 



hence /(p/g) is a value of {/(/>)}', and is therefore of the form 

p<b -}- 2«7r . pd> -h 2«7r 
cos ■^-^- h A sin ^-^- , 

where 8 is some integer. Now when ^ = 0, we have /(p/q) = 1, 
hence since the series f(p/g) varies continuously as ^ increases 
from — ^TT to H- ^TT, we must have s = 0,if (j> lies between these 
limits, hence in that case 

f(p/q) = cos Y + * si» y • 
Again /(—m) xf(m) =/(0)= 1, therefore 

/(— m) = jj—^ = cos m^ — t sin m<^ = cos (— m) ^ + * sin (— m) ^. 

We have shewn thus that the two series 

cosm^= 1 — -5-j8in'^ + — ^-^-j ^sin — (5), 

, . , m (m* — 1') . , , 
sm ^9 = m sm ^ ^— ^-j ^ sin"* 

^mK-iy-3')^,^_ ^g^ 

hold for all values of <^ lying between ± ^tt, whatever real quantity 
m may be, as the series are convergent for all values of m. 

A similar proof will shew that the two series 
cos m<l>/co8 = 1 ^-j — sin* ^ 

-I- ^ |i ^-sin*<^- (7), 

sin m^/ cos 9 = m sm 9 ^— ^-j sm 9 

+ — ^^ :Ar sm^ - (»), 

hold for all real values of m, provided <f> lies between ± ^tt. 

The series (7) terminates only when m is an odd integer, and 
(8) only when m is an even integer. 
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215. If we take the series for cosm^+tsinm^, from (5) and (6), 

and put « = t sin ^, we have since (cos ^ + 1 sin ^)" = (Vl + «* + z)", 

the expansion 

,, - ' m* m(m*-l*). m»(m*-2''). 



m (m* - 1*). ,.(m» - 2« - 3 ") ^, 

^ 7K1 7TT * 



(2s-l)! 
m' (m' -2«)...(m'-2a-2|') ^ 



(2.)! 
In a similar maimer we have from (7) and (8) 



H 7?i Tv;^ ^ 



(25-1)! 



. (m'-l')(m«->3')...(m'-28-l|') ^^ . 
"^ (2^)1 ^ ■^•••• 

It can be shewn that these expansions hold for all real values 
of m, provided the modulus of -s^ is less than unity. By some 
writers, these expansions are investigated directly, and then the 
series (5), (6), (7), (8) are deduced. It is however not easy to 
investigate these series by elementary methods, except when the 

modulus of ^/Vl + 2:* is less than unity ; we should, with that 
restriction, obtain the series for cos m^, sin m^, only when <f> lies 
between ± Jtt, which is the same restriction which applies to the 
series (1) and (2). 

216. If in the series (5) and (6), we change <f> into Jtt — ^, we 
obtain the following series which hold for values of between 
and TT, 

(^2-*j=l~ 2l^^ *'*"~4! cos^0-...(9). 



cosm 



smm 



2-<^J = mco8<^ 5^^j -^co8»<^ + (10). 



We can now find series which express cos tn0, sin m^, when 
has any value*. If <^ =s: rir + <^^, where 0^ lies between ± ^, and r 
is an integer, we have 

cos m<f> = cos mnr cos m^^ — sin mnr sin rruf)^ ; 

1 The formulae (11), (12), (13), (14) were given by D. F. Gregory in the 
Cambridge Mathematical Journalf Vol. nr. 
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also sin <^ = (— 1)** sin <^^, thus we have, if ^ Hes between (r ± ^) tt, 
cosm^ = cosmr7r(l — ^^ sin'^ + ...j 

— 8in(m- l^rTT-^msm^^ ^-^1 ^sin'^H- ...V ...(11). 

Similarly 

sinwi^ = sinmr7rf 1 — ^ sin'<^ + ... J 

/ 1 \ f . J ' m (m* — 1*) . s , ) .^ «x 

+ cos (m — 1) rTT j m sm ^^-^-j sin' 9 4- ...>... (1 2). 

From (9) and (10), we obtain in a similar manner 
cosm^ =cosm(2r + 1) ^-^1 — ^^ cos*^+ ...j- 

+ COS (m - l)(2r + 1) ~^mcos<^ ^-^^ ^cos'<^ + ...Ml3), 

sinm^ = sinm(2r + l) « il "" 57 cos*^H-...> 

+ sm(m-l)(2r + l)2 jmcos^ ^^-^^ ^cos'0 + ... (14), 

where (f> lies between ttt and (r + 1) tt. 

217. Series of some interest may be derived from (5) and (6), 
(7) and (8), by giving in particular values\ Let <}> = Jtt, we have 
then, writing w for m, 

cosi7ra;=l-2-, + --5^-j-j ^- (15), 

^m^x = x ^^-^-^ — --^"-^ ^ ....(16). 

Again letting w = 2a?, = ^tt, in (5) and (8), we have 

^i„.i-g^-j^- »-(^-y-^) ^.......,i7). 

» ir. = W8 f - ?<i=i2 + "'-^-y-^') -...}.. .08). 

Various series may be found for powers of »r, by expanding cos ^Xy 
sin^^... in powers of ^, and equating the coefficients of the powers of ;r to 

^ The aeries in this Article were obtained by Shellbach, see Grelle^s Journal, 
Vol. 48 ; they have also been discussed by Glaisher in the Messenger of Mathematics, 
Vols. n. and vn. Series equivalent to (15) and (16) are given by M. David in the 
BtUUtin de la Soc, Math, de France^ Vol. xi. 



268 THE THEORY OF INFINITE SERIES. 

those picked out from the above series ; for example from (16), we have by 
equating the coefficients of ^, 

jr^_l 11 1.3/ 1\ 1 1.3.5/ 1 , 1\, 
48"'3'2"*"6*2.4V 3V 7'2.4.6\ ■^3«■^6V■^••' 



i:r^l^a7^^07» of the drctdar measure of an angle in powers 

of its sine, 

218. If in the expansions (5) and (6), for cos m0, sin m<f>y in 
powers of sin ^, we arrange the series as series of ascending 
powers of m, as we are, by Art. 210, entitled to do, we may equate 
the coeflScients of the various powers of m, to the corresponding 
coefficients in the expansions of cos m<^, sin m^, in powers of <}> ; 
we thus obtain from (6) 



^ . ^ Isin'A 1.3 sin* <f) . 



2 3 • 2.4 5 



1.3.5...(2r-l)sin'-^^ 

■^ 2.4.6...2r 2r + l "*" ^ ^' 

and from (5) 

., . a i . 2 sin* 6.2.4 sin* 6 . 

*^=«^^ + 3 2 +375 3 +•• 

+ 3.5...(2r-l)~7~ + ^^^' 

these hold for values of <f> between ± ^. We may also write 
them 

• -1 la?' 1.3 a;^ ,-^. 

^"^ ^ = ^ + 2 3 +274 5 + : (^^)- 

(sin-a.)' = ^ + |.|V|^|V (20), 

where sin"* x in either equation, is the positive or negative acute 
angle whose sine is equal to oo. 

The series (19) was discovered by Newton; the method of 
proof is that of Cauchy. 

219. By changing x into x + hin the series (20), and equating 

the coefficients of h on both sides of the equation, which process 

is equivalent to a differentiation with respect to x, we obtain 

the series 

sin"* X 2,2.4.. .„- . 

7Trp = '^+3^ + 3:5^ + (21), 
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or putting sin <^ for x, 

2 2 4 

^/sin^cos0= 1 +Hsin*0+ ^-^sin*^-h (22), 

or writing 2<f>^0 

^/sin^ = l + |(l-cos^)+^(l-cosd)»+... 

which may be written 

112 

^cosec^=l+^ vers^-fir-4vers^^ + (23). 

o o . o 

Again, in (22), put tan <^ = y, and we obtain the series 



Expression of powers of sines and cosines in sines and cosines 

of multiple angles. 

220. We shall now shew how expressions of the form 
cos"* ^ sin" ^, may be conveniently expressed in cosines or sines 
of multiples of d. We shall in the first instance confine our- 
selves to the case of positive integral values of m and n. Let 
z = cos ^ + ft sin 6, then z'^ = cos 6— i sin 0, hence 2 cos = z-\' z'^^ 
2ft sin ^ = ^ — z'^, and 

(2 cos ey (2ft sin Of = (^ + z'Y (z - z''y ; 

if we expand the expression in z, in powers of z and z'^, we can 
arrange the result in a series of terms of one of the two forms 
k {/ + z^\ h{f — z^) where fe is a multiplier depending on m, n, 
and r ; now z"" = cos r0 A l sin r0, and z'^ = cos rd — ft sin r0y by 
De Moivre's Theorem, hence 

k («' + O = 2A; cos r0, 2k {f - O = 2ftfe sin r0, 

thus we have the required expression for cos"* sin" ^ in a series of 
cosines or sines of multiples of 0, 

Example. 

Express sin^ Bcoifi $ in series ofmvltiples of 0. 

We have (2* sin Bf (2 cos fff^iz-z-^f {Z'\-z-''^f=^{f'-z-^f {z^-z"^) 
which is equal to (^lO- 5a«+10«3- lOz-'^-Vbz-^-z-^^) (2+«-^), 
or z^^-\-^-hz^-bsfi-\-\Os^'\-\Oz-\Oz-^-\Oz-^-\'bz-^-\-bz-T-z-^-z-'^\ 
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which is equal to 2t (sin 11^+sin 9^- 5 sin 7^- 5 sin 6^+10 sin 3^+ 10 sin ff)y 

therefore sin* 6 cos® B is equal to ^ (sin 11^-f sin 9^-6 sin 7^-5 sin hB 

+ 10 sin 3^+ 10 sin ^). 

This process may also be arranged thus, writing c for cos ^, $ for sin By 
(2c)«=l+6+15+20+15+ 6+ 1, 
(2i*)(2c)«=l+5+ 9+ 6- 5- 9- 5- 1, 
(2i«)2(2c)«=l-f4+ 4- 4-10- 44- 44- 4 + 1, 
(2i*)8(2c)«=l-|-3+ 0- 8- 64- 6+ 8- 0-3-1, 
(2i^)*(2c)«=l+2- 3- 84- 2 + 12-f 2- 8-3+24-1, 
(2i«)fi(2c)«=l+l- 5- 6 + 10+10-10-10+6+6-1-1; 

here the powers of z are omitted on the right-hand side, and a figure in any 
line is obtained by subtracting from the figure just above it the one that 
precedes the latter. 

This very convenient mode of carrying out the numerical calculation is 
given by De Morgan in his Double Algebra arid Trigonometry, 

221. We can obtain formulae for (2 cos Of and (2 sin 0y, 
when m is a positive integer, in cosines or sines of multiples of 6, 
by the method we have employed in the last Article. We have 

(2cosgr = (^ + 0"' = -g^ + ^^"' + ^^^7^^ ^"^+...+^"", 
hence * 

2'""'cos'*^ = cosm^ + mcos(m---2)^+^^^%f^co8(m-4)^ + ... 
where the last term is 

1 m m! ^ 

according as m is even or odd. 

From 

(2t8ing)*" = (^~0"^ = ^'»~m^*»-^ + ^^^\""^^ ^"*-^--...+(--ir^-", 

Si 1 

we obtain similarly 

2-> (_ If gin" ^ = cos m^ - m cos (m - 2) d 

+ ^L(^fl)co8(m-4)^-...+(-l)^ m! 



2! ^ ' ^ ' 2aw)!(im)! 

when m is even, 
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m-l 



or 2"*-*(-l)» sin*^ = sinwi^~msin(m-2)^ 

21 (^-1)! (^ + 1)! 

when m is odd. 

These formulae have already been obtained in Chapter vii. 

222. We shall next consider the expansions of cos" 0, sin" 0, 
in cosines and sines of multiples of 0, when m is any real quantity 
greater than — 1. We have from Art. 212, 

2" ( ± cos i0)" cos m ( J0 - for) 

. mOm-'l) ^. m(m — l)(m — 2) ^^ . 
= l+mcos0 + — ^^Yj — ^ cos 20 + — > ^ ^cosS^f... 

2" ( ± cos i^)" sin m {^<f> - Ictt) 

. - m(m--l) . ft, . m(m — l)(m--2) . „, 
= msm<^+ ^Q^ — ^sin2<^+ — ^^ ^ -^sm30+... 

where <f> lies between (2A:— l)7r and (2i + l)7r. Multiplying the 
first series by cos a, and the second by sin a and adding, we get 

2" (± cos ^<l>y cos (a — ^m<f> + mkir) = cos a + m cos (a — <}>) 

. m(m--l) , ft.v . m(m — 1) (m - 2) . ^,. , 
+ — ^^g-j — ^ cos (a - 2<^) + —^^ ^ ^cos(a--30)+... 

where <j> lies between (2A; — l)7r and (2k + l)w. Let = 20, then 
corresponding to the two cases of k even (= 2«), and k odd (=2«+l), 
we have 

2" cos"^ cos (a - m^ + 2ms7r) 

= cosa + wcoB(a--2^H ^-^-j — - cos (a — 4 ^) + . . . 

where ^ lies between 257r — ^ir and 257r + ^, and 



2" (- cos ^)" cos (a - m^ + w 2« + 1 TT ) 

= cosa + mcos(a — 2^)H ^-^-j — - cos{a — 4t0) +... 

where lies between 2«7r + ^tt and 2s7r + f tt. 
In these results, put a = m0, then we have 
2**cos**tfcos27yw7r 

= cos 7w^ + m cos (m - 2) ^ + ^^^j" ^ cos (m - 4) ^ + . . .(25), 
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where lies between 2«7r — ^ and 28ir + ^tt ; also 
2r (- cos 6T cos (2« + 1) mTT 

= co8m^ + mcos(w-2)tf + ^?%fi^cos(m-4)^+...(26), 

where lies between 257r + ^tt and 2«7r + 1^. 

Again, put a = m0 + ^, then we have 
2^ cos"* d sin 2m*7r 

= sin m^ + m sin (m- 2) + ^v^_p_J sin (m - 4) ^ 4- ... (27), 

where lies between 257r — Jtt and 2«7r -f ^tt. Also 
2r (- cos d)*" sin (2s + 1) m7r 

= siniM^ + msin(w — 2)^+ ""91 — sin(m — 4)^+ ...(28), 

where lies between 2«7r + ^ir and 257r + f tt. 

Next change into ^ — ^tt, and then put a = m0, we then have^ 
2"'8in"'^cosm(2«4-i)Tr 

= cos w^ — mcos(m--2)^H ^^^-j — - cos(m — 4)tf — ...(29), 

where lies between 2«7r and (2« + l)7r ; also 
2*" (- sin 0y^ cos m (2« + f ) tt 

= cos m0 — m cos (m — 2) d H ^-^^ — ^ cos (m — 4) tf — . . .(30), 

where lies between (2« + l)7r and (2« + 2)7r. 

Lastly, put a = m^ + ^tt, and change into d — ^tt, we have then 
2"* sin*" sin m (2« + i)7r 

= sin7«^~m8in(m — 2)^H ^^^^ — ' sin(m — 4) ^— ...(31), 

where lies between 2«7r and (2a f l)7r ; also 
(- 2 sin ^)'* sin m (2» + f )7r 

= sinmtf-msin(m-2)^ + ^?^^^^^sin(m-4)tf-...(3 

where lies between (2« + l)7r and (25 + 2)7r. 

These series are convergent for all values of ^, if 7n is positive. 
If m lies between and — 1, the extreme values of 0, 2«7r ± ^ or 
2»7r, (2« + l)7r must be excluded, as the series cease to be conver- 
gent for those values of 0, 

The eight formulae of this Article were given by Abel, in his memoir 
on the Binomial Theorem, and appear to have been overlooked by subsequent 
writers. 



CHAPTER XV. 

THE EXPONENTIAL FUNCTION. LOGARITHMS. 

The eocponential series. 

223. Let us consider the infinite series 

which we shall denote by E(z), where 2^ is a complex quantity 

X + ly. If r is the modulus of z^ the series 1 + ?• + ^ + . . . is 

convergent for all finite values of r, since the ratio of the (n + l)th 
term to the nth is r/n, which diminishes continually as n increases ; 
consequently the series E (z) is absolutely convergent for all finite 
values of z. This series is called the exponential series. 

224. If we multiply together the two expressions E(z^) and 
E (z^), the term of the mth degree in z^ and z^ is 

Z Z Z Z Z Z 

m! "^ (m- 1)! 1! "^ (m- 2)! 2! "*■ '•* "^ ml 

which is equal to — (-^, + ^j)"*, by the Binomial Theorem for a 

positive integral index. We have therefore for the product of 
E{z^ and E{z^y the series 

^ ^ 2! m! 

which is E{z^'\- z^. Now by the theorem in Art. 209, since the 
series E{z^, ^(^i)> are both absolutely convergent, the product 
of their sums is equal to their product as above formed, therefore 

E(z,)xE(z,) = E(s, + z,) (1). 

H. T. 18 
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From this fundamental equation, we deduce at once 
E{z;) X E{z^,.. X jE?(2rJ = E{z^ + ^, + ... +^„) 

and thence [E{z)Y^Einz) (2), 

where n is any positive integer*. 

225. If in the equation (2), we put 2r = 1, we have 

E{n)^[E{\)]\ where ^(l) = l + l + ^, + ~ + ...; 

it is shewn in works on Algebra, that the quantity E{\) is an 
incommensurable quantity equal to 2*718281828459..., and it is 
usually denoted by e. We have therefore when ri is a positive 
integer, E(n) — e\ 

Again in (2), let z=p/qy where p and q are prime to one 
another, and let n = q, we have then {E (p/q)Y =^ E (p), hence 
E(plq) must be a gth root of E(p) or e"; since E(p/q) is real 
and positive, it follows that E(p/q) is the real positive value 

of -^e^, which we call the principal value of e^^^. 

Again in (1), put z^ = n, z^ = — w, then since E(0) = 1, we have 
E('-n)=::l/E (n) = principal value of e"*. 

We have thus proved that for any real quantity n, the sum of 

n* 
iJie series E (n) = 1 + n + ^-j + ..., is the principal value of e", 

where e is defined 6y E (1) = e. This is the exponential theorem 
for a real exponent. 

226. We shall now shew that whatever z is, the series E (z) 
is equal to the limiting value of (1 + z/my, where m is a positive 
integer, when m is indefinitely increased. We have 

(1 + z/my 
-14.^^ w(mj-l)^ , 7w(m-l)...(m-g + l) ^ . 

— -1. T 7/& T ^n — i T . . . "T" — ; : ; T • • • 

m 2! m' si m' 

\ m/2! V wV W \ m Jsl 

^ This inyestigation is doe to Canohy, see his Analyse Alg€brique. 
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Now if a, 6, c... be any positive real quantities less than 
unity, we have 

(l.a)(l-6)>l-(a + 6) 

(l~a)(l-6)(l-c)>(l-a-6)(l-c) 

> 1 - (a + 6 + c) 



(l-a)(l-6)(l-c)..., <1, and > l-(a + 6 + c+ ...) 
say =l-^(a + 6-hc + ...) 

where is some proper fraction, hence we have 

\ m/\ ml \ ml '\m m ml 

2m 
where 0^ is some proper fraction. 

Z (1 -f ^/m)"*= 1 +-er+ ^^ + ... +-^+ +i2 

where J? is the limiting value of 



.« 



2m 



1 +^8 . J + ^8 • 2"! + — + ^H-l 7| + 



The series in the bracket has a modulus less than that of the con- 
vergent series 1 4- =• + 9] + •••> and when m is indefinitely increased, 

^72m becomes zero, therefore the limiting value of{\ +z/m)"*, when 
m is indefinitely great, is ike function E (z). The quantity e is the 
limiting value of (1 -f- 1/m)"*. 

227. The theorem proved in the last Article, gives us the 
means of finding the value of E {z\ where ^r = a? -h ly, a complex 
quantity. We have 

^(a? + ty) = Z ( 1 H ^ J ; put 1 + ajm = p cos ^, y/m = p sin ^, 

then f 1 + -\ = p** (cos ^ + * sin ^)"' = p'"(cos m^ + 1 sin 771^), by 

2^ i^.-4-t/* 

1 + 1 =^ , and 6 is the 

m. m ^ 



principal value of tan"* ^— . The limitins: value of p*" is that of 
^ x-\-m ° 






^"•■(as+m)'] 



18—2 
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or of E{X) |l + j-f=- ^-y- V^ ; 

now suppose that r is a fixed finite quantity less than Jm + xjslm, 
then the limit of 

( m {Jm + xjhjmf) 
is between unity and that of 



{ 






or between 1 and ^^'^ ; now r may be made as great as we please, 
subject only to the condition r < Jm + xl»jiin, hence the limit of 

is unity, and therefore that of p*" is E{x)y which is the principal 

value of e*. The limiting value of m tan"* — ^— is that of — -^, 

° x-\- m x+m 

which is y, hence we have Z (1 + -^] =e' (cosy + esin y), 

where e* has its principal value ; thus 

E(x-\' ly) = 6* (cos y-ht siny). 



Expansiona of the circular fu/nctions. 

228. If in the last result we put a? = 0, we have 

E(iy) = cos y + A sin y, 

hence cos y + 1 sin y = 1 + ty - |^ - 1 1^ + . . . , 

or equating the real and imaginary parts on both sides of the 
equation, we have cosy = 1 - ^ + 1| - ... + (- 1)' 7|^j+ (3), 

^2' = J'-|, + |r- + (-i)'(fe[)!+ W. 

the series for cos y and sin y expanded in powers of the circular 
measure y ; these series have already been obtained in Art. 99. 
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We may also write these results in the form 

8iny = ^J^(ty)-^(-ty)} 



(5). 



The eayponential values of the circular functions, 

229. If ^ is a real quantity, the function e* as defined in 
Algebra, is a multiple- valued function except when ^ is a positive 
integer ; if ^ is a fraction p/q in its lowest terms, e^/« has q values, 
the qth roots o{ ^ ; of these values, that one which is real 
and positive is called the principal value of e*, and is equal to 
E(z). We shall in general understand e' to have its principal 
value E(z), 

When z is not a real quantity y no definition of e' hxis as yet 
been given, and it is so far a meaningless symbol. 

It is ponvenient however to give by definition a meaning to 
the symbol e* or e*'*'**'. At present we give only a partial defi- 
nition of the meaning we shall attach to e* ; we define only what 
may be called its principal value, and shall shortly proceed to a 
more general definition. 

The principal valm of the function e^ we define to be the series 
E (z), or^y what amounts to the same thing, the limit, tvhen m is an 
indefinitely great positive integer, of(l-{- z/m)". 

It should be observed that this definition of the principal value 
of 6*"*"'*', is such that the function satisfies the ordinary indicial law 

this follows from the theorem (1) of Art. 224. We shall in 
general when we use the symbol 6*, understand it to have its 
principal value E(z) as just defined. 

230. With this understanding as to the meaning of the symbol 
e*+'y, we have, by Art. 227, 

^+^y = e^ (cos y + 6 sin y) 
and putting a? = 0, e^^ = cos y + 1 sin y, 

^ The latter form of the definition is that introduced by Sohldmilch, see 
Zeitschrift fur Math. Vol. vi. 
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The theorem (5) may now be written 

cosy = J («'«' + 6- *y) \ 

1 \ (6). 

These are called the exponential values of the cosine and sine. 
The student should bear in mind that these theorems (6) are 
nothing more than a symbolical mode of writing the equations 
(3) and (4) which have also been written as in (5). 

The only advantage of the symbol e^if over the symbol E{af\ is that the 
former one reminds us more readily of the law of combination given in 
Art. 224. The theorem (1) is of the same form as that for the multiplication 
of real exponentials ; we therefore find it convenient to introduce exponentials 
with imaginary indices, for which the law of combination shall be that 
expressed by (1). 



Periodicity of the exponential and draular functions, 

231. We have shewn that E (z) = e' (cos y + i sin y) ; now cos y, 
sin y are unaltered if ibn- be added to y, k being any positive or 
negative integer, consequently E (z) = E (z + 2ckTr), or -ff(^) is a 
periodic function, of period 2i7r, Since e* = e«+2*i» j^^e exponential 
e* is periodic, with the imaginary period 2t7r; also e'* = 6^«+2Air)^ 
or e** as before defined, is a periodic function of z, with a real period 
27r. 

We have thus seen that each of the two functions e^, 6^, is 
singly periodic, the first having an imaginary period 2t7r, and the 
latter a real period 27r. The student who is acquainted with the 
elements of Elliptic Functions will know that it is possible to 
construct functions which have both a real and an imaginary 
period ; such functions are called doubly periodic. 

232. The circular functions cos y, sin y, were first introduced 
by means of a geometrical definition, and we have regarded them, in 
the earlier part of this work, as functions of an angular magnitude 
measured in circular measure. We can however drop the idea of 
the angular magnitude, and regard them as functions of a variable 
quantity^ that quantity is of course equal in magnitude to the 
circular measure of the angle by means of which they were defined. 
The main importance of these functions in Analysis, is derived 
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from their property of single periodicity ; it was shewn by Fourier 
and others, that all functions having a real period can, under 
certain limitations, be represented by means of a series of these 
circular functions. It would however be beyond the scope of the 
present work, to enter into this most important branch of 
Analysis. 



Analytical definition of the circular functions, 

233. It is possible to give purely analytical definitions of the 
circular functions, and to deduce from these definitions their 
fundamental analytical properties, so that the calculus of circular 
functions can be placed upon a basis independent of all geometrical 
considerations ; these definitions will include the circular functions 
of a complex quantity. 

We can define the cosine and sine of z, by means of the 

equations 

cos^ = i {E(tz) + jE?(~ i.z)} ] 

sm 2? = 5- {E (iz) - -ff (- iz)] J 

where E(z) denotes the series 1 +2: + ^j+ .... In other words, we 
define cosi: as the sum of the series 1 — zti + rj •••» ^"^^ sin z as the 

generalised definition of the cosine and sine functions, and it 
includes the case of a complex argument, which was not included 
in the earlier geometrical definitions. 

For real values of z, the functions cos z^ sin Zy are in accordance 
with the earlier geometrical definitions, because the series which 
they represent, agree with those obtained in Art. 99, firom the 
geometrical definitions. 

234. From these definitions, we can now deduce the funda- 
mental properties of the two functions. We have 

qx^z-\-iw:lz^E{i,z), and cos^: — Asin£; = ^(— a^?), 

hence q^q^z + sin*^: = E{iz)E{- iz)^E{^)^\, 
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Also 

COS {z^ + ^j) = i {E(iz^ + iz^) + ff(- iz^ - iz^)\ 

= i {^ (cz,) E (cz,) ^E{-- iz,) E (- Lz,)] 

^1{E {iz,) + E(-- tz;)] [E {,z,) + E (- 1^,)} + i [E {^,) 

^E{^iZ,)][E{Lz,)^E{^LZ,)} 

or cos {z^ + 2^j) = cos z^ cos ^, — sin z^ sin ^,. 

Similarly sin {z^ + -er,) = sin z^ cos ^, + cos z^ sin a;,. 

Thus the addition theorems follow fi'om our definition. 

235. Next consider the equation E{z)=^l, This equation 
has no real roots except ^ = 0, for we have E{z)^e% which cannot 
equal unity, for any real value of z except ^ = 0, since e is not 
equal to unity. Also E{z)^\ can have no root of the form 
a + t)8, for if JS?(a+ i)8) = 1, then also E(a — c/3) = l and therefore 
E(2a) = E (a -¥ c/3) X E (a — t^) = I, which is impossible unless 
a = 0. Hence the roots of E(z) = l must be imaginary; suppose 
the numerically smallest to be denoted by 2t7r, so that E (2t7r) = 1, 
TT denoting some quantity not yet determined, then we have 

E(2ktTr)=^{E(2iir)Y^l 

where k is any integer, therefore 2ki'rr is also a root of E(z)^l', 
also there can be no root 2pi.7r lying between 2A;47r and 2 (^ + 1) nr, 
for in that case we should have 

E (2pt7r - 2&*7r) = E (2pi7r) x ^ (- 2A:t7r) = 1 

and 2(p — k) ltt which is less than 267r, would be a root of j&(^) = 1, 
contrary to the supposition that 2nr was the numerically least root. 
Therefore all the roots of E{z) - 1, are of the form ± 2A;*7r, where 
2A7r is the numerically least root. The quantity ir being thus 
introduced into the analytical theory, we have for any value of z 

E(Z'\'2c7r) = E{z)xE(2c'rr) = E(z) 

or E(z) is periodic, and of period 2t7r. 

It follows from the definitions of cos z and sin z that they are 
also periodic, their period being 27r ; hence cos 27r = cos = 1 and 
sin 27r = sin = 0. We have of course not verified the identity of 
TT as here defined, with the ratio of the circumference of a circle to 
its diameter. This may however be done, by considering the case 
of a real angle, for which the period of the cosine or sine is 27r, 
according to either definition of the quantity tt. 
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236. We have also, E (itt) x E (ltt) = E (ii-rr) = 1 , hence E (iir) 
must equal — 1, since it cannot equal + 1, as iir is not a root of 
E(2) = 1; also JS?(- vw) = — 1, hence we have cos tt = — 1, sin tt = 0. 

Again E(^i7r) x Ediir) = E(i'jr) = - 1, 

and E(^iir) x E(- ^iir) = 1, 

hence E^^lw) = ± t and JS?(— ^itt) = T t, 

therefore cosi7r = 0, and 8ini7r= + 1; to remove the ambiguity, 
we remark that if ^ is real, sin z cannot vanish between the values 
z = and z = 7r, for if E (iz) - E (— iz) = 0, we have E(2iz) = l, 
which is not the case for any values of z between and tt, also for 
a very small positive real value of z, sin z is positive, and therefore 
it must be positive for all real values of z between and tt, as it 
cannot change sign between those values, therefore sin^7r = + l. 
Having now obtained the values of the cosine and sine of 0, 
^TT, TT, 27r, we can, by means of the addition theorems, prove all 
the ordinary properties of the cosine and sine functions. 

The fimctions tan z, cot z, sec z, cosec z will now be defined by 
means of the equations tan z = sin zjcos z, cot z = cos -2:/sin z, 
sec z = 1/cos z, cosec z = 1/sin z, and we can then investigate the 
properties of these functions in the usual way. 

All the properties of the circular functions investigated in Chapters iv., 
v., and VII., are deduced from the addition formulae and the property of 
periodicity ; it follows that all the properties which are there proved for real 
arguments, hold also for complex arguments. 

237. A very important case is that in which the quantity z is 
entirely imaginary, and equal to ly, we have then 

cos ty = ^ {e^ -{- e-v), sin «y = ^ (e^^ - e"^), ta.ncy = v-—- 



the ^ expressions i (e*' -f e""^), \{f^ — e~^\ ^ — _^ are called the 

hyperbolic cosine, sine and tangent of y, and are written cosh y, 
sinh y, tanh y respectively ; thus we have 

cosh y ^ cos ly, sinh y= — isin ly, tanh y = — t tan ly. 

We shall consider these functions in a special Chapter. 
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Natural logarithms. 

238. If u — E{z) which is a single- valued function of the 
complex quantity z, we may define z = ET^ {u) to be the logarithm 
of u to the base e ; this system of logarithms is called the natural 
system of logarithma Since E{z) is periodic with respect to z, 
the inverse Ainction E~^ (z) will be multiple-valued to an infinite 
extent; if logu is one value of z, the general value Tjogu will 
be given by Log u = log u + 2ik7r, since E{z) — E{z'\' ^ihrf), where 
k is any positive or negative integer. In particular, the logarithms 
of a real positive quantity x will be logaj-l- 2(A;7r, where log a? 
denotes its ordinary real logarithm. 

239. Let u^ = E(z^), u^ = E{z^y then since 

E{z;)xE{z^ = E{z,^z^) 

the logarithms of the product u^u^ are the logarithms of E (z^ 4- z^), 
that is z^ + z^-^ iikir, or we have 

Log u^ + Log Wg = Log (MjM,) + 2i,k7r. 

We may suppose the quantity iikir included in Log (u^u^, hence 
we may write this equation 

Log U^ -h Log U^ = Log (WjMJ 

in which the particular value of one of the logarithms is deter- 
mined when those of the other two are given. 

Now let u =:p(co3 <!>-{• I sin <f>) where p is real, then by the 
result just proved, we have Log u = Log p + Log (cos^ -f l sin^), and 
since E (i<t>) = cos ^ + t sin ^, t0 is a value of Log (cos ^ + t sin <f>), 
and logp + 2tA;7r is the general value of Log/>, we have therefore 
Log u = log p + t (^ -h 2A;7r) for the general value of Log u, where 
by logp, we mean the real value of Log p. 

If <f> is restricted to being between the values — tt a'nd ir, 
we shall coil logp-\-i(l> the principal value of Logu and shall 
denote it by logvL] we have then the general value Log u given by 
Log u = Zogr u -h 21^^, where log u is its principal vaiue, and k is 
any positive or negative integer. 

We may write this result 

Log (as •¥ cy)^i log (a^ -{- y^) -{- 1 (tan"^ ^ -f 2A^7r) (7). 
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The principal value of the logarithm of a real negative quantity 
— X has not been sufficiently defined, since the argument of such 
a quantity may be either tt or — tt; we shall however suppose, for 
convenience, that for its principal value the argument is tt, so 
that its principal value is loga?-ft7r, and the general value of 
its logarithm is loga; + (2A;+ l)t7r. 

The general value of the logarithm of a real positive quantity 
X is given by Loga; = loga7 + Logl = loga?+26A;w-, the principal 
value being log a?. 

The principal value of Log l is ^Trt, hence Log l = (2k -f i) tTr ; 
the principal value of Log (— l) is — ^in, hence Log (— *)=(2A;— J)t7r. 

It is also possible to consider the logarithm of u as a single-valued function 
of the modulus p and the ailment ^, the latter being supposed to go through 
all values from — oo to +00 , not being restricted as above to lying between w 
€uid - 9r; the logarithm oiu'm then the single- valued function of p and^,logp + (^ 
and every time ^ increases by 2ir, the logarithm increases by Stvr, and the 
numerical value of the quantity u becomes the same as before. The student 
who is acquainted with the theory of Riemann's surfaces, will appreciate the 
full force of this mode of considering a multiple-valued function as converted 
into a single- valued one. 



The general exponential function, 

240. If a be any quantity, real or complex, the symbol a* may 
be defined to m^an E (z Log a), where Log a has any of its infinite 
number of values; when Log a has its principal value log a, we 
shall caU 'E(zloga,)the pHndpal value of a'. 

Since E {z Log a) = 1 + — ^ - + - — ^^ , -^ + . . . 
we have the general exponential theorem 

and the piincipal value of a* is given by 

a.=.l+i^+^(M + .... 

In the case in which a and z are both real, we have the 
ordinary form of the exponential theorem 

l* — JL T* ^~"j "T" ^aTf • •••• 

which gives the principal value of a*. 
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241. In the particular case a = ^, we have 

Log e = log 6 -t- ^ikir = 1 + 2*&7r, 

and the general meaning of the symbol e* is E(z'Loge) or 
E(z + 2vkirz); the principal value of e* is E(z)j and this is in 
accordance with the definition of the principal value of e* given in 
Art. 229. The general value of e* is therefore 

Ji(z) (cos ikirz + 4 sin 2k7rz). 
We shall still continue to use the symbol e* for its principal value. 

242. The general value of a' as above defined, is equivalent 
to E [z (log r + 1^ + 2ikTr)}, where a = r (cos ^ + * sin ^) = a + t/8, ^ 
being between — tt and tt ; writing z^x + iy,we thus have for the 
general value of (a + t/8)*+'y the expression 

Elxlogr — ffy — 2kiry + 1 (y log r + a;^ + 27rA^)} 
which is equal to 

gj»iogr-«y-2*Tir j^os (y log r + a?^ + 27rA;a?) + 1 sin (y log r + a;^ + 2irkx)]. 
The principal value of (a + 4^)*+'^ is therefore 

gxiogr-»y jcos (y log r -f a?d) + L sin (y log r -f a?^)j, 

where r = Va' + ^8", * = tan"^ /8/a. 

The value of tan"* /8/a, to be taken, is not necessarily its 
principal value as defined in Art. 38. 

If r=l, we have for the principal value of (cos ^+i sin ^*"^% the function 
^{i^(:r+iy)} which may be written cos(^+iy)^+sin(a?-f «y)^ ; this is the 
extension of De Moivre's theorem to the case of a complex index. 

243. In order that the equation a*» xa*« = a*^»^^*s may hold, 
we must suppose that the values of a*^s a^\ a^^-^^ are those 
corresponding to the same value of Log a ; in that case we have 

a«» X a«» = jE? {z^ (log a + 2ikirS\ x E [z^ (log a + 2ikiry\ 
= E {(z^ + z^ (log a -f 2ikir)] 

but this will not hold if we take diflferent values of h in the two 
functions a*'', a^\ In particular, the equation a*^» x a*» = a*^i+«« is 
true of the principal values of the functions. 

244. The expression (a*»)*« is not necessarily a value of a*^i*^«, 
but every value of a*»*« is a value of (a*'*)**, for 

a«^i«9 = E (z^z^ Log a)^E {z^z^ (log a + 2^7r)} 
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and {a'^yt =: E {z^ Log a«>} = E [z^ {z^ Log a + 2tA?V)} 

= E [z^z^ (log a + 'i.ilcir) + 2t . A^V^r,}, 

hence the values of a*^»*« are only those of (a*»)*« in the case A;' = 0. 
If in every case we take the principal values, then the equation 
a«»«« = (a*'*)** holds. 

If we use the symbols a*, e* as equivalent to their principal 
values E{z\o^a)^ E{^)y as is usually done in practice, then we 
may, as we have just shewn, perform operations in expressions in 
which these symbols occur, according to the ordinary rules for 
indices, as in common Algebra. 

Example. 

//A, B, C, D... he the (mguUvr points of a regular polygon of n sides, 
inscribed in a circle of radius a and centre O, pro^e that the sum of the angles 

that AP, BP, CP... Timke mth OP is tan-^ -— ;; — -, where OPs=r, and 

' ' a*cMn^-i*' ' 

the angle AOP=tf. 

We have r*»-a*e**^= n {r - a«'V*+ n /} 

hence taking logarithm., 
log (f" - 0** cos n^ - ta* sin ntf ) 

and equating the coefficient of i on both sides of the equation, 



.—1 , «ain(tf-h^) 

-- TT fan — 1 ^ ^ 



, a*sinw^ 
tan-'-- T— :^= n tan * j ■ ^ k ' » 

aoos( ^+ — j-r 

corresponding values of the inverse functions being taken ; the expression on 

the right-hand side is the sum of the angles OP makes with APy BP , 

a*flinnd 



hence this sum is tan~^ 



a*coanB-f^' 



Logarithms to any ba^e. 

245. If the principal value of a* is equal to u, then z is called a 
logarithm of u to the base a, and may be written Log^i*. Now the 
principal value of a' is JF (2: log, a), where log, a is the principal 
logarithm of a to the base e, and if E(zlog^a) = u, we have 
z log, a = Log, u = log, u + 2iJc'rr, therefore 

Log. u = Log, u/log, a = (log, u + 2ihir)/log^ a. 
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The principal value of Log^u, we regard as log.w/log, a, and can 
denote by log^t^, hence the general value 

Log„ w = log. 1^ + 2tA;7r/log, a, 

a multiple-valued function in which the diiferent values diflfer by 
multiples of 2t7r/log, a. In the particular case a = e, the above 
definition accords with that in Art. 238, giving log, u -t- 2tJcir for 
the general value of Log, u. 



Oeneralized logarithms, 

246. We may give the following definition of a logarithm, 
which is more general than that given in the last Article. 

If any valve of a* is equal to u, then ^ is a logarithm of u to the 
base a, and may be written [Log. u\ to distinguish it from Log. u 
as used in the last Article. The most general value of a* is 
E (z Log. a), and if this is equal to w, we have 

2rLog,a = Log,'i*, or -s:(log,a + 2^V) = log,'i^ + 24A;7r, 

where k and A/ are integers, hence the general value of [Log. u] is 
Log, u/Log^ a or (log, u -f 2iJc7r)/(\og^ a + 2tA/7r), which is multiple- 
valued to an infinite extent, in two ways. The logarithms Log. u 
are therefore included as the particular set of values of [Log. u] 
obtained by putting k' = 0. We may call [Log. u] the generalized 
logarithm of -w to the base a. 

247. If a = e, we have [Log, u\ = (log, u + 2ik7r)/(l + ick'w) 
which is the expression for the generalized logarithm of u to the 
base e. In the more restricted logarithm Logi^, we have defined 
^ to be a value of Log u when the principal valve of e^ is equal 
to Uy but in the generalized logarithm [Log u\ we consider z to 
be a value of [Log u\ when any valve of e* is equal to u. 

The generalized value of [Log, 1] is 2tbrr/(l -f 2tA;V), and of 
[Log (- 1)] is {2k + 1) iw/il + 2ik'7r). 

The expression (}og,u-\-2ikir)/{l-\-2ik'ir) may be considered from another 

\ogu-¥2ikir 

point of view ; the principal value of {E{l + 2iifn)} i+2tA:'jr is by the theorem 
(2), E(}ogu+2ikir) which is equal to «, hence (I(^'M+2tibr)/(l+2iiPir) may 
be regarded as the logarithm according to the definition in Art. 238, of t£ to 

the base E{l + 2ik'7r) which is the principal value not of e but of e ^y so 
that we have in fact [Logi*] equal to the values of Log«n .o.if )^> ^^^ 
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dififerent values of H, Thus we may r^ard the generalized logarithms to the 

base 6, as ordinary logarithms to the base not e but e , which though 

numerically equal to 6, has different arguments according to the value of V, 

248. The question was at one time frequently discussed, whether a 
negative real quantity can have a real logarithm ; thus for example whether 
\ can be r^arded as the logarithm of -fjey the fact being borne in mind 

that ^ has the values ±^6. The answer to this question depends on the 
definition we take of a logarithm ; if we take the ordinary definition in Art. 
238, that 2; is a logarithm of u when the principal value of e* is equal to u^ 
then a negative real quantity can never have a real logarithm ; but if we 
define a logarithm as in Art. 246, that 2; is a logarithm of u^ -when any value 
of 6* is equal to Uy then a negative real quantity may have a real logarithm. 
If r be a positive real quantity, we have 

_^ T_ logr-f(2ir+l)iir _ {logr-f2iP(2ir+l)irg}+*{(2ir-fl)ir-2iPffl()gr} 

and this is real if log r = (2ir+ l)/2iP. If therefore r be such that log r is of the 
form (2ir+l)/2iP where k and U are integers, a value of [Log (-r)] is real; if 
logr is not of this form, we can always find a quantity r^ differing as little as 
we please from r, such that [Log (-r^)] has a real value ; for a fraction plq 
in its lowest terms can always be found which differs by as little as we please 
from logr; let log /^^p/q, if j' be even then [Log(-r')] has a real value, and 

28P+1 i_ 1 

/ssri, but if ^ be odd, we have /=« ^q xe 2*9, €«id e ^ can be made as 
small as we please by taking s large enough, or log/ can be made to differ 

by as little as we please from —^ — , therefore a quantity -^ = log r^ 

can be foimd, which differs by as small a quantity as we please from logr, 
and then a value of [Log(~ri)] is real. We conclude then that although 
there is not for every value of r, a value of [Log(— r)] which is real, we can 
always find a quantity r^ such that Vi-r is as small as we please, and such 
that a value of [Log ( - r^)] is real. 



2%« logarithmic series. 

249. The principal value of (1 +zy ia E {m log (1 + z)], but 
by Art. 211, the principal value of (1 + ^)"* is the sum of the series 

- . . m(m — l) • . tn(m- l)...(m — «-t-l) . 

2 1 81 

provided this series is convergent, which is the case if the modulus 
of z is less than unity, and if it is equal to unity except in certain 
casea Now it has been shewn in Art. 210, that we are entitled 
to arrange this series in powers of m, provided the series obtained 
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, . m(m — l)...(m~«4- 1) . . j. . , 

by arranging — ^ — ^^ s^ in powers of m, is abso- 

lately convergent for all values of b\ this condition is satisfied, 

if mod. {£) < 1, since the series obtained by changing the negative 

signs in the series, and replacing z by its modulus r, has for its 

,, . m(m + l)(m+ 2)...(m + «--l) . ^,. 
sum the expression --^^ ^-^ p — ^^ -r'; this sum 

is zero when 8 is infinite, if r < 1. 

Since E {m log(l + z)} stands for the series 

, ., . mMlog(l+^)r 
1 + m log (1 + £:) + — -^-^1 + .-., 

we are, by Art. 208, entitled to equate the coefficients of powers of 
m, in the two series, hence, 

log(l-f^) = 0-i^-fi^-...+(-iri-^+ (8). 

This series which gives the principal value of Log,(l + z), is called 
the logarithmic series; it has been proved to hold when mod. 
z <1; also according to Art. 207, the series has still log, (1 + z) 
for its sum, when mod. 2r = 1, provided the series is convergent, 
which is the case unless the argument of z is tt. 

250. Writing z = r (cos d-{-t sin 0), we have 

log (1 -f 2^) = log (l+rco&0 + ir sin d\ 

and this is equal to 

4 log (1 + 2r cos ^ + r") + A tan'V sin ^/(l + r cos ^), 

where the inverse tangent has its principal value ; we have then 
the two series 

i log (1 + 2r cos e + r') = r cos tf - ^r' cos 20 + ^r*cos 3^- ...(9), 

tan"' r sin 0/(1 + r cos «) = r sin « - ^r* sin 20 + ^r* sin 3^ - . . .(10), 

where r < 1. 

If we put r = 1, we have 

log (2 cos ^) = cos ^ - i cos 2* + ^ cos 30- (11), 

i^ = sin ^ - i sin 20 + Jsin 30 - (12). 

where lies between + tt, and cannot equal ± ir. 

If in (11) we change $ into 2By we have the theorem 

logcos^s: -log2+cos2^- Jco84^ + Jco86^- ... 
which holds if ^ lies between ±^. 
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Changing ^ into ^ - ^, we have 

log sin B=t -Iog2- cos 2^- ^cos 4^- J cos 6^- ... 

which holds if B lies between and n*. 

The series (12) furnishes an example of discontinuity, owing to the series 
becoming infinitely slowly convergent as B approaches the value n ; when 
^s=9r, the sum of the series is zero, but when B is less than n- by a finite 
quantity as small as we please, the sum of the series is \B. 

QregoTifB series. 

251. We have log (cos ^ + t sin ^) = i0, where lies between 
± TT, hence log cos + log (1 + * tan 0) = i0, or 

logcos^ + t(tan^~Jtan^tf + itan'*^...) 

+ (itan"^--itan*^ + ...) = t^, 

provided tan lies between ± 1, which is the case if lies between 
+ Jtt, and may equal ± Jtt ; hence we have, since cos is positive, 

log cos ^ = — J tan* ^ — J tan* ^ + . . . 

and ^ = tan«-^tan"tf + itan'*^- (13). 

The latter series is called Gregory's series, and holds if lies 
between ± J^r, both limits being included. 

Change into ^ — ^ then we have 

^-^ = cot^-icot'^ + icot'*^-... 

which holds when lies between Jtt and Jtt. The general expres- 
sions for any angle are 

= nir-{' tan — ^ tan* ^ + ... 

or ^ = (w -f i) TT - cot tf + ^ cot' ^- ... 

where in the first series n is an integer such that — nir lies 
between + Jtt, and in the second such that ^ — wtt lies between 
Jtf and f7r. 

Gregory's theorem may be also written in the form 

tan"* a? = a? — Ja^ -t- \cf — . . . 

where x lies between ± 1, and tan'^a? has its principal value. 

The series for sixr^x in powers of a?, obtained in Art. 218, may be deduced 
from Gregory's series. Let B=mi~^x^ then we have 

sm-i^= n-i: TT+t 



(l-a;2)t ^(i_;r8)l \\^a^)^ 

1 a^^^ 

H. T. 19 
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if ;p is less than unity, the series obtained by expanding 

in powers of a?, is absolutely convergent ; we are therefore entitled to arrange 
the series in powers of x. We find for the coefficient of (- 1)''^:*'"''*, the 
expression 

1 f, 2r-H (2r-H)(2r--l) (2r+l)(2r--l)...l l . 

2r+l \ 2 "*■ 2.4 '^'^ ^ 2.4.6...2r J' 

the expression in the brackets is the sum of the first r+1 coefficients in the 

expansion of (1 -y)*^^"*"^^ in powers of y, and this is equal to the coefficient of 

y»- in (1 -y)-i (1 -y)*<**'+i> or (1 -y)^^^~^\ which is equal to 

(2r-l)(2r--3)...l 
'^ ^ 2.4.6...2r ' 

hence the coefficient of ( - 1)*" oj**"*"* in the expansion of sin~^ a?, is 

1 1. 3.6...(2r~l) 

2r+l' 2.4. 6.. .2r ' 
therefore 

. , .1^ .1.3:r6. .1.3.6...(2r-l) ^+1 . 
8m-i^=^+2.-+— ^ + + 2.4.6... 2r 27+1-^ 

this proof only shews that this series holds for values of x between ±l/,J2. 



The quadrature of the circle, 

252. The problem of the quadrature of the circle, which is 
equivalent to the determination of tt, can be solved to any requiied 
degree of approximation, by taking a suflScient number of terms 
in any one of a large number of series which have been given for 
IT. The simplest series which we can obtain, is got by putting 
= Jtt, in Gregory's series ; we have then 

which however converges much too slowly to be of any practical 
use for the calculation of tt. 

253. If we use the identity J7r=tan~^ J+tan"^^, and substitute 
for tan"* J, tan""* ^, their values from Gregory's series, we have 

j=i-ia)'+Hi)'--. 

This is called Euler's series. 
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Another series may be obtained from the same identity by 
substituting for tan"* J and tan'* J, their values from the series 



1 ^ 

tan a? = 



f . 2 a? 2.4/ of Y ) 
1 "*'3H-a;»"^3.5Vl+a^/ "^*"J 



1+a^ 
which we have obtained in Art. 219. We have then 

4'^"10t ■^3-10"*'3.5VlO>' ) 

'^ior"^3io'*"3.5Vio>' ■*"-r 

254. Other series obtained in a similar manner, have been 
used by various calculators. Clausen* obtained his series from the 
identity Jtt = 2 tan"* J + tan'* f , using Gregory's series; Machines 
series is obtained irom 

i-TT = 4 tan"* i - tan"' ^ ; 

Dase used the identity 

Jtt = tan'* J + tan** ^ + tan"* ^. 

A more convenient form of Machin's series was used by Rutherford, 

who used the identity Jtt = 4 tan'* | — tan"* 7*^ -f tan'* ^. Hutton' 

gave the series 

_ f 2 1 2^J I 

"^'*'f"**3-10 "^3. 510» ■*■•••] 
_f- 2 2 2.4/ 2 y ) 

"^*^^r"*"3-ioo"^375lio6; ^-r 

a? 
this is obtained from the expansion of x tan * x in powers of .. , ^ > 

by putting x = ^ and a: = |, and using Clausen's identity. 

Euler has given the series 



TT 



_2_\ 2^/_2_V, I 
lOOy' ■*■ 3 . 5 UooJ ■*"•••) 



+ 



101 3V100/ ' 3. 5 MOO 
30336 



f 2/ 144 \ 2.4/ 144 V, \ 
\ 3 UOOOOOj 3.5 VlOOOOO,/ ^ " )' 



100000 
which can be deduced from the identity 

TT = 20 tan'* f + 8 tan"' ^. 

' See a p^ier " On the calculation of t " by Edgar Friaby Iq the Metienger 
of Math., Vol. n. 
» Phil. Trans., 1776. 

19—2 
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The value of ir has been calculated by W. Shanks to 707 

decimal places\ 

1 1^ 32 52 
The continued fraction ^-7- 5-7: sT 5~r =i^ ^^ given in 1668 a.d. by 

Lord Brouncker, the first president of the Royal Society. It is obtained by 
transforming Gregory's series 1-4+^-^+... according to the usual rule. 

Stem 2 has given the continued fraction W=l + ?-r tV r^r ^rr 

An interesting account of the history of the subject of the quadrature of 
the circle will be found in the article " Squaring the Circle " in the Encyclo- 
paedia Britannica, See also an article by Glaisher in the Messenger of 
Mathematics^ VoL iii. " On the quadrature of the circle a.d. 1580 — 1630.*' 

We shall give Lambert's proof that the quantity ir is irrational, that is, 
that it is incapable of being expressed exactly in the form m/w, where m and n 
are positive integers. Lindemann has shewn ^ that ir cannot be a root of any 
algebraical equation, of any degree, with rational coefficients ; this is a 
demonstration of the impossibility of " squaring the circle " by means of the 
ruler and compasses ; his method is founded on that which has been applied 
by Hermite to prove a similar theorem for the quantity e. 

Trigonometrical identities, 

255. It can be shewn as in Art. 190, Ex. (5), that any identical 
algebraical relation /(a, 6,c...) = 0, between any number of quan- 
tities a, 6, c... will lead to two corresponding trigonometrical 
identities. These will be obtained by giving a, 6, c. . . the complex 
values 

cos a + A sin a, cos /8 + i sin ^, cos 7 + t sin 7. . . 

and reducing the given identity to the form 

</) (a, ^, 7...) 4- I'f (a, /8, 7...) = 0, 

whence we obtain the trigonometrical identities 

<^(a,/8,7...) = 0, i/r(a,^,7...) = 0, 

which will involve the sines and cosines of a, /8, 7.... 

The works of reduction will usually be shortened by using the 
symbolical forms e*% e^... instead of cos a + 1 sin a, cos )8 + 1 sin /8. . .. 

Example. 

From the idmtUy ^,^"Kx^^,^""^^r l^r^^.^''"^^^^"^? ^!, 

^ (a-b)(a-c) (b-c)(b-a)^(c-a)(c-b) ' 

^ See Proc, Royal 80c,, Vols, xxi, xxii. 

8 Crelle*8 Journal, Vol. x. See also a note by Sylvester, PUh Mag,, 1869. 

s Math, Annalen for 1882. 
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deduce the identity 

8in(y-'a)sin(y-ff) ^ " 



Let x=i^y a=e^*, h^^^, c^^"^, then we have 



{x-h){x-c) ^ {e^'^-^f'){^--^^ {e''-^-e-'^-^{e'^^^ 

(a- h) {a-c) (e2ia_ ^i^)(g2ia__ ^2iY^ (e'«^_ e-'*-^)(e**-v _ g-'^-V) 

or ^^) ""^x ! ; ~ V (cos 2 (^ - a) + * sin 2 (^ - o)} ; transforming each fraction 
sin (a -/3) sin (a -y) ^ ^ ' ^ '^ 

in this manner and equating the coefficient of i to zero, we obtain the identity 

to be proved. 



The sv/mmaiion of series. 
256. When the sum of a finite or an infinite series 

is known, we may deduce the sums 8^ and 8^ of the series 
a^ cos a + a^x cos (a + ^) -t- ajx? cos (a + 2^) -t- ... 
a^ sin a + a^x sin (a + ^) + ajx^ sin (a -f 2^) + . . .. 
For suppose fix) = a^ + a^x + ttgO?' 4- . . . 

then €^f{x^) = 8^ + vS^ , 

and also e"^f(xe~'^) = Sj — t/S^, 

therefore 8, = ^ [€^f{xe^^) + e'VC^^''^^^ 

and '^s = 2" {^/(^O - «" V(^^" '^)}' 

the values of Sj, S^ thus obtained, can now be reduced to a real 
form. 

Examples. 
(1) Sum the series 

co«a+xco«(a+3) + x2co«(a+2/3) + +x'»-ico«{a+(n- 1) 3}. 

1 — '«» 
We have -z =1+^+^+ +^-i. 

Change x into xe^ and multiply by e"* ; we have then 
1 - af^&'n^ 
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and similarly we have 

therefore the sum of the given series is 

^] '~~^ — iT"^^ •-; — =^' 

I l-xe^ l-xe ^ , 

(l-a?6*^)(l-^e'*^) 
which is equal to 



c osa-a?cos(a-/3)-:y**cos(a-hw/3)-ha;**'*'^cos(a-fn-l/3) 

l-2^cos3+^ 

(2) Sum the infimte series 

«i7ia+xw»(a+3) + 51 + + h ^+* 

2s I n ! 



We have e«=l+a:+5-: + + -.+ 

2 ! n! 

put a:e'^ for x, and multiply by e'*, we have then 

e*«^+^ = e-+^e^C«+^> + ^e^<*^26)^ ^£;gt(a+n^)^ 

2 ! n ! 

and similarly 

e^"''^-"^=e-*«+a,'e-'<*+^>+|*,e-'<*+^>H- ^.^^e-*(*+*^>+ ; 

hence the sum of the given series is 

or — gaJ008^ fgl(;»8m^+a)_g-l(iP8in^+a)J 

which is equal to 

e**^^sin(a+^sin/3). 

257. We shall now give some examples of the application of 
the exponential expressions for the circular functions, to the 
expansion of expressions in series. 

(1) To expand (1 — 2a;cos tf + ^)"* in a series of powers of a?, 
where x is less than unity ; we have 

(1 - ac cos ^ + a?y^ = (1 - ^V (1 - <x)e''Yy 
which expressed in partial fractions is equal to 



2&sm 



1 / e^ _ _JI!^_\ . 
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expanding each fraction in powers of x, we have 

^r— .r-s (6^* + ajc*** 4- a;*e^* 4- . . . 4- ^"-^e'^* + . . .) 
2ism0 ' 

which is equal to 

cosec tf (sin ^ + a? sin 2^ + a;' sin 3^ + ... 4-a?*"^sinn^ + ...). 
It may be shewn, in a similar manner that 

1 —0? 

^ — s A — -j=l4-2a;costf4-2a3*cos2^+...+ 2a?"cosw^4-... 

1 — 2a?cos^4-ar 

(2) To expand log^(l + 2a? cos ^4- a?*) in powers of x, where x 
is less than unity ; we have • 

log, (1 4- 2a? cos d 4- «?*) = log, (1 4- a?0 4- log, (1 4- xe"'^) ; 

hence expanding each logarithm on the right-hand side, we obtain 
the formula (9), of Art. 250. 

(3) To expand e^ sin (6a; 4- c) in powers of x, we may write 
the expression 

-- \^ . e(«+»6)aj ^e'"^. ^*-**)*}. 

If we expand e^*"^'*^*, e^*"**^* in powers of x, we find the coefficient 
of a?" to be 

let b/a = tan a, then the expression becomes 

~ i- (a* 4- 6*)** {e'^^+**^ - &('''+^n 

or — ;(«■ 4- 6')** sin (c 4- na) ; 

this is the coefficient of a?* in the required expansion. 

(4) Having given sin a? = n sin (a? 4- a), to expand x in powers 
of n, when n<l. 

We have e'* - 6"** = w {e'(*+«^ - 6"' <*+•> } 

or €««» - 1 = n^-"* {6«*(*+*> - 1}, 

therefore 6*** = -:i — ; 

1 — ne** 
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taking logarithms and expanding the right-hand side, we have 
2i(x + k7r) = n(e^-e-'^) + -^(e^-e''^) + ... 

hence x + bir = nsia a + ^n* Bia2a + ^n^ BiaSa-\- ... 

where k is an integer. 

If B be the angle of a triangle and be less than A, we can 
expand the circular measure of B in powers of b/a ; since 

sinB=-sin(B+C), 

we have, since in this case k = 0, 

B = -sinC+i-,sin2(74-i-Isin3C+... 

Of (t Cb 



EXAMPLES ON CHAPTER XV. 

A-\-Bz 

1. Prove that the general term in the expansion of :; — ^ . . o in 

° ^ 1-22 008 0+^:^ 

powers of «, is — -^ 'a, ^> ^^'^ *^^ ^^® general term in the 

expansion of ---^|^^,is 

(yt-h3)sin(n+l)<^ -(n-hl)sin(yt+3)<^ ^^ , (yt-h2)sinw^-wsiD(yt-h2)<^ ^ 

4 Bin^ ^ 4 sm^ 9 

{Euler,) 

2. Iftana?=, ^, prove that A•=wsina^-i«*sin2a^-J?^3sin3a4-... 

l-?^cosa *^ * ^ 

91 being less than unity. 

3. If coty =scot a7+cosec a cosec ^', shew that 

y=sina;sina+^sin2irsin^a+isinda7sin3a+ 

h 



4 If tan \e = (t3^) tan i<^, shew that 



2\2 2X3 

^=<^+2Xsin<^+-5-sin2<^4--^sin 30+ 

2 o 



.i«e x-|+gy+.(DV^(l)V 



5. If tan ^=^07 +tan a, prove that 
B^a+x cos^ a - Ja?^ cos^ a sin 2a- Ja;^ cos^ a cos 3a+ia7* cos* a sin 4o+ 
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6. If (1 -\-m) tan ^= (1 - m) tan ^, when B and <f} are positive acute angles, 
shew that B=<f>-msin2<l}+^^sm4<f>-^^Bin^-\- 

7. If tan a = cos 2» tan X, shew that 

X-a=tan^a>sin2a+^tan^tf sin4a+Jtan^a>sin6a+ 

8. If sin 07 = 71 cos (x + a), expand x in ascending powers of n, 

9. Shew that the coefficient of xp in the expansion of (1 - 2^? cos ^-f-Ar^) -» 
is 2{apC0s^^+aiap_iCOs(/?-2)^4-a2^p-2Cos(/?-4)^+ }, 

where a^ is the coefficient of af^ in the expansion of (1 -x)~^. 

10. Prove that ir2= 18 .^ ' ', . 

n^ (2?i4-2) ! 

11. Prove that in any triangle 

logc=loga--cosC-5-3C08 2(7-g-3Cos3C- 

supposing 5 to be less than a. 

12. If the roots of the equation aji^'\-bx-\-c=0 be imaginary, shew that 
the coefficient of ^ in the development of {aa^+ba;-\-c)~^ in powers of a;, is 

a^sin(yt-H) ^ 
c4»+isin^ "' 

where $ is given by 6 sec d+2^/ac==sO, 

lo T* 2 (H-n)*cos2^+(l-n)*sm2^ ,, . - c - 

13. If p2 = /r— — ^^j 9-7rrh U - 9 ^^ i expand log- p in a series of cosines 

of even multiples of B. 

14. Expand log, cos (^+|ir) in a series of sines and cosines of multiples 
otB. 

15. Prove that 

-=12^ J}1^+ ^L-irill |?9i-n+7-4+. 

4 21 81.343^ ^ 2rt-l [3 ^ f^ 

16. Prove that 

7"*"9 15*^17 23'*"26 " 8 

17. Find all the values of (V-1)^"^. 

18. Prove that (a+W- 1 tan 0)K<«»«'*) "♦v^'Ms a real quantity, and 
find its value. 

19. If a cos ^ + 6 sin ^ = c, where c > *Ja?-\-l^^ shew that 

d=(4w4-l)g+*loge TT=^ ^^ A- 
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20. From the expression for ^+1 in feictors, deduce that 

. , sinn^ 
1+cosn^ 

sin2^ (l -Scos-'j sin2^ fl -2cos?^'\ 

=tan^ ^ J ^ . -f tan~^ i j — m^^^— -|- , 

1+0082^ n -2 cos-) l+oos^ri-2cos~^ 

21. From the identity 



x—a x—b {x—a){x-h) 
deduce cos (6 + a) sin (^ - /3) - cos (^ +i3) sin (^ - a) = sin (a - ff) cos 2^, 
sin (^ 4- a) sin (fi-ff)- sin (^ 4-^) sin {fi-a) = sin (a - ff) sin 2d. 

22. Prove that 

tan-ig tan-^^ tan-^y _ir ^3, 2+^3 11 1 J^_ 

a "^ /3 ■*■ y "■ 2"^ 4 ^^2-^3"" 7 "^ 13 19 "'"26 *•' 
where a, /3, y are the three cube roots of unity. 

23. Express the logarithms otc-\-di to the base a+6i, in the form A -\-Bi, 

24. Iftan«(Jir+i^)=tan«(iir+i<^), 

shew that mtan~* "=»tan'i — -. 

c c 

25. In any triangle, shew that 

a* cos nB'\-h^ cos n^ = (?»* - Tia^c*"* cos {A — B) 

■\- '^^^'^^ aWc^Q0^2{A-'B)- 

n being a positive integer. 

26. If log, loge loge (a + c/S) =p + ig', 
then 6^''««*' cos (/ sin ^) =i log. {a?^^\ 

and e^'^«sin(/sina)=tan-i^. 

a 

27. Shew that the coefficient of sf^ in the expansion of e* cos ^ in as- 

,. . . 2** n^ 

cendmg powers of a;, is — ^ cos -j . 

28. Prove that 
1 



= sec3 2X+ +(-l)«2sec3 2XtanX(H-ncos2X)cosnd+ 



(l+6C0Sd)2 

where 2X is the least positive value of sin~^ 6. 

29. Prove that the series 

1 1 



1.3. 5...(2m+l) 3.5. 7...(2m+3) 



,ad inf. 



can be expressed in the form **Ty — -^ where A^^B^^C^^ are whole numbers, 
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and ^«=1.3.5...(2m-l),C«==<|^J, 

30. Prove that 

sin* ^cos w<^=sin* ^ GO&nS+nsin*^'^ cos (n - 1) dsin (6- 0) 

n being a positive integer. 

31. Prove the identity 

cos 2a o • 1 / a 

^sini(a-0)sinJ(a-y)S^i(^:r5)=8«^°i(«+^+y+»)- 

32. Prove that ! + «-?-??+ " 



3 5 7 2^2* 

33. Reduce tany^ (cos ^ + 1 sin ^) to the form a+bi, and hence shew that 

11 n 

o o 4 

the upper or lower sign being taken, according as cos 6 is positive or negative. 

34. Prove that one value of Log^ (1 +cos 2^ + 1 sin 2^) is loge (2 cos ^) + 1^, 
when lies between - ^ and j^. Deduce Gr^ory's series. 

Prove that one value of sin'i (cos ^+( sin d) is 

cos-i\/sin ^+i loga (\/sin 6+\/l+sin6), 
when 6 lies between and j^, 

35. Find the sum of the series 1 A^ e^^**+^^ * sin (2»+ 1) y in which 



^=_J } __L. 

* 2w+l 2n-l 271+3* 

36. In any triangle, shew that if a < c 

6* c* I c 2 ! c* 



^«(»+m»±2)«'^25^ 



37. Prove that 

^ n V^^3+ + 27i-i;'*^^ 

where x lies between + 1. 

38. If u-log^t&n(^+ia!)=x+a^+a^x^+ 

prove that x=u-a^u^+a^u^- 



}• 



39. Rationalize tan 



{"^"^IM- 
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40. Prove that 

008^ C08 2.r C0SWa?__2*-l(l +00807)** 1 

(n^)! (n+l)!"^(»-2)! (» + 2)!"*' "^ (2»)I (2w)T~* "^Jn^^' 

41. If n is a positive integer, and 

s=i+nGOB^e-\- •^- /^i^ny7^T iyf^^''"^^^(^"^)^+ 

prove that 

2.S^siu« ^= {!+( - IWC - 1)*" cos n^+{l - ( - !)*}( - 1)* ^""^^ sin n6. 

42. Prove that the expansion of tan tan tan... tan a?, (n tangents) is 

^+27i|-,4-4»(5n-l)|-, + y(175n2-847H-ll)^,4- 

43. If tan ( j^a - <^) = tan^ ^a, then shew that 

44. Shew that, if tan ^ < 1 

tan2^-itan*d+Jtan«^- =sin2^+isin*^+Jsiu6 ^+ 

45. Prove that, n being a positive integer, 

. n(n-l)in-2) . n{n-l){n-2){n-3){n-4){7i-b) . 
^"♦^ 3! "*" 6! "^ 

= i{2«+(-l)«.2cos?|?}. 

46. Shew that the equations 

a^ sin 2a +y* sin 2/3 +2* sin 2y- 2^^ sin (j8+y) - asa?sin (y +a) - 2^ sin (a+i3)=0 
jc^cos 2a4-y^cos2/3+2*cos 2y - 2y2COs(j8+y)- asa?cos (y+a) - 2a?y cos (a+/3)=0 
are satisfied by any of the following values : 

X : y : z :: sin^^OS-y) : sin2J(y-a) : mi^\{a-ff) 
:: sin*i(i8-y) : cos2i(y-a) : QO&^\{a-ff) 
:: cos^iOS-y) : sin2J(y-a) : QO»^^{a-ff) 
:: cos*i(/3-y) : cos2^(y-a) : sin2i(a-/3). 

47. If ^1, ^2) ^3) ^4) ^^^ distinct values of 6 which satisfy the equation 

acos2^+&sin2^+ccos^+^sin^+6=0, 
shew that 

a _ 6 __ — c ~^ _ ^ 

cos « ~sin « "" 2 cos («- ^ "" 2 sin («- ^) "" 2 cos^ (^j + ^2~ ^s" ^4) ' 
where 2«=^i+^i+^3+^4. 

48. Prove that 

(-l)**tan*^=l-7isec^cos^H — ^-^-j— ^ sec^ ^ cos 2^ - (neven), 

(-.l)H»-i)tan'»d=»sec^8in^-^!^^|^sec2^sin2^4- («odd). 
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49. If sin " 1 ^ = dyX + a^ + , shew that the sum of the series 

a^'\-a^-\-a^x^^ is \ {cos-i (Vl +^+a?* - a;*)+sin-i ^y 

60. If o, fty, are then roots of the equation a;* 4-i>i^"*+ +i'n=0, 

prove that 

. , asin^ . . . /Ssin^ 

tan"* -z htan-*^-^^^ — ^ — h 

" ^ ^+;)iCos^.^-i+f>2Cos2^.^"*+ +^»cosw^* 

51. If (1 - c) tan ^=(1 +c) tan <j>, then each of the series 

csin2^-i<:^sin4^4-J<^sin6^- 

csin2^4-ic2sin4<^+Jc3sin6<^+ 

is equal to ^- 0, where and <j> vanish together, and c< 1. 

52. Prove that 

cos}9r+^cosJfr+icos.ffr + ad inf,=0, 

53. Shew that the series 

^ ^ o . 1-3 . . 1.3.5 ^ , 
cos^+2^cos3a; + ^-^cos5^ + ^--j-^cos7a:+ 

assumes the following values, 

( 1 ) sin~i (cos i^ - sin i^), when w > ^ > 0, 

(2) - sin~* (cos ^0! + sin ^.r), when 2ir > .r > n. 

54. If c=cos*^-Jcos8^cos3^+icosS^cos6^- 

shew that i&n2c=2 cot^ 0, 

55. Shew that 

c*«*^sin(asin^)+c''«^*^sin(asin2i3) + e*«^<*-^>^sin{asin(n-l)}i3=0, 

if^=27r/n. 

56. Prove that 
sin^.sin^-isin2^sin*^+Jsin3^sin»d- =cot-i(l4-cotdcot2^). 

57. Prove that 

log(cosec^)=2(cos2a7-Jsin2 2^+Jcos2ar- Jsin*4r+ ). 

58. Prove that 

,/. X /5-/ia.^ V^^J- J, 1 1.3.5...(2n-l) /arV. 1 
C08-i(l-^)=V2^|l + 3.2|^2j+...+2^1. 2.4.6...2n [2) ^-j- 

59. Shew that the sum of the series 

1 1 j% , 1«3 aj* 1.3.5 «^ . cosW 

1- 5 cos ^+5-70082^-— ^-^cos3^+ IS , * - , 

2 2.4 2.4.6 V2cosJ^ 

where 6 lies between +»r. 
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Sum to infinity the series in Examples 60 — 71. 

60. cos ^- 1 COB 3^+^ cos 5^- 

^_ - cos2^ . cos4^ 

«!• i-^r+ 4T- 

62. COS tf+*^ooe 20+^5^0083(9+ 

1 ! £ ! 

63. cos ^ cos 2^+ cos 2^ cos 3^+ r-r cos 3^ cos 46 -\- - cos 4$ cos 5^+ 

64. sin ^- iTi sill 3^+ri sin 5B - 

o! ! 

^^' T:273''"273~4"*'3.4.5'^ 

«fi C08(a + 2/3) cos(a-f4ff) cos (a + 6/3) 

66. cosa+ 3l— + gl + 71—+ 

67. cos^cos^-^cos2^cos2^+icos3^cos3^ - 

Afi +o« ^:^a>^ . tan»asin3^ . tanSasin4^ , 

DO. tan asm 2^ H al "^ ol "^ 

^0080 JSOO80 

69. l+c^*cos(sin^)+-5-r-cos(2sind) + -^,-cos(3sind)+... 

70. sin d. sin ^- isin^d. sin 2^ 4- J sin^^ sin 3B- 

71. wisin^rt- Jm^sin*2a+Jm'sin2 3a- where wi<l. 



CHAPTER XVI. 

THE HYPERBOLIC FUNCTIONS. 

258. The hyperbolic cosine, sine, tangent, &c., have already 
been defined in Chap. XV., by means of the equations 

cosh iA = J (e" + e^)y sinh i^ = J (e" — e""), tanh u = sinh u/cosh u, 

coth u = 1/tanh u, sech u = 1/cosh u^ cosech u = 1/sinh u, 

where the exponentials e**, e^ have their principal values. The 
hyperbolic functions are expressed in terms of circular functions 
of lu, by the equations 

cosh u = cos lu, sinh i^ = — 4 sin m, tanh u = -~ i tan m, 

coth u = I cot m, sech u = sec m, cosech u—i cosec m. 



Relations between the hyperbolic functions. 

259. We have, at once from the definitions, the following 
relations between the h3rperbolic functions 

cosh' u — sinh* u = l (1), 

sech* u + tanh' u=l (2), 

coth't*— cosech'^ = 1 (3). 

These correspond to the relations 

cos* ^ + sin* ^ = 1, sec* - tan* ^ = 1, cosec* - cot*^ = 1, 

between the circular functions, and are at once deduced from them 
by putting = m. By means of the relations (1), (2), (3), com- 
bined with the definitions, any one hyperbolic fiinction can be 
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expressed in terms of any other one. The results are given in the 
following table. 



sinh u — 



cosh u = 



tanh u = 



coth u = 



sech u = 



cosech u = 



smht£ = ^ 


cosh W = 07 


X 


V^-1 


Vi+^ 


X 


X 


X 


Vl+^ 


X 


X 


1 


1 

X 


Vi+^ 


1^ 

X 


1 


i^a^-X 



tanht*=^ 



X 



\l\-SlP' 



\/l-^ 



0? 



1^ 

X 



\/l-.r2 



Vi-^ 



coth «*=:ri sech w= a? 



^ 



s/^2_i 



a: 



V^-1 



1 



^ 



V^-1 



^ 



V^2-l 



Vi-^2 



^ 



cosech w=^ 



1 

X 



slx-x^ 



Vl-^ 



07 



X 



\l\-0^ 



1 

07 



Vi+^ 


X 


1 


Vi+^ 


VH-^^a 


o: 


Vi+^ 



07 



2%6 addition formulae, 

260. We have 

cosh (1^ + 1;) = cos i(u ±v) = cos m cos iv + sin m sin iv, 

hence cosh (i^ ± i;) = cosh u cosh v ± sinh u sinh v (4), 

Similarly we have 

sinh (u±v) = sinh u cosh v ± cosh u sinh v (5). 

These are the addition formulae for the hyperbolic cosine and 
sine ; they may, of course, be verified by substituting the expo- 
nential values of the functions. From (4) and (5) we deduce 

, , , ^ . tanh ii± tanh V ,.. 

tanh (i^ ± i;) = r-— — r — 7 — r— (6). 

1 + tanh u tanh v ^ ^ 

i.i_ / . \ coth u coth v + 1 ,»_v 

coth(i^±i;) = — -r— 7 — iif^- (^)- 

^ ^ coth V ± coth u ^ ' 

261. Since 

sinh (u-^v) + sinh (u—v) = 2 sinh u cosh v, 
sinh (w 4- i') — sinh (m — i;) = 2 cosh w sinh v, 
cosh (t^ + i;) 4- cosh (w — v) = 2 cosh u cosh v, 
cosh (u + v)-- cosh («A — -y) = 2 sinh i^ sinh v, 



(8), 
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we have, by changing u, v into \{u-\- v\ J (w — v) respectively, 

sinh u + sinh v = 2 sinh \{u-\-v) cosh \{u — vy 
sinh u — sinh v = 2 cosh \(u + v) sinh i (m — v) 
cosh u + cosh v = 2 cosh \ (u H- v) cosh J (w — v) 
cosh 1^ — cosh V = 2 sinh ^ (^ + v) sinh i (w — v)^ 

which are the formulae for the addition or subtraction of two 
hyperbolic sines or cosines. 

Formulae for multiples and svbmuUiples. 

262. From the formulae (4), (5), (6), and (8), the relations 
between the hyperbolic functions of multiples or submultiples, 
may be deduced, as in the case of the analogous formulae for 
circular functions. We find 

sinh 2u = 2 sinh u cosh u, 

cosh 2?^ = cosh* «* 4- sinh* w = 2 cosh* u — 1 = 1 + 2sinh*w, 

^ , -, 2 tanh u 
tanh2t*==— — 7 — o , 
1 4 tanh'ii 

sinh 3u = 3 sinh u + 4i sinh* u, cosh 3m = 4 cosh* w — 3 cosh u, 

3 tanh u + tanh'w 



tanh Su = 



1+3 tanh*w 



, , /I + cosh u . , 1 / 

coshi«A = A/ 2 ' 8mhiw = w 

, , , /cosh M — 1 sinh u 

tanh 



cosh w — 1 



/ 



cosh i^ + 1 1 + cosh w ' 



Series for hyperbolic fimctions, 

263. We have 

e" = cosh i^ + sinh u, e^ = cosh u — sinh w, 
thus the series for cosh it, sinh u in powers of u^ are 

cosh «* = 1 + 5-, + T", + . . . 

2! 4! 

w* . w* 
smh i^ = 'M + i5-i+ef+"- 

o ! O I 
H. T. 20 
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Also the principal value of (cosh u ± sinh w)"* is always 

cosh mu ± sinh mu, 

whatever m may be ; this corresponds to De Moivre's theorem for 
circular functions. We may express the theorem thus 

cosh mu = J {(cosh u + sinh w)"* + (cosh u — sinh t*)"*}, 

sinh mu = J {(cosh u + sinh u)** — (cosh ii — sinh w)"*}. 

264. We obtain from the last expressions, by expansion, 
sinh mu = m cosh"*'^w sinh u H ^^ ^ ^coslT'^u sinh**!^ + . . . 

cosh mu = cosh"* u H ^^^ — - cosh**"* u sinh' u 

4! 

As in the case of circular functions, we can deduce from these 
series, the expansions of sinh mu, cosh inu in powers of sinh u ; it 
is however unnecessary to repeat the work of collecting the various 
coefficients, as we may obtain the result at once by substituting lu 
for in the formulae of Art. 214, Chapter XVI. We thus obtain 

• 1 .1 m(m' — 1') . ,- 
Sinn mu = m smh u H — ^^-^-j ^ smh" u 

H-"<"'-y-^'>sinh'.+ ... 

5 ! 

cosh mu = 1 + ^— smh u H —pi — ^ sinh ii -f . . . 

2 ! 4 1 

which series hold for all values of m, provided they are convergent, 
which is the case if sinh t* < 1. If we put sinh i^ = 1, we find 

w = log(l+V2). 

265. From the series for sinh mu, we deduce, as in the case of 
the circular functions, a series for u in powers of sinh w. Equating 
the first powers of m, we obtain 

.<■ 1 1... 1.0 1.^. 1.o.d1.,i> 

2 3 2. 45 2. 4. 67 

This series is convergent if sinh w < 1, or if u < log (1 + \/2). 

In particular, we have 

1 /-I ic^\ 1 11 1.31 1.3.51 
log(l + V2) = l-2. 3 + 2-^.5-27476 7+ •• 
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Periodicity of the hyperbolic fanctimta. 

266. The fiinctions coshi^, sinhi^, have an imaginary period 
27r4, since e* = e**+*^. We have therefore 

cosh u = cosh (w 4- ^vwk), sinh u = sinh {u + 2nrk)y 

where k is any integer. Since e*+^^ = — e**, e"<*+^'^ = — e"**, we 
have cosh (u + iir) = — cosh u, sinh (w + iir) = — sinh u, therefore 
tanh {u + nr) = tanh i^, or the period of tanh u is or, only half that 
of cosh u, sinh i^. We find the following values of sinh tt, cosh u, 
tanh u corresponding to the arguments 0, ^irvy iri, f tta. 








sinh 





cosh 


1 

1 

1 


tanh 


1 



ooth 


00 


sech 


1 



cosech 



00 



iirt 


TTt 



^m 


( 


— I 





-1 





00 Xl 




00 

1 


00 Xl 








00 


-1 


X 


— 1 


1 
X 


t 



Just as the circular functions are the simplest single periodic 
functions with a real period, so the hjrperbolic functions are the 
simplest singly periodic functions with an imaginary period. 



Analogy of the hyperbolic with the circular functions. 

267. Draw a rectangulai' hyperbola of semi-transverse-axis a, 
and centre 0; let Q be any point on the hyperbola, and QiVbe the 
ordinate of Q, we have then from the property of the rectangular 
hyperbola, OiV^ — QiV* = a* ; if then we let OiV=acoshw, we 
shall have QN = a%m\iu. We shall shew that the area OAQ 
bounded by OA, OQ, and the arc AQ, is ^a* u. Let Q' be a 
neighbouring point on the curve, Q'N' the ordinate of Qf, and let 
u + Su be the value of u corresponding to the point Q\ we have 
then 

ON' = a cosh (u 4- Sw), ^N' = a sinh (u + Su) ; 

20—2 
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if we neglect the square of Bu, we have 

ON^ = a (cosh u cosh Su 4- sinh u sinh Su) = a (cosh w + 8m sinh u) 
and 

Q'-AT' = a (sinh u cosh Sm + cosh u sinh 8m) = a (sinh m + 8m cosh m) 
therefore NN' = 8m . a sinh 8m, Qfn = 8m . a cosh 8m. 




Now A OQ Q^ = A OQ*n — A OQn, hence since we may ultimately 
replace the arc QQ" by its chord, we have to the first order in Su, 

= i a cosh ^u + Su) , a cosh u »Su — ^a sinh u . a sinh m . 8m, 

= i a* . 8m (cosh* M - sinh* m) = J a* . 8m. 

If then we divide the arc AQ into an indefinite number of 
parts, and apply the above to find the area of each such part, we 
have for the area OAQ, the expression ^a^XSu; now for ^, m= 0, 
therefore area OAQ = ^* w. 

It should be observed that to represent points on the other branch of the 
hyperbola, u must be changed into iir-Uy since cosh (i7r-w)= -cosh ««, and 
sinh (tTT - w) = sinh u. 
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268. If we describe a circle* of radius OA = a, and let P be 
any point on the circle, PM its ordinate, then denoting the angle 
POA by 0, we have area 0-4P = Ja'ft Let PNhe the tangent 
at P, we have then 

Oif=acos^, Pif=asin^, PiV=atan^, ^if=avers^. 




From N draw NQ perpendicular to OA, and equal to iVP, then 
ON* — NQ^ = a'; therefore the locus of Q is a rectangular hyperbola 
of semi-axis a. Now denote the area of the sector OAQ by ^a*u, 
then as we have proved in the last Article, we have ON = a cosh u, 
QN= a sinh u. Thus we see that just as the ordinate and abscissa 
of a point P on the circle, are denoted by a sin 0, a cos 0, respec- 
tively, where Ja* is the area of the circular sector OAP, so the 
ordinate and abscissa of the point Q on the rectangular hyperbola 
are denoted by a sinh i^, acoshti respectively, where Ja'w is the 
area of the sector OAQ. Thus the hyperbolic sine and cosine 
have a property in reference to the rectangular hyperbola, exactly 

^ The figure in this Article, is taken from a tract by Greenhill entitled **A 
Chapter on the Integral Calcnlns.'' 
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analogous to that of the sine and cosine with reference to the 
circle. For this reason the former functions are called hyperbolic 
functions, just as the latter are called circular functions. 

269. We have from the figure of the last Article, when we 
consider the point Q on the rectangular hyperbola, corresponding 
to the point P on the circle, 

atsLa0= QN^asinhu, and asec^ = OJV=acoshw, 

therefore the arguments 0, % for corresponding points, satisfy the 
relations tan = sinh u, sec = cosh u. Since 

- - sinhi^ 

tann ma = -— v , 

* 1+coshw 

, xui *8^^ sin^ xi/1 

we have ^^1^*^ = 11:^^ = 1+^^ = ^^*^' 

or and u satisfy the relation tanh ^u = tan ^0. 

Since a OQM < sector OAQ < ^OAQ, we have 

tanh u <u < sinh u, 

tjAnii u sinh u 
It follows that the limiting values of , , when u is indefinitely 

diminished, are each unity, since cosh 0=1. 

270. We have 

e** = cosh u 4- sinh a = sec ^ + tan 0, 
therefore u = log^ (sec + tan 0) = loge tan (Jtt + ^0). 

Various names have been given to the quantity ^ ; it is called by 
Cayley the Ouderrnannian function of u, and denoted by gdu, so 
that = gdu, u = gdr^0 = log tan (^tt + ^0) ; this name was given 
in honour of Gudermann, who however called the function^ the 
longitude of u. By Lambert, was called the transcendent angle, 
and by Hoiiel* the hyperbolic amplitude of u (written amh u). A 
table of the values of log tan ( Jtt + ^0) for values of from 0° to 
90° at intervals of 30', and to 12 places of decimals, is to be found 
in Legendre's "Th^rie des Fonctions Elliptiques," Vol li., Table iv. 
The table which we give at the end of the Chapter, for intervals 
of one degree, was extracted' from Legendre's ' table by Pro£ 

1 See Crelle's Journal for 1833. 

^ See " Throne des Fonctions complexes.'' 

' See the *' Quarterly Journal ", Vol. xx., p. 220. 
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Cayley. The table enables us to find the numerical values of 
the h3rperbolic functions of u, by means of the relations 

sinh u = tan 0y cosh u = sec 0, 

using a table of natural tangents or secants of anglea 

Those who desire further information on the subject of the hyperbolic 
functions and their applications, may refer to Laisant's ^ Essai sur les Fonc- 
tions Hyperboliques" in the M^moires de la JSoci^U des Sciences de Bordeaux, 
VoL X., also the treatises " Die hyperbolischen Functionen" by E. Heis and 
"Die Lehre von den gewohnlichen und verallgemeinerten Hyperbol-fimk- 
tionen " by Giinther. 

Ex^presdons for the circular functions of complex quantities, 

271. The circular functions with a complex argument may, 
by the use of the notation of the hyperbolic functions, be con- 
veniently expressed in the form a + */8, where a and fi are real 
quantities. Thus sin {x + ty) = sin x cos ly + cos x sin ty, 

hence sin (a? + ty) = sin a? cosh y + a cos a? sinh y (9). 

Similarly we find 

cos (x + ly) = cos X cosh y — t sin x sinh y (10). 

. , , , . sin (it* + Ly) cos (x — tu) 

Also tan {x + ty) = ) , ^i - ) ^ 

^ •'^ cos {x 4- cy) sm (x — ly) 



hence 



___ sin 2x + sin 2ty 
cos 2x + cos 2iy 

, . sin 2^7 + * sinh 2v .^^. 

tan(a?+tv)= X r-ii (H)- 

^ ^^ cos 2d? + cosh 2y ^ ^ 



The inverse circular functions of complex quantities, 

272. We shall first consider the fimction sin"* (x + ty). Let 
sin"' (a? + ty) = a + i^, then 

x-\-iy = sin (a 4- 1^) = sin a cosh /8 + a cos a sinh fi, 

or a? = sin a cosh /8, 3/ = cosasinh/8; we have therefore, for the 
determination of /8, the equation ai^/cosh^ jS -f y'/sinh" = 1 or 
a? (cosh' /8 - 1) + y' cosh* fi = cosh* /3 (cosh' - 1). 
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If we solve this quadratic for cosh' ^, we find 

cosh' iS = i (a;^ + y» + 1) ± J V(ic» +yTl)* - 4r^ 
therefore cosh /8 = ± J Va;" + y'+2a7 + l ± ^ V^ + y*- 2ic + l, 
and since cosh ^ is positive, we must have, if a? is positive, 

cosh^ = i V(^+iy+7 ± I sl{x - 1)" + y». 
The corresponding value of sin a is 

oj/cosh^ or ^ V(^Tl7Ty* + i V(a? - 1)' + fy 
now cosh /8 > 1 > sin a, hence we have 

cosh)8 = i V(^Ti7Ty' + i V(^ r)q:^ = tA, 

sin a = i \/(^+T7T^ - i V(a7 - 1)' + 1/* = v. 

These are the values of cosh ^, sin a, whether x is positive or 
negative. 

The quadratic cosh fi = u, gives ^ = ± log {w + Vt** — 1 1 5 

we have therefore 

sin"* {X'hiy) = k7r-\- (— 1)* sin"* v + 6 log {m + Vtt" - 1}, 

where A; is an integer, and sin"* v is the principal value of a, which 
satisfies the condition sin a = v. To determine the ambiguous sign, 

put x = 0, then sin"* ty = A:7r ± t log (Vl + y* + y), hence 
*y = ± cos Arw sin [i log (Vl -\-y^ + y)] 

hence the ambiguous sign must be that of (- 1)*, or 

sin"*(^ + Ay) = ifc7r + (-l)*sin-*t; + (-l)*tlog{t* + Vt?^}...(12), 

where u = ^ ^(^+17+7 + i ^/(x-^ly + f, 

and v = ^y/(x + iy + y'^^^(x''iy + y\ 



If we consider sin"* v + 1 log {w + Vi^* — 1}, as the principal value 
of sin"* (x +ty), and denote it by sin"* (x + ly), the general value is 
A;7r 4- (— 1)* sin"* (x + ly) which is the same expression as for real 
arguments. 

A special case is that of a7> 1, y = 0; in this case u = x,v=^l, 
and the principal value of sin"* a? is Jtt + t log \x + V^ — 1}. We 
know a priori that sin"* x can have no real value when x>l. 
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273. Next let cos"* (x+ iy) = a + a/8, we have then as in the 
last case, x = cos a cosh /8, y = — sin a sinh 0, and we find, as before, 

cosh^ = i V(^ryTy' + i V(^~l)«+y« = w, 
cos a = i V(a? + 1)*+^ - i V(a:- l)* + y' = v, 
hence cos~* (a? + ly) = 2^7r ± cos'' v ± i log {u + Vi*' — 1}. 

To determine the sign of the last term, we put a? = 0, then 
ly = cos [±i'rr±i log {y + Vy* + 1] = + sin {+ t log (y + Vy" + 1)} 

= (+)(±*y), 

hence we see that the second ambiguous sign must be the opposite 
of the first, or 

cos"* (x + ty) = 2A;7r ± {cos"* i; - t log (t* 4- Vw* - 1)} . . .(13). 

If cos"* V " I log (u + 's/u^ — 1) denotes the principal value of 
cos"* (x + cy\ then the general value is 2A;7r ± cos"* (x + ly). 

274. Let tan"* {x-h iy) = a + cfi, then 

_ sin 2a + t sinh 2^ 
'^'■*''^~ cos 2a + cosh 2^ ' 

, sin 2a sinh 20 

nence x -^ ~ ly ^ —~ * 

cos 2a + cosh 2/3 ' ^ cos 2a + cosh 2/8 ' 

we have 

, a_ si n* 2a + sin h' 2/8 _ cosh* 2/8 — cos* 2a _ cosh 2/8— cos 2a 
^ ^ "" (co82a + cosh 2/^)* "" (cos 2a + co8h2^j* "" cosh2/8+cos2a* 

or 1 ^ :/= ^^Q^^« and i . j;^ , n«- 2cosh2^ 

""^ ^ -^ ^ cosh2/8 + cos2a'^'''*^^/^^^ cosh2/8 + cos2a 

therefore tan 2a = = — -= j, and tanh 2/8 = ^ 



Since -^5- s- = :i — :t-, — i , we have e^ = , . r — ^4 , 

-^^e-^ l+flj* + y* a7* + (y-l)* 



>o ,1 f ^ + (y + l)' ] 

hence the values of tan'* (a? + ly) are given by 

tan-> (a; + ty) - A«r + i tan- ^_y_^ + it log |^±^±|i;| (14). 

The inverse hyperbolic fwn/ctiofm, 

275. If sinh a = £^, then a is called the inverse hyperbolic sine 
of Zy and is denoted by sinh"* z, A similar definition applies to 
cosh"* Zf and tanh"* z. 
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If £r = 8iiiha = — tsinta, we have iz = smi7, or a=-sin"VtA 
Similarly if z = cosh a = cos la, we have a = - cos"' z ; we find 

also if 2r =■ tanh a, a = - tan"* (iz\ We have therefore the inverse 

hyperbolic functions expressed as inverse circular functions by the 

equations 

sinh"* z = — i sin"* (iz), 

cosh"* z = — i cos"* (iz), 

tanh"* z = — i tan"* (lz). 

276. By means of the expressions we have found for the 
inverse circular functions of a complex quantity, we may find the 
values of the inverse hjrperbolic fiinctions. We shall however find 
the expressions for them independently. 

(1) If = sinha, we have e* — e"*=2^, solving this as a 
quadratic for e*, we find e^ = z ±^l + z\ 

hence a = 24AMrH-loge(^-f VI +^), or 2^-7r + loge (-^ — Vl + 2^), 

both values of a are included in the expression 

thrr + (- If log {z + Vl + ?). 



Thus the general value of sinh"*y is tA:7r+(— l)*log(^+\/l4--3^), 
and its principal value is log (^ + Vl + ^) ; this principal value is 
the one which is usually denoted by sinh"* z. 

(2) If ^ = cosh a, we have e* + «"• = 2z ; hence we find 

&' = z± ^z*-!, thus a = 2ihir ± log(-3^ + VP^I), 

hence 2Lk7r ± log (z + ^/z'* — 1) is the general value of cosh"*^ ; the 
principal value, which is the one generally understood to be 
denoted by cosh'* z, is log (z + V-s^ - 1). 

^—1 1 + ^ 

(3) If ^ = tanh a, we have -«- — q- = z, or e^ = , hence 

a = tlcTT + i log (t^- ) ; this is the general value of tanh"*<3:, the 

principal value being ^ log L __ j. 

(4) We find for the principal values of coth"*^, sech"*^, 
cosech"* z, the expressions 

*>»<-^). '"^i^^". ^'-^^ 

respectively. 
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The solution of cubic equations, 

277. We have shewn in Art. 117, that when the roots of 
the cubic a^ -^ qx + r^O are all real, and q is negative, they 

are V— ^ sin 0, V— iq sin {0 + |7r), V— ^q sin {0 + ^tt), where 

sin 3^ = ( — -j-x) . We shall now shew how to solve the cubic 

in the case when two of the roots are imaginary. In this case, the 
condition 27r* + 4s^ > is satisfied. 

(1) Suppose q positive ; consider the cubic 

4 sinh' t6 + 3 sinh u = sinh 3u, 
let ;z; = a sinh u, then x satisfies the equation 

aj' + fa* . a? - J a' sinh Su = 0, 

this will coincide with the cubic aj' + ga? -h r = 0, if q — fa'^, 

/27 r^\^ 
r =. — Ja' sinh S% or sinh 3" = "" * ( ^ rs ) • 

Now the roots of the cubic 4 sinh' a + 3 sinh w = sinh 3w, are 
sinh 2^, sinh (li + f tta), and sinh (t^ + |7r*), hence the roots of the 
cubic x^ '\-qx + r = 0, are 

Vjg sinh u, s/^q sinh (u + §7rt), \/|5 sinh (a + jTrt), 

or ^/^ sinh u, *J\q (— sinh u ± t ^J^ cosh w), 

where sinh3tt = — ^(27 -jj . We find the quantity 3u from a 

table of h}Tperbolic sines, when the numerical values of q and r 
are given, and then sinh u, cosh u, from the same tables ; thus the 
numerical values of the roots will be found. 

(2) When q is negative ; consider the equation 

4 cosh' u — Z cosh u = cosh 3tt, 

we find, as in the last case, that if 5^ = — Ja*, r = - Ja' cosh 3a, the 
cubic which a cosh u satisfies is aj' + ga? + r = 0, thus the roots 
required are 

V— f5 cosh Uy si— ^q cosh {u + |7rt), V— fj cosh (w + Jtt*), 

or V— l^r cosh u, V— ^ (— cosh u±tJZ sinh i*), 

where cosh 3w = — ^ f — 27 -g ) . Hence, as in the last case, we can 
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employ tables of hyperbolic functions to find the numerical values 
of the roots of the cubic, when the values of q and r are given. 

278. Table of values of u for given valms of 0. 





B 


u = log, tan ( Jir + ^6) 
-0 : 


46° 




i*=logetan(Jff+i^) 


f— 
0° 


■ — -^ 
•0 


•8028 515 


•9062755 


1° 


•0174533 


•0174542 


47° 


•8203047 


•9316316 


2° 


•0349066 


•0349137 


48° 


•8377580 


•9574669 


3° 


•0523599 


•0523838 


49° 


•8552113 


-9838079 


4° 


•0698132 


•0698699 


50° 


•8726646 


1-0106832 


5° 


•0872665 


•0873774 


51° 


•8901179 


1-0381235 


6° 


•1047198 


•1049117 


52° 


•9076712 


1-0661617 


7° 


•1221730 


•1224781 1 


63° 


•9250245 


1-0948336 


8° 


•1396263 


•1400822 


54° 


•9424778 


1-1241772 


9° 


•1570796 


•1577296 


1 56° 


•9509311 


1-1642346 


10° 


•1745329 


•1754258 


: 56° 


•9773844 


1-1850507 


11° 


•1919862 


•1931766 


1 67° 


•9948377 


1-2166748 


12° 


•2094395 


•2109867 


' 68" 


1^0122910 


1-2491606 


13° 


•2268928 


•2288650 


59" 


1^0297443 


1-2825668 


14° 


•2443461 


•2468145 


60" 


1^0471976 


1^3169579 


15° 


•2617994 


•2648422 


61" 


10646508 


1^3524048 


16° 


•2792527 


•2829545 


62° 


1-0821041 


1-3889860 


17° 


•2967060 


•3011577 


63" 


1-0995574 


1^4267882 


18° 


•3141593 


•3194583 


64° 


1-1170107 


1-4669083 


19° 


•3316126 


•3378629 


65° 


1^1344640 


1 '5064542 


20° 


•3490659 


•3563785 


66° 


1^1519173 


1 '5486472 


21° 


•3665191 


•3750121 


67° 


1-1693706 


16923237 


22" 


•3839724 


•3937710 


68" 


1-1868239 


1-6379387 


23" 


•4014257 


•4126626 


69" 


1-2042772 


1-6866685 


24° 


•4188790 


•4316947 


70" 


1^2217306 


1-7354162 


25° 


•4363323 


•4508753 


71° 


1^2391838 


1-7877120 


26° 


•4537856 


•4702127 


72" 


12566371 


1-8427300 


27" 


•4712389 


•4897154 


73** 


r2740904 


1-9007867 


28" 


•4886922 


•5093923 


740 


1-2915436 


1-9622572 


29" 


•5061455 


•5292527 


76" 


1-3089969 


2-0275894 


30" 


•5235988 


•5493061 


76° 


1-3264502 


2-0973240 


31° 


•5410521 


•5695627 


77° 


1-3439036 


2-1721218 


32" 


•5585054 


•5900329 


78° 


1-3613668 


2-2528027 


33° 


•5759587 


•6107275 


79° 


1-3788101 


2-3404007 


34" 


•5934119 


•6316581 


80" 


1-3962634 


2-4362460 


35" 


•6108652 


•6528366 


81° 


1-4137167 


2-5420904 


36" 


•6283185 


•6742755 


82° 


1-4311700 


2-6603061 


37" 


•6457718 


•6959880 


83° 


1-4486233 


2-7942190 


38° 


•6632251 


•7179880 


84" 


1-4660766 


2-9487002 


39° 


•6806784 


•7402901 


85° 


1-4836299 


31313013 


40° 


•6981317 


•7629095 


86° 


1-5009832 


3-3646736 


41° 


•7155850 


•7858630 


87° 


1-6184364 


3-6425334 


42° 


•7330383 


•8091672 


88° 


1-5358897 


4-0481254 


43° 


•7504916 


•8328406 


89° 


1-5533430 


4-7413488 


44° 


•7679449 


•8569026 


90° 


1-6707963 


00 


45° 


•7853982 


•8813736 
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EXAMPLES ON CHAPTER XVI. 

1. Prove that 

8 sinh nos sinh^ ^ = 2 sinh (n + 2) a? - 4 sinh wo? + 2 sinh {n - 2) x\ 

2. If cos (a + i/3) = cos <^ + 1 sin <^, shew that sin = + sin^ a = ± sinh^ /3. 

3. If cos (tf + i<^) cos (a + «^) = 1 , prove that tanh^ cosh^ /3 = sin^ a, 
and tanh2 /3 cosh^ = sin^ $. 

4. If tany=tanatanh/3, tan2;=cotatanh/3, 
shew that tan (y + 2) = sinh 2/3 cosec 2a. 

5. Reduce ^"^ ^*+'^) to the form A + 15. 

6. If Iog«sin(^+i0)=a+ij8, 
shew that 2 cos 2^= 2 cosh 20 - 4e^, 
and cos(^-<^)=e^cos(^+/3). 

7. If tan {x + ty) = sin {u + it?), shew that coth v sinh 2y = cot w sin x. 

8. Express {cos(^+i0)4-isin(^- i^)}*"^'^ in the form A+iB, 

9. Prove that 

. _,/tan2^+tanh2d)\ , , . /tan^-tanh<A\ ^ ,, ^^ ,, ^, 
*^ \tan2^-tanh2^ h^ V taii^-htanh^ )=^"'^"^(^^^^^^»)' 

10. If w=cosa-^oos3a-Hjcos5a- 

t?=ssina- Jsin3a+^sin5a- 

prove that cot ^u tanh 2v = tan a. 

11. Prove that the sum of the infinite series 

cos4^ cos8^ cos 12^ 

is ^ {cos (cos B) cosh (sin B) -|- cos (sin B) cosh (cos B)}, 

12. Prove that 

'*«*(-l)*sin(2m-hl)7i^ ;>==i» 

,!o (2>.)! \mJ °^i. {oos(c<«?,tf)cosh(smptf)}+co8a 

where a is the unit of circular measure. 

13. From Euler's theorem 

sin X . . . 
= cos ^x cos ±x cos itX 

deduce that 

(2) -4=cosecli'a;+7s8ech*=;»;+ ;ssech*-rar+5iSech'5a!+ 

si' 2' 2 4' 4 o' o 



CHAPTER XVII. 

INFINITE PRODUCTS. 

The Convergency of Infinite Products, 

279. Let u^, w, u^ be a series of quantities formed ac- 
cording to any given law, then if the value of the product 

n (1 + ii) = (1 + i*,)(l + 1^,) (1 +wj, 

1 

has a definite finite limit when n is increased indefinitely, the 
product is said to be convergent. 

When the product is not convergent, its limiting value may 
be zero or infinite, or it may have a finite value which is not 
definite but depends on the form of n, the product is then said 
to oscillate ; for example it may have one value when n is even, 
and another when n is odd. 

n 

The necessary and sufficient conditions that the product 11 (1 + w) 

1 

n 

may be convergent are (1) that the value of 11 (1 + u) remains 

1 

finite however great n is taken, and (2) that the limiting values 

n n+r 

of the two products n (1 -f u), II (1 + i*) may be equal, when n is 

I 1 

indefinitely great, where r is any positive integer. 

The condition (2) is necessary in order to exclude the case of 
an oscillating value of the product, as when it is satisfied, the 
limiting value of the product is independent of the form of the 
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number n which becomes infinite. This condition (2) includes as 
a particular case, that in the limit, 

n n+1 

n(i+w) = n(i + w), 
1 1 

hence the limit of t^^^j, or of w^, must be zero when n is infinite. 

280. Suppose u^, u^ u^ to be real positive quantities each 

of which is less than unity, and denote by P and Q respectively, 
the infinite products 

(i-^)(i--^«)(i-^s) ; 

we shall prove that P and Q both converge, or both diverge, 

according as the series %u = u^ -\- u^ -{• lo^ + converges or 

diverges. 

We have 

(1 + W,)(l + M,) (1 + Uj > 1 + t<, + 1^^ + +|^„, 

hence P > 1 + 2w, therefore P diverges if ^u does so. 

If the series %u converges, we may without loss of generality 
suppose that 'Zu is less than unity, for in order to make it so, it 
will only be necessary to remove a finite number of terms from 
the beginning of the series, and we can remove the corresponding 
factors from the product without affecting its convergency. 

We have, as in Art. 226, 

hence Q lies between unity and 1 — 2w, and is therefore finite ; 
also 

(1 - kJ (1 - %J '.(1 - w« J, 

lies between unity and 1 — ('ja^^j -f u^+^+ 4 w„+^); now since 

all the quantities u are positive, if the series 2w converges, it does 

so absolutely, hence the limit of ^«+i + w«+2 + * ^«+r ^^ zero, 

when n is indefinitely increased ; thus the limiting value of the 

fi+r n 

ratio of n (1 — u) to 11 (1 — u) is finite, so that the second con- 
1 1 

dition of convergency is also satisfied ; therefore Q converges if 
Xu does so. 

Again since > 1 +u, we see that 7c > P, or P < 7c , hence 

^ 1-w Q Q 
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since P is greater than unity, its limiting value is finite ; 
moreover 

hence the limiting value of (1 +w.^,)(l -h«^^.j,)...(l +m^+^), when 
n is infinite, is unity, therefore both criteria for the convergency of 
P are satisfied. If Xu diverges, P is infinite and Q is zero. 

281. Next let u^y w,, w^, be complex quantities, the 

modulus of each of which is less than unity ; we shall shew that 

n 

the product 11 (1 + w) converges if the series S mod. u does so/ 

1 

n 

We have to shew that 11 (1 + 1^) is finite when n is infinite, 

1 

and also that the modulus of (1 + mJ (1 + ^»+i) (1 + w^+r) "~ 1> 

is in the limit equal to zero, when n becomes infinite. 

We have 

(i + w,)(i + w,) (i + iO=i + ^+^2+^i^+ ; 

now the modulus of the sum of any number of quantities is less 

than the sum of their moduli, hence denoting by p^, p^ the 

moduli of Wj, Wj we see that the modulus of 

(1 + 1.,) (1 + ti,) (1 + i.J, 

is less than 1 + f>i + /», + ^,^8 + 

or than (1 + p,) (1 + p,) (1 + pj, 

which is finite however great n is, if 2/» is convergent ; thus the 

modulus of n (1 + m) is finite when n is infinite. 
1 

Also the modulus of (1 + w„+i)(lH-w^+j) (1+w^^J — 1 is 

less than 

which is zero when n is infinite, for the product 11 (1 + p) converges, 
since the series 2p converges absolutely. 



1 



n 



The product 11 (1 + 1^) may be convergent whilst the series 

1 

% mod. t^^ is not so ; in that case the product is called a semi- 
convergent one. 

It is obvious that there may be any finite number of &ctors in 
the product 11 (1 -f u\ for which the moduli of the u are greater 
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than unity; this will not affect the eonvergency of the product, 
since such factors may be removed and the theorem applied to the 
remaining product. 

If ^1, t^gv^nv *r6 functions of a variable j?, which are continuous when 

00 

the point z is within any given area, then the product n(l+w) is said to be 

1 
uniformly convergent over that area, provided that corresponding to any 

positive quantity e as small as we please, a number n can be found such 

that for all values of z within the given area, the modulus of 

ll(l+«*)-n(H-w) 
1 1 

is less than €. 

Eocpressions for the sine and cosine as infinite proditcts, 

282. We shall now find expressions for sin o), cos a?, as infinite 
products involving the circular measure w ; we first suppose x to 
be real. 

We have 

sm a? = 2 sm ^ sm — ^ — 

^, . X . x + TT . a? + 27r . a? + Stt 

= 2^ sin 7 sm — - — sin — ^^ sin — - — , 

4 4 4 4 

and continuing this process, we obtain 

««-! . ^ • x-hTT . a?+27r . a? + (n— l)7r 

sinx = 2" 'sin - sm sm sin ^^ ^— , 

n n n n 

where n is any positive integral power of 2 ; hence 

■ on-l * X X f . a IT m aX 

sma? = 2 sm- cos - sin sm - 

n n\ n n, 

' . 227r . ^x\ f . ^n—^ir . oa?\ 

sin*-. sm'- sm' — s~ — sm"- 1 , 

, n w/ V 2n nl 

putting x=-0, this becomes 

«•-! . a 7r . « 27r . « w — 27r 

n = z sin - sin* — sm — s ; 

n n 2n 

hence, by division we find 

(sin*-\/ sin*- \ / sin*- 
1 .M i-_iLV. 1 ± 
sin*^A ^^'~ \ sin^"^^ 
n/ \ ^/ \ 2n 

This is the particular case of the theorem (19), of Art. 87, when 
n is a power of 2. We might, of course, assume the general 
theorem. 

H. T. 21 
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Let ^ (n - 2) = r, then if m be any number less than r, we 
have 

(sin^^'X/ sin*- \ / sin*- 
1 — 11 1——-— |...| 1-- lit, 

sin^ - / \ sm'* - / \ sin^ 

n/ \ n / \ n 

sin 
where R—\ 1 — - 



gi^.m + l^ 

n 

Now, ?i being taken greater than 2^/7r, m may be so chosen 
that ic < (m + 1) 9r, then R is positive and less than unity ; also R 
is greater than 

. -a? f ,m-f Itt . ,r9r' 

1 — sm -icosec 1- +cosee — > . 

n [ n n 

Now we have shewn in Art. 96, Ex. (1), that if ^ < ^tt, 

. , sin sin W 

then -^>lf' 

hence cosec* ^-- < r-« ; also sm' - < -« , 

hence R>\--r\-. tt5+/ sv«+--- +-§ 

4 ((m + 1)* (m + 2)' r' 

> 1 - ^ i —. r^x + . r^m ^t^ + . . . + 



4 (m(m + l)'^(m + l)(m + 2)'^'"^(r-l)r)' 



4 ^ m rJ 4im 

a?* 001? 

Since R is between 1 and 1 — 7— , we may put iJ = 1 — 7— , 

where ^ is a proper-fraction ; we have then 

Sin' - \ / sm' - 

sm a? = n sm - cos - I 1 — — ^— 1(1— ^ 

n n\ . o TT M . o27r 

sm'* — 
n , 



, mTT J \ 4m/ ' 



sm — 
n 



where m is any quantity less than n, such that a? < (m -f 1 ) 9r 
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Now let n become indefinitely great, m remaining finite, we 
have then, since each sine in the product, may be replaced by its 

circular measure, and since cos - becomes unity, 



sin a? = a? ( 1 



TrVr 2VV V mVVr 4m)' 



where 6^ is the limiting value of Q, when n is indefinitely in- 
creased. 

Now by increasing m sufficiently, we may make the factor 
1 — -^ as small as we please, hence we have the expression 

8in«; = «.(l-^)(l-2^.)(l-^,) (1). 

for sin x as an infinite product*. 

283. From the formula (17), in Art. 86, if n is even, 

. « a? \ / • s ^* \ / • « ^ 

sm"- \/ sm' - \ / sin'- 

cosa:=|l 1 I iil 1- 



sm''^- /\ sm'* ^- / \ sin 




2n/ \ 2n/ \ 2n 

we may shew that 

co8^ = (l-^')(l-3v) (l-i^^)(l-£)- 

where m is any finite number such that 2a? < (2m 4- 1) tt, and 6 is 
a proper fraction ; hence we obtain for cos x as an infinite product, 
the formula 

eo8,.= (l-*^(l-3t^,)(l-|J) (2). 

284. On account of the importance of the formulae (1) and 
(2), we shall give another proof, taken from Serret's Trigonometry. 
Taking the formulae 

sin x = n sm ^ cos - II I 1 — ^^— ■ , 

^ \ sin^ — 
\ n 

^ The investigation of this Article is due to Sckliimilchf see his Compendium 
der hoheren Analysis ^ Vol. i. 

I 21—2 
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r-lnl Sin - 

TT f 1 ^ 

COS a? = 11 I 1 — 



^=1 \ . ,(2r-l)9r y 

zn 

which hold for even values of n, we transform them by means of 

the formula 1 r-5-7. = cos* a ( 1 — r — 5-7= ) , into the forms 

sm'p V tan p/ 

sm «r = cos - • n tan - II I 1 — — ^— . , 

« -1 I tan'^ 



n 



1^ 
cos a? = cos* - . n I 1 — — 



n r=i I ._«(2r-l)7r 



tan 



2n 



Now it has been shewn in Art. 96, Ex. (1), that as ^ increases 
from to Jtt, —g- diminishes, and —5 — increases, hence 

(i-'8T?|)<(i'-|')<(i~Si)' 

where the absolute value of each quantity is to be taken. 

Suppose n so large that + x\n < iwy then + sin - < + - < + tan - , 
^^ ° /^ - ri " n ~ n 

and ± cos - < 1 , the signs being so taken that each quantity has 

its arithmetical value ; the two expressions for sin x shew that 

±SYax<x n 1— -5— 9 , 

r=i \ rirJ 

and +sina?> ± cos*- .a? II (1 — 5—0), 

and the two expressions for cos a?, shew that 

±cosa;<±n(l- ^^^^^^,^ ), 

and ± cos a? > + cos* - 11 f 1 - ,^ , ; 

w r=i V 2r - 1 'T*/ 



— ^ — J» J-^ , ^ ^ - -J.. ^ - 
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now we know that cos*- = 1 — 6^, where e^ is a quantity which 
vanishes when n is infinite ; we have therefore 

when 0^, 6^ are proper fractions which vanish when n is infinite ; 
making n infinite, we obtain the expressions (1) and (2). 

If we had used the formulae 

sin^=wsm- n 11- 
n r=l 




a7=cos- n I 



sm* — 
n 



sin^o? 



cos^=cos- n I . ,2r-l7r I' 



sin^ 



2n 



which hold for an odd value of n, 
and the formulae 



sma7s=cos** - . tan - n I 1 - 



n n ^x , ^^ 



tan25 




n 




obtained from them, similar reasoning would have led to the same results. 

285. We shall next consider the case of a complex variable 
z-=x-\- iy\ we find as in Art. 282, 

sin'^-X/ 8in*-\ / sin'- 

8in2:=risin-cos-| 1 — || 1 — o 1 ••( ^ — ^,^ l^» 

sm^ - / \ sin^ — / \ sm'' — 
n/ \ n/ \ n 

sin^- \ / sin^- 

where E = | 1- ^ 1 (l- 



ji / \ n 
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where w is an even integer, and r = ^(w — 2) ; we have to determine 

limits for the value of JR. Let p denote the modulus of sin - , 

' n 

then as in Art. 281, since the modulus of the sum of any quantities 

is less than the sum of their moduli, we see that the modulus 

of -B — 1 is less than 

-X^\ /i + ^e:_\-i 

sin" ^ / I sm — 
?i / \ ^ 

now we know that e > 1 + A^, if A is any positive quantity, 
hence the modulus of JB — 1 is less than 

g \ » n/ _ 1^ 

and this is less than 

or than e \ni ».+i m+i m+2-^-"r;_ i^ 

therefore the modulus of JB — 1 is less than 

g'*" \m r) _ 1^ QY than e »« - 1 ; 



p%« 



thus the modulus of ii — 1 lies between zero and e *» — 1. Now 

p' = sin' - cosh' - + cos' - sinh' - = sin' - + sinh' ^ , 
'^ n n n n n n 

hence the limiting value of pW is a^ -\- y*, therefore the limiting 
value of the modulus of JB — 1, when n is increased indefinitely, 



lies between zero and e *^ — 1 ; now e *»~ may be made as near 
unity aa we please, by taking m large enough, thus R may be 
made as near unity as we please, by taking m large enough ; when 
n is indefinitely increased, each of the sines in the expression for 
sin z becomes ultimately equal to its argument, therefore 

'i^^ = ^(l-^.)(l-^«)(l-34') 



sm 
The formula 

may be proved in a similar manner. 



■^ 



% 
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286. We remark about the formulae (1) and (2), that they 
satisfy the condition of absolute convergency given in Art. 281, 

since the two series -« 2 -g and — r^ 2 t^ r^ are convergent. 

Each quadratic factor in either product may be resolved into 
two factors linear in a?, thus 

.....(i.g(i-?)(i.£)(i-4) 

which may be written in the forms 

sin^ = fljll (l + -\ (3), 

-00 \ rirj 



* ' 2a; 

cos a? 



-fi^i^) <*^ 



In these latter forms, the products are semi-convergent, since 
the products 

iV rTTj' x\ rirJ' i\ 2r-l7r/ iV 2r-l7r/ 

are divergent, the series 2 - , S ^ being divergent. A semi- 
convergent product has the property analogous to that of semi- 
convergent series, that a deiangement of the order of the factors 
affects the value of the product ; we are entitled to consider the 
formulae (3) and (4), as correct, only when it is understood that 
an equal number of positive and of negative values of r are to be 
taken ; thus (3) and (4) must be regarded as an abbreviation 
of the forms 

sin a; = a? Z^ H ( 1 H ) , cos x = L ^ TI ( 1 + -= 

287. It has been shewn by Weierstrass\ that the divergent 
product 

2rfl + 



(■*3('-s)('-i) 



^ See the Ahhandlungen of the Berlin Academy, for 1876. 
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may be made convergent, by multiplying each factor by an ex- 
ponential factor ; thus the product 

is absolutely convergent. 



We have 



\ UfrJ 






M,-1^0^^)-8^ 



e *»=(l + — -le ^ **'^ ^'•^ 3*'"* " , 



where S« denotes an absolutely convergent series, which for finite 
values of Zy diminishes indefinitely as n increases. 

Suppose that for all values of z whose modulus is not greater 
than a given quantity, mod. (1 + S^) > a, then S mod. ^g , 

converges absolutely, hence 2 ^ , , (1 + S^) also converges abso- 

lutely, and therefore 11 1 — ^ , ^ (1 + S^)}- is absolutely conver- 



»=i 



2wV 



gent. We have thus shewn that the product 

nfi+— le~^', 

1 V nir) 

and therefore also 11 ( 1 ) e""^ 

1 \ nir) 

is absolutely convergent. lif{z) denotes the value of 

1 \ nwj 

• 

we have f{z) f{'-z)= . 

z 

The above result may be employed to evaluate the limiting 
value of the expression 

(l+i) 

when m and n are made infinite in any given ratio. 



mam 
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If 8^ denotes the series 1"^ + 2"* + 3~* -f + n"^, we see that 

&\nz = z Lip (z) . e"" ; 

now it is well known that the limit when n is infinite, of 8^ — log, n 
is a finite quantity 0'5772156 , called Euler's constant, hence 

the limiting value of s^ - 8^ when m and n are infinite, is log, — . 
We have therefore, 

z 

rjL/ \ f^'^Y sinz 

SlU 2 

and the value of i<^ (z) is , only when m and n become infinite 

z 

in a ratio of equality. 

288. The formulae (2) or (4) for cos x^ may be deduced from 
(1) or (3), by means of the formula cos x = sin 2^/2 sin x. 

We have 



2sina7 -00 \ ^^// -00 \ ^^/ 



the factors in the numerator, for which r is even, cancel with 
those in the denominator, hence if we consider the product in the 

numerator to be the limit of 11 ( 1 -^ ) , and that in the 

-an \ TTTJ 

denominator to be the limit of 11 ( 1 + — ) , when n is infinite, 

we see that cos a: = 11 1 1 + . — ) which agrees with (2) or (4). 

-00 \ 25 + Itt/ 

The condition of convergency of the products shews that taking 2w 

instead of n, in one of the products, does not affect the limiting 

value of that product when n is made infinite. 

289. We may deduce the product formula for sin x from that 
of cos X, or vice- versa, by means of the formulae sin x = cos (^tt — a;), 
cos X = sin (^TT — oi). From the formula (4) we have 

-00^ 2r-l7r/ -« V2r-l7r/ 

« 2r «/. x\ 

= n ^ — ^ . «? n 1 — , 

-ao2r-l -aoV tit) 



•330 INFINITE PRODUCTS. 

where the factor x corresponds to r = ; putting x=0, we see 
that we must have 11 := =- = 1, 

-00 ^f* — 1 

hence smx = a!Tl (1 ). 



290. The product formulae for sin oc and cos x may be easily 
made to exhibit the property of periodicity which those functions 
possess. 

X 

then 

X + TT^ 



Let f(x)=^xU[\-\- 

-n \ 



/ (a; + tt) = (a; + ,r) (l + ^) (l +' 



27r 



mr J \ IT I \ mr J 



\ n— Itt/ 



n-\-\ 



n 



i» + (n 4- 1) TT . . . 



nir — X 



now when n becomes infinite, we have Lf {x + tt) = — Lf (a?), 
which is the equation sin (a; + tt) = — sin x ; the formula (4) may 
be made, in a similar manner, to exhibit the property 

cos (a? + tt) = — cos X, 

The function sin a? vanishes when J7=0, +7r, ±27r..., and these values 

correspond to the factors a?, 1±- , l±o- in the formula (3); also it has 

been proved in Art. 235, that sin a; does not vanish for any imaginary value of 
07, thus if it be assumed that sin a? can be expressed in the form of an 

infinite product A j^ ^» ^^® values of a, 6, c must be 0, 

TT, — IT, 2w, — 27r.... The value of A is then determined by putting a;=0, and 

sm »v 
using the theorem L =1, thus we obtain the formula (1) or (3). This is 

of course worthless as a proof of the formula, since we have no right to assume 
without proof that sin x is eapable of expression in the required form. 

291. It is important to notice the forms which the formulae 
(1) and (2) take .in the case of an imaginary argument ly; we 
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obtain in that case, the expressions for sinh y, cosh y as infinite 
products 

,bhj,.3,(n-5)(l + ^)(l + jQ (6), 

The formulae (1), (2), (5), (6), were first obtaiued by Euler, by meaus of the 
identity 



22m -l=wi (22-1) n 



« «. 1 1- 22 COS -1-221 



2-2oos — 



putting 2=1 -h - , it becomes 



if 9/1 be now made to increase indefinitely, this becomes 

which is the formula (6). 

The formula (1) was deduced by changing x into ix. The formulae (2), (6) 
were obtained in a similar manner, from the expression for z^^-\-\ in factors. 

Examples. 
292. (1) Investigate Wcdli^ expresnon for ir. 

In the expression for sin x in factors, put x=fyr^ we have then the 
approximate formula 

-i('-i)(-i) (-rir.)' :^ 

where n is large ; this may be written 

/ I ,^ . , . 2.4.6...2» 
^»^(^^-^^> = 1.3.5...(2n-'l )> 
which is Wallis' formula. 

(2) Factorize cosh j-cosoj cos x - cos a. 

We have coshy - cos a = 2 sin ^ (a+*y) sin i (a - ty) 

" / a2 \* 

putting y=0, 1-C08a=ia2n ( l-j^a) » 



r 

* 
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hence 



~C08a 



I-cosa 

therefore 

^ \ aV 1 I (2wir+a)2J I ^(27i«--a)2J 
Writing ix for y, we have 

cos ^-C08a=2sinHa.fl-C)njl- 75-^,1 jl - ,» "^ J - 

\ « V I 1 (27iir+a)2j I (2wir- a)2J 

(3) Pr(yoe thoU 



comes 



We have sin (a?+*y)=(:i?+*y) n |l - ^^^^1 ; taking logarithms, this be- 



log(sin,trcoshy+tcos^sinhy)=log(a?+iy)-|-ilog|l — —X-i.^j; 

equating the imaginary parts on both sides of the equation, we have 

tan-i (tanh y cot a?) =tan-* ^ - 2 tan"* -«-o-^5 — « ; 

let x=y=\l^% 

we have then 

Series for the tangent, cotangent, seca/nt, and cosecant 
293. We have shewn in Art. 285, that 

where m is any number greater than a certain number, and e^ 
is such that its modulus may be made as small as we please by 
making m large enough. We have then 

log sin ^ = log ^ + log f 1 + - j + log (l j + log (l + 2~ 

+ log(l-|;) + -+log(l + ;^^) + log(l-^) + log(H-0. 
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In this equation, change z into -8r + A, we have then 
log sin (^ -f A) = log (^ + A) + log Tl + ? j +log \\ - ^^) + ••• 

where ej is the new value of €„, ; subtracting the last two 
equations we have 

log (cos A + sin A cot z) 

.iog(i + ^) + i„g(i+jA^)+iog(i+.-A^) + 



divide both sides of this equation by A, and then let h be indefi- 

•x 1 J- • • 1. J XT. T -x r log (cos A + sin A cot -s^) . ,i . ^ 
nitely diminished; the limit oi -^-^ v is that ot 

log(l +Acot2:) . ,1 . nl, /, . A ^ . 1 
-2-^^ — 5 ' or cot z, that of r loST ( 1 -I is — ; , 

supposing z is not a multiple of tt, hence we have 

11.1 1 1 

z z + ir z- IT z-\-27r z - ztt 



1 1 .1, /I + 6' 



1 1 ^1, /1 + 

+ —- 4 + iylogU— 






and we shall shew that L t log i-r: ) is a quantity which may 

be made as small as we please by taking m suflSciently large. It 
wa« shewn in Art. 285, that the modulus of €„ lies between zero 

and e *^ — 1 ; €^ may therefore be denoted by (6 *» —1)0^ 
where the modulus of 0^ is less than unity ; we have therefore 

\ i«g (tt^) = \ K«-' - O - i {^J* - O + }, 

and this is equal to y {^m — ^w) (1 + <l>m) where the modulus of ^^ 
diminishes indefinitely as m increases. 

Wehave€«'-€^ = i(^«' + <?J(e ^ --e ^ ) 

+ i(<?,'-0{e *» +e *» -2}, 
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hx 

hence X "* ^ " = g^.e ^ X ^ +(g *»* -1)Z »" ^ '^\ 

Now ^^ is a continuous function, and like e^ is ultimately 

independent of the form of m, when m is infinitely great, since 

the expression for sin 2^ as a product is convergent; therefore 

' — 
the value of L -^^-^^ — -, when m is infinite, is not infinite, hence 

L -^'^-T — ^ can be made as small as we please by increasing m 
sufficiently, therefore the same is true of 

T(C-eJ(l + ^Jorilog^'; 

therefore we have 

11 1 1 1 r» 

cot 2: = - + — — + + 4- — + +R„, 

z z -V IT z — IT z-\- mir z — mir 

1 w 1 

= -+22r2-3 T-i+K^ 

z 1 ir — r^ir "» 

where ii„ diminishes indefinitely when m is indefinitely increased ; 
thus we have for cot z the series 

11111 /^x 

cot -3^ = - + -— — + + — r-s- + — 5- + (7), 

z z + TT z — ir z-h^ir z — ztt 

1*1 

or cotz — - + 2zXj^ a— 2 (^)- 

z \ sT — r TT 

The series in (7) is semi-convergent, and that in (8) is absolutely 

convergent, for all values of z except z — 0, + tt, ±27r for 

which the series are divergent. 

In order that the student may appreciate the necessity for the investigation 
in the text, of the remainder in the series for cot z^ we remark that if/ {z) be 
the sum of an infinite convergent series t*i (^;)-f W2(2) + ...-fi*»(2) + ..., we are 
not entitled to assume that 

Suppose Rm (z) is the remainder of the series after m terms, then 

f (z)-=-Ui{z)-\-U2{z) + „.+u^{z) + R^{z) 

f(z+k)=^Ui(Z'^h)-\-u^{z+h) + ...-\-Urn{z+h)'\-R^{z+h), 
hence 

L /(g+^)-/(^) _« Ur(z+h)-Ur(.z) , ^ R^{i+h)-R„(z) _ 
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now since the given series is convergent, E^ (z), i?^(2i+ A) become indefinitely 
small when m is indefinitely increased ; it does not however necessarily follow 

that L -^ ^ ^^^ does the same, and it is only when it does, that 

we are entitled to make m infinite in the derived series. If for example 

^«i (^) were of the form — sin mz, we should find 

which is not zero when m is made infinite, but oscillates between the values 
±A. 

294. From the expression 

I cos^= ^1 - ^j (l - g^j (l - ^ 

i 

we obtain by a method similar to that of the last Article, the 

infinite series 

,1 1 1 1 

tan<a:= . -f — -, — h — r^-+ — ^ + 

<» 1 

or tan^ = 852 .-^r -^-^ — -r-^ (10), 

1 (2m— 1)V* — 4^:* ^ ^' 

the series (9) is semi-convergent but (10) is absolutely convergent 
for all values of z except + ^tt, ± f tt. . . * . .. 

295. We may find a series for cosec z by means of either of 
the formulae cosec z = cot J^ — cot Zy cosec z = i^ cot \z + \ tan \z ; 
using the first of these formulae, we find on substituting the 
series for the cotangents 

r2 2 2 2 2 "I 

cosec -2r= -+ - -- + —-Jf. 4- _ + _ 

[Z Z + ZTT Z—ZTT Z-{-4f7r Z — ^ J 

ri 1 1 1 1 1 1 -j 

[z z-^-TT z — TT z + ^ir z-2ir z + Sir z — Sir J' 

hence cosec z 

^1_ J 1 ^ 1 ^ 1 1 1_ 

z z-hir z—ir z+2'7r z-27r z+Stt z—Stt "* ^ ^' 

1 « (-1)''2^ 

or cosec2: = - +27^^ — ~~^ (12). 

z 1 {z^ — T'rr*) ^ ^ 
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In the formula (11), change z into z + ^tt, we have then 

8ec^ = 4S <-J>J";|,^^-^^>J (14), 

this series, when r is large, has its general term approaching the 
value ^5 — Hj- , therefore the series is only semi-convergent. 

The cotangent and tangent series may also be obtained as follows : — 

Using the expressions for sin (z-^-h) and sin z as infinite products, we find by 
division 

sin(g-i-A) _f.,h\ / n^^z^-k^ -2kz\ f 2hi^'-z^-h^-2hz \ 
8in« V V\ ir2-22 ")\ 2V-0« ; ' 

if we assume that the product on the right-hand side can be expanded in powers 
of k, by multiplication, and put the left-hand side in the form cos A 4- sin h cot z, 
then expand in powers of h and equating the coefi&cients of h on both sides of 
the equation, we find 

I 2z 2z 

«t^=j+^rii+Fr2v+ (8). 

The justification for our assumption that the infinite product may be arranged 
in a series of ascending powers of A, the coefficients of which are the infinite 
series obtained by ordinary multiplication, would require an investigation of 
the conditions that such a process gives a correct result ; to do this, would 
however require certain general theorems for which we have no space. The 
tangent series may be obtained in a similar manner, from the infinite product 

cos(g-hA) _ f 7i^'-iz^-4k^-^Shz \ / 3V-4g2-4Ag-8Ag \ 
cos;? ""V 7i^-4z^ )\ 3V2-42* ) 

If the cotangent of z is expressed in the form 

"0-2^)A°0--t) 

and this expression be transformed into partial fractions, the denominators of 
which are the factors in ^n ( 1 ^^ ) » ^® should obtain the series (8) ; a 

similar remark applies to tan z, sec z, cosec z. The series have been obtained^ 
by Glaisher, directly, by carrying out this transformation. 

^ See Quarterly Jcmmal^ Vol. xvn. 



tmmmmmmmm^ 
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Esopansion of the tangent , cotangent y secant and cosecant 

in powers of the argument, 

296. We have shewn in Art. 293, that 

1 ^ 2u& 

cot 5 = — So- o — 3 + i?«, 

where i?„j is a quantity which may be made as small as we please 
by taking m large enough. Now if the modulus of z is less 
than rTT, we have 

hence if we suppose that the modulus of 2: is less than tt, we may 
expand each of the fractions l/(r'V* — z^) in this manner, and we 
have, arranging the result in powers of z 

^ 1 2^/1 1 1\ 2^/1 1 . 1\ 

z tt'VI 2' mV TT \1* 2* mV 

^2^/JL J_ 1^\ ^ . 

TT*" Vr""^2'*"'^ ^Tn^l "•' 



let S^^ denote the sum of the convergent series 



11 1 

then )S,„ = p^ + gsi + + ^ + ^««' "^^^^^ ^^ ^® ^ quantity which 

may be made as small as we please, by making m large enough ; 
we have then 

, \ 2z^ ^z\ 2z^'\ 
cot^ = ---,iS,-^)b,- --^^^„- 



iz 2-^ 21^'^ 

TT ' TT 

We see that e^ > e^ > e^ , hence the modulus of 






2^ 2^» 

Z5«2 + -~4«4+ 

TT TT 

2^ 2^' 
is less than e^ multiplied by the modulus of — a H — 4 + which 

is a convergent series, since mod. z Kir^ therefore 2 — ^^ e^ may 

TT 
H. T. 22 
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be made as small as we please, by making m large enough. We 
have therefore the infinite series for cot z, 



cot. = i-^«.-^«,-:^5.- (15) 



which holds for all values of z such that mod. zKir, and in par- 
ticular for all real values of z between ± tt. 

From the theorem 

1 (2r— I) TT — 4}Z 

we may obtain, in a similar manner, the series for tan z in ascend- 
ing powers of z, This series may however be deduced from (15), 
by means of the identity tan z = cot z — 2 cot 2z ; we find 

2(2*-l)^^ 2(2*-l)^^ 2(2*-l)^^ . ,_, 

TT TT TT 

which holds if the modulus of ^ is less than ^tt, and in particular, 
for real values of z between + ^tt. 

Substituting for cot ^z, cot z their values from (15), in the 
formula cosec z = cot ^z — cot z, we have 

cosec;^ = - + (2-l)|,S,+-^.-,S,+— ^.-eS,+ (17), 

which holds if mod. z<ir. 

297. To obtain a formula for sec z, in powers of z, we use 
the formula 



sec2 



/ ^l_ _3 

-*^W-^ 3V-4Z*"'' 



5V*-42' 

(- 1)-' (2m - 1)\ , g 
^ (2m - 1)V - 4W ^ ' 






(2to - ly 

supposing the modulus of ^r to be less than ^; we have on 
expanding each fraction 



2» 

TT 



fi 11 ,(-irn.2« . 



11 1 

V 3' "^ 5' 



^(2m-l)»|^ +^+'^ |1«^> 3»-«^ 



(-l)"-' 



(2m - 1) 



-1 
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Now let Sg^^j denote the sum to infinity of the infinite series 

111 



I JU+l nSn-H " eaiH-l 



and let the remainder after the first m terms be e^^^y then we 
have, 

sec£r=-2, + -fi*2,+ +-Ti?-.^2^+i + 

TT TT TT 

TT TT 

let e be the greatest of the quantities €,,63 then the modulus 

n 2" 2* 
of — €, + -^ ^€, + is less than e times that of 

2* 2* 2« 

IT IT 7r 

which last series is convergent when the modulus of z is less than 

We have thus shewn that the remainder of the series we have 
obtained for sec z, is a quantity which diminishes indefinitely as m 
increases, hence we have for sec z the infinite series 

8ec^=f 2, + 5^S, + 5^%+ (18), 

TT TT TT 

which holds if mod. z < ^tt. 

298. It is a well-known theorem in Algebra, that the function 
^/(e^ — 1) where ^ has its principal value, can be expanded in a 
series of the form 

where B^, B^, B^ are certain numbers called BemouiUi's 

nuwberSj and that this expansion holds for all values of z for 
which the series is convergent. 

If we multiply by e* — 1 we have 



z=^< 






(2w)! 

z being taken so small that both the series on the right-hand side 
are absolutely convergent, we may multiply them together, and 

22—2 
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arrange the product in a series of powers of z ; the resulting series 
will be absolutely convergent, hence equating the coefficients of 
the powers of z above the first, on the right-hand side to zero, we 
have a series of equations 

2"! 2'2!'*"3!" ' 4!"^8!2! 4!2"^5! ' 
the general type of which is 

K 1 K-. , , (-1)' B, (-iri (-1)' 

(2w)! 3!(2n-2)r (2n-l)!2! (2n)! 2'^(2» + l)! 

By means of these equations, the numbers B^,B^,B^ may 

be calculated ; we find 

299. The coeflScients in the expansions of cot z, tan z, cosec z, 
in powers of z, may be expressed in terms of Bemouilli's numbers. 

We have cot ^ = t — = a 1 + -j- — - , 

hence, if mod. z is small enough, 

2r 2 ! 4 ! (2n) ! 

Also cosec z = cot ^^ — cot Zy hence we have the series 

1 2(2-1)5, 2(2»-l)B, , 

cosec^=-+ ^ Of '^+- ., ' ^'^ 

2^ 2! 4 ! 

Again since tan z = cot ^^ — 2 cot 2z, we have the series 

2*(2'-l) B, . 2*(2*-l)5, . , 

tan z = — ^^ — :; — - — • z + — ^^ — - z^ + 

2! 4! 

+ (2n)! ^ + <21). 

It has been shewn that the series (19) and (20) are convergent 
if mod. z<7r, and that (21) is convergent if mod. z< ^-rr. 

The series in (19), (20), (21), must be identical with those in 
(15), (16), (17), respectively, hence equating the coefficients in 
(19) to those in (15), we have 

2 OS C) 04 o o3n 

^.'^.-gl »' TT* *~4!^«* 7r»* *»""(2n)! "' 



n<! 



^mfSB' 
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hence using the values of J?,, 5,, in Art. 298, we have 



TT 



TT 



TT 



« ^ Of _^ or " or __ 



TT 



6 



90 



945 



9450' 



Sf — D 

«" (2/?)! "' 



thus S^ may be calculated by means of the formulae which give 

The series (19) and (21) give a ready means of calculating the tangent or 
cotangent of an angle, the first few terms of the series are 

cota?= — o "" TE"" n7^ 

^ 3 45 945 



tan 47=0? 4- — I- J- 4- 

^ 3 15 315^ 



The calculation of tan — 90°, cot — 90" may be carried out as follows, 



tan (m/n90'') = 
2mn/{n^-m^) x -6366197723675 
-^m/n X -2976567820597 
+ mW X -0186886502773 
+m^/n^ X -0018424752034 
+ m^/nJ X -0001975800714 
+ m»/^»x -0000216977245 
+miV^" X -0000024011370 
+mi3/ni3 X 0000002664132 
+mi6/wifix -0000000295864 
+miV»i7 X -0000000032867 
+m^9/ni9 X -0000000003651 
+m^ln^^ X -0000000000405 
-hwi23/»23 X -0000000000045 
+m^ln^ X -0000000000005 
In these expressions, the terms «_ . g , 



cot {m/n 90") = 
n/m X -636619772367681 

- 4mw/(4n2- m2) x -3183098861837 

- m/n X -2052888894145 

- ms/ns X -0065510747882 

- myn^ X -0003460292554 

- niyii^ X -0000202791060 

- m»/w» X -0000012366527 

- m^^/n^^ X -0000000764959 
-mi3//i^3x .0000000047597 

- m^ln^ X -0000000002969 

- m^ynP X -0000000000185 

- wiw/n» X -000000000001 1 



2z 



which occur in the 



formulae (10) and (8), are first calculated separately, the series being then 
more rapidly convergent. 

These series are taken fix)m Eulei^s "Analysis of the Infinite," they are 
however given by him to twenty places of decimals. 
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Series for the logarithmic sine and cosine. 
300. We have shewn in Art. 285, that 



COS 2: 



where 0„, dj are quantities whose moduli may be made as small 
as we please by taking m large enough ; taking logarithms, we 
have 

logsin^ = log2r + log(l-^) + log^l-2«^j + 

log 008.= log [l - ;;,j+l0g(l - Ji^J + 

expanding the logarithms, we have 

, sin 2: **=*/! 1 1 \ 2^" 1 /-, /I X 

**-* / 1 1 1 \ 2*"^** 



Now 



2««^2*» 3*" ^ Vl** 3*" 5*" / 



+ 2in \^l«n+ 2'** 3^ "*" "•••7 * 



, 111 _2'~-l^ 

nenCe jSn + gan + ^Si» + 2^n ^9n> 

we have therefore 

log cos Z = -X-^^;^ Z^S^+-Z ^^ V«. + log (1 - O. 
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where e^y 17^, are the remainders after m terms in the two series 



• nan • > -I an "'" osn "T"-^« 



1 2n "^ OM • ' 1 an ^^ fvtn 



Jin Jin 

The modulus of % — ^ e,^ is less than that of e' S — ^ , and 

09n^n 9^".^ 

that of 2 17«„ is less than that of W 2 — ^ , where e', «' are 

the greatest values of e^, rj^ respectively ; if mod. ^ < tt, the 
series 2 — j,„ is convergent, and if mod. zK^ir the series 2 — i;^ 
is convergent, hence 

log cos z = 2 ^^ ^'^S^ + ij;, 
where iJ„, R^ are quantities which vanish when n is infinite. 

Since S^ = 7«-vr -B-, we have the following infinite series for 
«»» (2/i)! " ^ 

, sin-s: , 

z 

, sin ^ 9 5, ^' 98 A ^* _ .2s«-i ^» ^ _ /oo\ 

log-— = -2j-J2-,-2 2 jj- -2 ¥-(2^!— ^^ ^' 

where mod. z<7r, 

logcos^=-2(2«-l)^.|'j-2»(2*-l)|«.|^^- 



22n-i (22« . 1)^ 7/^. - (23), 

^ ^ n (2n) ! ^ ^ 



where mod. z < ^tt. 

The first few terms of the series (22), (23), are 

sin 2^ !? z^ / 



log 



6 180 2835 



£" !^ ^ 
logcos^ = -.2-j2-jg- 

hence also 

logtan^ = log^ + 3 + 3o+2g35 + 
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The series (22), (23), may be employed to calculate tables of logarithmic 
sines and cosines; it is best to calculate separately the first logarithms, 

log ( 1 - -5 j , log ( 1 - -J j , as we thus obtain the series in a more convergent 

form than in (22), (23). 
We have 

logcos-=log(^l-^j-2|^-- TWyr-rJn^J^ 
Multiplying the logarithms on the right hand-side of these equations by the 

modulus '4342944819, we get the ordinary logarithms of sin — 90?, cos ~ 90" to 
the base 10 ; the formulae thus found are 

X(sinw/w90°)= 
log m + log {2n - ?w) + log (2 w + m) 

- 3 log w +9-594059886702190 

- m2/»2 X -070022826605901 

- w*/n* X -001117266441661 

- wVw« X -000039229146453 

- m^/n^ X -000001729270798 

- m^^/n^^ X -000000084362986 
^ rn^W^ X -000000004348715 

- wiV^i* X -000000000231931 

- mw/?iw X -000000000012659 

- w^V^is X -000000000000702 

- m^/n^ X -000000000000039 



L (cos m/n 90**) = 
log {n —m)-\- log (w + m) - 2 log n 
-f 10-000000000000000 

- m^/n^ X -101494869341892 

- mV^* X -003187294066451 

- w«/?i« X -000209485800017 

- m8/w8 X -000016848348597 

- rn^^ln^^ X -000001480193986 

- m^^ln^ X -000000136502272 

- wiV^i* X -000000012981715 

- w^/^iW X -000000001261471 

- m'^^ln}^ X -000000000124567 

- m^/n^ X -000000000012456 

- m^/n^ X -000000000001258 

- rn^/n^ X -000000000000128 



- m26/«26 X -000000000000013 
These series were given by Euler, the decimals being given to twenty places. 

Examples. 



00 



<x 



301. (1) Find the values of 2n-2, Sn"*, 2 (2n-l)-2, 2 (2n-l)-*. 

Ill 1 

We have 

, sin j:^^ ^ , /- x^ \ ^^ ^ 1 ^ « 1 
log_-=Slog^l-^j=-jpS-,-^S^- 

, sin* , /, ^^ . X* \ /«« «* \ 1 /^* 
^ log^-=log(^l-g + j25-...j=-(^g-j20J-2(^gj "... 
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8111 X 

hence, equating the coefficients of a^^ a^^ in the two expressions for log , 

we have 2«~*=Jir*, S«"'*=j^*. Again 

and logco8^=log(l-^ + g-...)=-(f-g)-l(^*, 

therefore equating the coefficients of x^ and ^, we tind 

2(2^-l)-2=J^2, 2(2n-ir*=^*. 

(2) iSfwm the infinite series ^g— ^ + ^^—^ + ^^-p^ + . . .. 

In the theorem (10), put 2z=^ixn^ we thus find for the sum of the series, 
— tanh ^x. The sum might have been obtained directly from the expression 

for cosh nx in factors, by taking logarithms and differentiating. 

(3) Shew that the sum of the squares of the reciprocals of all numbei^s which 
are not divisible hy the square of any primes is 15 /n^. 

Let a, ft y denote the prime numbers 2, 3, 6 , then the required 

sum is equal to the infinite product 

this is equal to \ ° / > py \ y y 

(^-?) {'-^) (^-7) 



or to 



(^^^»-*-?^-) O+^g^ip-*--") 0+:^^^-^-) 

(^"*-^*^i"*--) (^"*-^+iP+-) 0^^+?"*"-) ' 



and this is equal to ■ 

^"^2*"*" 3*"*" 4* "*"*•* 
or to .-|— i which is equal to 16/ir*. 

(4) An infmite straight line is divided by an infinite number of points into 
portions each of length a. Prove that if a point be taken such that y is its 
distance from the straight line, and x the projection on the straight line, of its 
distance from one of the points of division, the sum of the sq'uares of the 
reciprocals of the dista'nces of this poitU from all the points of division is 

sinh — - 
TT a 

ay ,2iry 27rx* 

" cosh — - — cos 

a a 
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The series to be summed is 2 g . — rg, which is equivalent to 

1 * / 1 1 \ 

2 ( ^ ; ) . The sum of the series is therefore 



JL. foot '-(^::«^- cot !^(^±«^l, 

2iya [ a a J 



sm ^ 



a 

^ sm — ^^ — sm — ^ ^' 

a a 

which reduces to the given result. 



EXAMPLES ON CHAPTER XVII. 

1. Prove that 

2. Prove that 

l + sma?=J(ir+2^)2|l-'-^2^| jl- ' 8 V J 



OO 00 



3. Prove that 2 2 ,- - — w — r^ = - ir*, where t, L have all unequal 



-06-00 






integral values, and a; is not an integer. 

4. Prove that 

5. Prove that 

6. Prove that 



34 
7. If 



34^6*^7*^9*^ 64 \ 12/ • 



x(.)=.n(i-(^)}. ^(.)=n{l-(^Vi-5)}' 

express X {x-\'\a) in terms of fi {x\ and ft {x-^-^a) in terms of X (a?), and thence 

find the value when m is infinite, of qI I'-i ^ \/2w+l- 

^ 2** wi 1 
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111 
~ 8. If Pj. denotes the products of r^, ^, «2 ••• taken r at a time, shew 

that 22«P^=^-2^4-^2^_^2)J^i"^(2^4)!^2+ -Hgi^^-i+^'n. 



9. Prove that 



12 12^32 12 ,32,52 ^2 

22 22.42 22.42.62 "n 



10. Sum the series 



1*. 3*^3*. 5*^5*. 7*^ 



11. Shew that the sum of the products of the fourth powers of the 
reciprocals of every pair of positive integers is ^ . . 

12. Prove that 

V"*" 1 + 12"*" 1+22 "^1 + 32"^ y\4+l2'^ 4+32 "^4+52"^ ) 8' 

13. Prove that the sum of the series — 

V1T273/ ■**V27374J **"V3T4T5) "*■ 

isiir2-}*. 

14. Shew that . . 

(w2_i)(22m2--l) ifm^'-l) 

'•"*{7»2_(wi-l)2}{22m2-(m-l)2} {r2m2-(w-l)2} 

is m-1. 

13 5 

15. Shew that the sum of the series 124.^8 "" q2X" 2*^ 524.^ 2"" ••* ^ 

^ sech-Jir^. 

16. Prove that 

tan-^oy-tan-^Jiay+tan-^^o?- =tan"itanhjir^. 

17. Prove that 

logl2-2logir=/S'2+i^4+iA5e+ + ^>J>V+ 

where 8^ is the sum of the reciprocals of the rth powers of all numbers which 
are not prime. 

18. The side BC of a square ABCD is produced indefinitely, .and along it 

are measured CCj, OjCg, C^C^y each equal to BC\ if 61, 62 ^ ^'^ 

angles BACi, BAC2, ^^0^ ....... shew that sin ^^ sin ^2 <^"^ ^s ^ ^^f* 

= VStt cosech ?r. 

19. If 2, 3, 5 ... are all the prime munbers, shew that 
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J^ 32 52 _ 

**^° 2«+l ' 32+1 ' 62+1 -«^/^^» 

20. Express the doubly lunnite senes 2 S (-1)**+** 7— g— — sf m 

m=i 11=1 mn{m'+n^) 

the fonu of a singly infinite series of cosines of multiplies of y. 

21. Prove that 

n j^^^^t^l"*"^! = (sinh2 j3 V2+cosh2 j3 V2- 2 cos ^ 

+COs2a)/4(a*+/3*) 
where n has all integral values, positive and negative, excluding zero. 

22. Prove that 

1.2.3.4"^6V6?r.'8"*'9.10TllTT2"^ =ilog2-Air, 

1.3.5.7^9.11.13.15^17.19.21.23^ 96(2+^2)' 

23. If <f> {ia;)^(l + ^\(l+j\ (l -f *^\ = i4+iB, shew that 

tan-^ --|-tan~iT+tan~i--|- s=tan~i-i 

a c A 

and hence shew that 

I tan —j^ — tanh — 

y tan -^2 + tanh -^2 

24. Prove that 

* 1 _ W2 sinh 7ra ? \/2+sin7ra;\ /2 1_ 

1 w*+a;*"" 4a;8 coshw^y^. cosirW2 2«** 

fkoM 1 

26. Prove that 2 , — ir;,«cosec«A 

26. Prove that 

6^+e*' 

^[ 4^-£)£+4^1 r . 4(6-d):g+4^ ] r . 4(6--c)^+4^\ 

j^-*- ^2+(ft_c)2 n 9,r2-f(6-<?)2 / t^"*" 257r2+(6-c)2| 

and 

e^-ec \^^-«-6_c;t "*" 4,r2-H(6-c)2 j t^"*" 16i?T(F::7)2j 
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27. If 

P=-i L+^^ L_^._J ^ + 

71 — m n+m Zn—m 3n-|-m bn — m bn-\-m 

0=— ^+-^-i-+— ^— +-- ^^ + 

ff^ 1 1 , 1 1 , 

prove that 



2ii' ^ 2.4.712 » 2.4.6.7^* ' 2.4.6.8.71^ 

7?i7r 
2n' 



where /r=tan-^— . (^Z^.) 



Ill 

28. Prove that the sum of the series l-^ + =o-fT^+ , in which all 

0^ 7^ 1 1* 

odd numbers not divisible by 3, are taken, is tt^/IS^S. {Evltr.) 

29. Prove that the sum of the squares of the reciprocals of all numbers 
which are not divisible by 3, is 4ir2/27. (Euler,) 

30. Prove that 

sinhy+sinhc ^/ y\ /^ 2cy-yg \ A . 2^?4y\ /^ _ 2<?y-y» \ 
sinhc \ r/ \ n^+c2 y \^ 47r2-|-c*/ \ 9ti^+(^J 

and 

cosh j^- cosh c _/, _y^/^i ^-y^ /^i . 2cy-fy' \/, 2cy~yg \ 

1-coshc ~V c2;\^^ 47rHc2; V 4,r2+o2; V leTrHW"" 

{Euler.) 

31. Prove that when 7i is odd, 

-^^l+-*^l + + cot^^"=i (--!)(- 2), 

cot*£+cot*g + 4.COt4(?^^=^(7l-l)(7l-2)(7.2+37l-13). 

32. Prove that the infinite product (1 +^) (\ + ^ j /^l + g^^ is 

equal to 

\ n-l \ tt-2 

i n (cosh Tra^ + cos TTjSiP), or —^-, — rr cosh iiria? n (cosh7rcu;+cos/3a7) 

akn J gal'*"!) I 

according as 7i is even or odd, a„ ft., denoting sin ^ , cos - respectively, 
where r is an odd number. (GlaisherJ) 
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33. Prove that the infinite product a-» {l-^-a^) (l +^) (l +^) 

is equal to 

1 n-l I n-2 

-^ n (cosh 2waa:- cos 2w/3.tr), or -v-,- -t\ — sinh iro? II (cosh Svcur- cos 29r/3^) 

according as }i is even or odd, a, /3, having the same meaning as in the last 
question. (Olaisher.) 

34 Prove that 

_ TT "z^ a sin h 2ira:g-i-ff sin 2w^ ^ 1 
•^TWT*""' 1 cosh 27rflui?- cos 2ir/ar 2^' 

a, /3» having the same meaning as in the last question. (Glaisher,) 

35. Shew that 

ax-\-hy »•=* f 0^+% -f KoM-^) o ^-f^- r (a* + 62)| 



CHAPTER XVIII. 

CONTINUED FRACTIONS. 

Proof of the irrationality of ir, 
302. Lety'(c) denote the infinite series 



1- 



l.c ' 1.2.c(c + l) 1.2.3.c(c + l)(c + 2) 



«» 



then /(c + 1) -/(c) = ^^^-pY) Ac + 2), 

hence -I^^^l ^/(^2) 

^^""^ /(c + 1) c (c + l)/(c + 1) ' 

therefore f(c + ^)lf{c) can be expressed as a continued fraction of 
the second class 

1 o^/c (c + 1) a^/(c + l)(c+ 2) ^V(c + 2) (c + 3) 



1- 1- 1- 1- 

Let c = I, and write ^x for ^, the series/(c) becomes 

172 ■*" 1727374 ■*" 

sin wC 
or cos a?, and /(c + 1) becomes 



hence 



OS 

tan a? \ a? a? a? 



X 1-3-.5-7- 

an expression for tan a? as a continued fraction of the second class. 

303. Lambert's proof* of the irrationality of tt, depends on the 

^ Pnblished in the memoirs of the Academy of Berlin in 1761. 
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continued fraction found in the last Article. Put a; = Jtt, and if 
possible let J7r = m/n, where m and n are integers, we have then 

^ ^ m m^ m' m* 



n— 3w — on— 7ri — ' 

now after a certain term, the denominators of the fractions m/n, 

rn^j^n, m*/5n exceed the numerators by a quantity greater 

than unity, hence, by a well-known theorem S the continued fraction 
on the right-hand side of the equation, has an incommensurable 
limit, and cannot therefore be equal to unity ; hence Jtt cannot be 
equal to a fraction m/n in which m and n are integers, therefore tt 
is incommensurable. 

Transformation of the quotient of two hypergeometric series. 

304. The fraction jP(a, /9 + 1, 7 + 1, w)/(F{a, 13, 7, x\ where 
F(ay ^, 7, cc) denotes the hypergeometrical series 

^+1.7^^' 1.2.7.(7+T) ''+ 

can be transformed into the continued fraction 

1 k^x k^ k^ 

where 

».^ «(7-/3) ,. _ (/3+lX7 + l-«) . _ (a + l)(Y + l-/3 ) 
' 7(7 + 1)' > (^ + 1)(y + 2) ' "» (^ + 2)(7 + 3) ' 

. ^(i8 + 2 )(7+2-«) _( « + re-l)(7 + n-l -^) 

* (7 + 3)(7 + 4) ' «"->" (7+2n-2)(7 + 2n-l) ' 

, ^ ( /3 + «)(7 + w - a) 
- (7 + 2n-l)(7 + 2n)' 

As an example of the use of this transformation, taking the 

series 

f 2 4 
^ = sin^cos^ ]l + |sin*^ ''"T"^ sin*^+ 

and putting a = 1, /8 = 0, 7 = ^, a; = sin' ^, in the above formula of 
transformation, we find 

. . . =— K sm* d) ^r— ;; sm* 6 -^r-^ sm* d) 

sm0cos01.3 ^3.0 ^5.7 ^ 

''*■■ 1- 1- 1- 1- ' 



1 w 



See Todhunter*8 Algebra, Art. 792. 



V 
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The second convergent gives Snellius' formula for <l>, 

_ sin ^ cos ^ _ 3 sin 2<^ 
"^ " r^Pm^ " 2 (2 + cos 2<^> ' 

Euler's Transformation, 

305. Other series may be transformed by means of Euler's 
theorems 

* ' ' * 1 — Wj + 1*, — i/j + i/j — Wg + M^ — 

which may also be written* in the form 



» ■ • • 



i±l±l+l+ - 1 < _ < 

^1 ^8 ^8 % C^l — Ctj ± ttj + ttg + a, + 

As an example of this method, we obtain from the theorem 
TT ^ mir 11 1 11 

- cot = +— -^5 + 5 — ; 

n n m n — m n + m zn — m 2n + m 

the theorem 

IT mir _ 1 m' {n — mY (w + r/i)* (2n — m)* (2w + m)* 

n n m+ n — 2m'\' 2m + 2m + 2m 4- r^ — 2m+'* 



EXAMPLES ON CHAPTER XVIII. 

Investigate the theorems in Examples (1) to (13). 
1 ^2 ^ 



1. tanh a;= 



2. tan 720?= 



1+ 3+ 5-h 

n tan a: {n^- 1) tan* x (n^ - 4) tan* x (n^ - 9) tan*;i? 



1- 3- 5- 7- 

when x < ^, n being unrestricted. 

- . n tan x M - 4) tan* x (w*- 16) tan* x 

3. tan nx= _ — r — s ;^ — ^^ » -^- — =-r— « ..... 

1 — tan^:r- 3-3tan*a?- 5-5tan*^- 

^ ^ Titans (w2-l)tan2a?(n*-9)tan2^ 

4. tan7w:= — ^- — y-^ \ — 5T8 

1- 3-tan*^- 5-3tan*a?- 

- X sfi 4^ 

5. tan~^^= — 

1+ 3+ 6 + 



1 See Smith's Algebra, Art. 367. 
H. T. 23 
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1-1- 3-^-1- 5-ar2^ 

^ ^ n tanh a? (n*-h 1) tanh* x (/i2+ 4) tanh* a? 

8. tan7W7 = — = ^ S: ^^ i 

1— ^— — 

^ n TT - . 1 (7i-l)n n(n -1-1) (2»-l)2w 

9. -cosec- = l-H i-T , . , . - — :r-r — 

sinird?_- £_ 1-f-a? 1~^ 2(2-h^) 2 (2 - ^) 

irx ~~ 1— a?— 1+07— X— l-h^ — 

nx _ . X l+x l-x Z(Z + x) 

11. cos — =1+- 5-- > ^ 

2 1— ;r— 24-^— ^— 

12 cot-^ ^- L_J_J_.'_L_ 

a; ^-1+ 1+ 3;r-2+ 1+ 6a:-2 + 

,, , sintf 1.3 * 3 .5 ^ 5.7 ^ 7.9 ^ 

^^- ^--^-^ — r:^ TT r^ 9^-"- 



MISCELLANEOUS EXAMPLES. 



1. Prove that if m is a positive integer 
COS nuv— cos ma 



cos ^— cos a 



=cosec a {2 sin a cos (w- 1) a?+ 2 sin 2a cos (m - 2) ^+ 



-h 2 sin (m - 1 ) a cos a? -f sin »ia} 
2. Prove that if m and n are positive integers 



(Hermite,) 



-: =^r-2(- Irsinmacot— 2r— 



^ir 



where a= — , and that the expressions are also equal to 

— 2 ( - 1)* sin ma cot (a?- a), 



or 



^ 2 ( — 1)* sin ma cosec (^ — a), 



{Hermite.) 



according as m+w is even or odd. 

3. Prove that 

cot (^- a) cot (a?— /3) cot (a;- X)=cos ^ir+Sil cot (^- a) 

where ^ = cot (a - /3) cot (a - y) cot (a - X). (Hermite. ) 

4. If ^, 5, (7 be the angles of a triangle, and ^, y, ^ are real quantities 
determined by the equations 

cosh ^ (sin B sin C)^ = cos J J , 
cosh y (sin C sin ^ )* = cos ^B, cosh ^ (sin A sin 5)* = cos ^(7, 

then any three points so situated that the distances between each pair are 
proportional to ^, y, z, respectively, lie on a straight line. 

5. l{x>i, shewthat tan ^>^-A__, and < j^^. 

6. Prove that - 2 2 -^- — is equal to the greatest integer in m/n. 



